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Abstract. The collinear atom-diatom collision system provides one of the simplest instances of
chaotic or irregular scattering. Classically, irregular scattering is manifest in the sensitive
dependence of post-collision variables on initial conditions, and quantally, in the appearance of a
dense spectrum of dynamical resonances. We examine the influence of kinematic factors on such
dynamical resonances in collinear (He, H~-) collisions by computing the transition state spectra for
collinear (He, HD+) and (He, DH+) collisions using the time-dependent quantum mechanical
approach. The nearest neighbor spacing distribution P(s) and the spectral rigidity Aa(L) for these
resonances suggest that the dynamics is predominantly irregular for collinear (He, HD+) and
predominantly regular for collinear (He, DH+). These findings are reinforced by a significantly
larger "correlation hole" in ensemble averaged survival probability ((P(t))) values for collinear
(He, HD+) than for collinear (He,DH+). In addition we have also examined measures of classical
chaos through the dependence of the final vibrational action, nf, on the initial vibrational phase ~bi
of the diatom, and Poincar6 surfaces-of-section. They show that (He, HD+) collisions are partly
chaotic over the entire energy range (0-2.78 eV) while (He, DH+) collisions, in contrast, are highly
regular at collision energies below the classical threshold for reaction. Above the threshold, the
scattering remains regular for initial vibrational states v = 0 and 1 of DH+.
Keywords. Dynamical resonances; irregular scattering; collinear collisions.
PACS Nos 05.45; 34.10; 34.50

1. Introduction
Dynamical resonances in atom-molecule collisions [1] have been of great interest since
they give rise to unusual variations in the scattering amplitude and related quantities.
Reactive scattering resonances, which have been identified in a number of systems, one
of which is (He, H +) in collinear as well as noncollinear configurations [2], are
characterized by oscillations in the reaction probability pR as a function of the collision
energy E. Many of them are of the Feshbach type and can be interpreted in terms of
bound states supported by vibrational adiabatic potentials in hyperspherical coordinates
[2(d),3]. A closer examination of Pt~(E) curves for collinear (He, H+), for example,
reveals that there are additional oscillations [2(h)] that are irregularly spaced as a function
of the energy and which can not be assigned easily. The connection between such
(quantal) resonances and the features of the classical dynamics is the subject of this
article.
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An investigation of quasi-classical trajectories [4] for the collinear
He + H + ~ Hell + + H

(R1)

reaction on the McLaughlin-Thompson-Joseph-Sathyamurthy (MTJS) potential energy
surface (PES) [5] revealed that plots of final vibrational action (nf) of the
reactant/product molecule as a function of the initial vibrational phase (~bi) of the
reactant molecule consists of reactive (R) and nonreactive (NR) bands and a number
of "chattering" or irregular trajectories in between. Upon magnification, it was
found that the primary chattering region actually consists of a number of alternating
R and NR bands with secondary chattering regions separating them. On further
magnification, it became evident that there is a self-similar pattern repeating
itself endlessly on increased resolution: nf(~bi) is a fractal [6] curve. Similar
behavior has been found for several other systems like collinear (H, H2) [7] and (Li, FH)
[8]. Trajectories in the chattering regions tend to be chaotic, and the origin of classical
chaos in collinear (He, H +) system has been examined [9,10] by plotting the Poincar6
surface of section (SOS) for a number of trajectories at energies below the reaction
threshold.
It has been shown from time-dependent quantal wave packet (WP) calculations [2(h)]
that the dynamics in collinear (He, H~-) collisions is "turbulent" when viewed in
terms of probability density plots in configuration space. The transition state spectrum
[11] is obtained by time evolving a wave packet centered in the interaction region,
followed by computation of the Fourier transform of the autocorrelation function. Peaks
in this spectrum correspond to dynamical resonances, and statistical analysis of the
resonance energies, through the nearest neighbor spacing distribution (NNSD) or the
spectral rigidity revealed an intermediate (partly regular and partly irregular) behavior
for the system [12]. An ensemble averaged survival probability ((P(t))), computed [12]
by Fourier transforming the spectral autocorrelation function to time domain followed
by averaging over the initial states and Hamiltonian revealed the existence of a
"correlation hole" that is graphic evidence for "irregularity" or quantum chaos [13-16].
A one-to-one correspondence between resonant periodic orbits (RPOs) and many
transition state resonance eigenfunctions for the system also has been established [11,
17]. Therefore, on the whole, it could be concluded that there is a strong correlation
between classical chaos, quantum chaos and dynamical resonances for systems like
collinear (He, H~-).
Since dynamical resonances are intimately connected with the nature of the motion, it
may be anticipated that kinematic factors play a crucial role in such systems. In the
present study we report on the spectral characteristics and the behavior of quasiclassical
trajectories for the two widely differing dynamical systems which arise from isotopic
substitution of Hell +, in order to investigate the role of kinematic factors in dynamical
resonances. Within the Born-Oppenheimer approximation, isotopic substitution has no
influence on the PES. Therefore, any difference in dynamical results must arise from the
difference in masses of the atoms concerned.
We have computed the P~ (E) curves for coUinear He + HD + and He + DH + collisions,
with HD + in different initial vibrational states, v, and find that P~(E) in either case
behaves very differently [18] (from each other as well as from the case of Hell+). Our
results suggest that the wild oscillations in P~v(E) may not necessarily mean that the
P r a m a n a - J. Phys.,
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Figure 1. State-selected reaction probabilities (solid curve) computed from timedependent quantal wave packet calculations and reproduced from Ref. [18] for
different initial vibrational (v) states of HD+ for the reaction He + HD+ (v) --* Hell + +
D. The corresponding quasiclassical trajectory results are included as dashed curves.
The threshold energies of various vibrational channels of the product Hell + are
marked along the abscissa of panel (a) to illustrate the occurrence of sharp variations
in P~v near each channel threshold.

dynamics is chaotic from a quantal point of view. CoUinear (He, HD +) would correspond
to a (H, LH) mass combination, while (He, DH +) would, to a (H, HI,) mass combination.
Here H and L refer to heavy and light atoms, respectively. Based on the known
P~(E) results for other systems of (H, LH) type, it is expected that (He, HD +) would
have an oscillatory P~ (E) as a light atom is exchanged between two heavy atoms, and
that (He, DH +) would have a relatively structureless P~ (E) since the leaving atom is
light. However, we find that P~(E) for collinear (He, HD +) has a staircase-like
structure, with minor oscillations about each "step", as illustrated in figure 1 for
different initial v states of HD +. The sharp variations in P~(E) (from one step to
another) can be readily identified [18] as threshold resonances [19] corresponding to
the opening up of either reactant or product vibrational channels. The undulations
of smaller magnitude about the steps are due to the weak dynamical resonances
found in the transition state spectrum. The P~(E) curve for collinear (He, DH +)
collisions, on the other hand, is highly oscillatory as shown in figure 2 and such an
interpretation would not suffice to explain the structure. We therefore examine the
transition state spectra of both systems for signatures of quantum chaos, and find that
collinear (He, HD +) collisions are predominantly chaotic, whereas (He, DH +) collisions
P r a m a n a - J. Phys., Vol. 48, No. 2, February 1997 (Part II)
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Figure 2. State-selected quantal reaction probabilities (solid curve) reproduced from
Ref. [18] for the reaction He + DH+(v) -+ HeD+ + H. The corresponding quasiclassical trajectory results are included as dashed curves, For v = 0 and l, the
quasiclassical trajectory calculations yield PvR -- 0 (the statistical uncertainty level is
0.001).

are not. From a classical point of view, however, both systems show characteristics of
chaos, albeit to different degrees.

2. Quantum chaos
We obtain the transition state spectra [18] for collinear (He, HD +) and (He, DH +)
collisions by evolving a wave packet ~b(t = 0) initially centered in the transition state
region and computing the autocorrelation function C(t) = (~b(0)l~b(t)), and its Fourier
transform. There are a large number of quasibound states, i.e. transition state resonances
for both systems. These resonance energies {Ei, i = 1 , 2 . . . N } provide the data for our
subsequent analysis. Over the past couple of decades, considerable evidence has
accumulated to support the hypothesis that the statistical properties of the eigenvalues of
systems that have chaotic classical limits are identical to those of ensembles of random
matrices [20] of the appropriate symmetry or universality class. Here we apply such
analysis to the systems at hand.
The cumulative level density N(E), which is a staircase function, is first unfolded
in order to make the average density of energy levels uniform over the entire energy
range. There are no clear-cut methods to unfold the spectrum of resonance states.
Therefore we have adopted the procedure that is followed for nuclear resonances and
P r a m a n a - J. P h y s . ,
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bound states, namely that the unfolded energy levels/~i are calculated from the energy
levels in the raw spectrum (Ei) by dividing all the level spacings by the local average
spacing [21,22]
Ei+l -

Ei

.

Ei+l =/~i + (2k + 1)Ej2+---~l_ Ejt,

jl=i-k,(i-k>O);

j2=i+k,(i+k<n),

(1)

where k is the number of consecutive spacings used to calculate the local average spacing
and n is the total number of energy levels.
From the unfolded spectrum, the nearest neighbor spacing distribution, P(s) can be
obtained; the spacings are {si = F.i+1 - F . i , i - - 1 , 2 . . . N - 1}. In the limiting cases of
purely chaotic or purely regular systems, the distributions that obtain are well known: the
former is (to a high degree of accuracy) given by the Wigner surmise,
P(s) = (Trs/2)exp(-(Trs2/4)) [23], while the latter is the Poisson distribution
P(s) = exp(-s) [24].
The spectral rigidity A3 (L), computed from the unfolded spectrum measures the least
squares deviation of the staircase function (N(E)) from the best straight line in the energy
interval of length L [25] and it gives information on the long-range correlations--bow
one state influences another that is well separated from it. A3 (L) is computed from the
unfolded energy values lying in the interval [0,..., L] as [26]

/~3 (Z) :

~ - ~

+g

~

-~-~L-~

(n-2i+l)E,

Ei

- ]i~

,

/~i2

(21

\i=l

where n is the number of levels within the energy interval L and the ensemble average ()
is carried out by shifting the box of length L over the entire spectrum. The limiting
behaviours are again well-known, and are
/~3Poisson(L) = L/15
(3)
and
A3C'OE(L) ,.~ ~-2log L - 0.00695

(4)

respectively for the regular and chaotic cases [20,23,27-29], the superscript GOE
referring to the Gaussian Orthogonal Ensemble of random matrices [20,30]. Molecular
systems are often neither purely regular nor purely chaotic, in which case the mixed
distribution [31,32] applies,
A3(L; q) = A~°iss°n((1 - q)L) + A3C'°E(qL),

(5)

where q represents the fraction of phase space that is chaotic.
For HeHD + the NNSD distribution, shown in figure 3(a), is more similar to the chaotic
case than the regular, indicative of level repulsion. This is confirmed by the behaviour of
the A3(L) statistic, shown in figure 3(b): shown along with the data (triangles) for
HeHD + are the GOE and Poisson values. Except at small L, the computed points for
P r a m a n a - J. P h y s . ,
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Figure 3. (a) The nearest neighbor spacing distribution P(s) derived from the
unfolded eigenvalue spectrum for collinear HeHD +, showing short-range correlations.
Poisson and Wigner indicate the distributions in the regular and the irregular limits,
respectively. (b) The spectral rigidity A 3(L) indicating the long-range correlations as a
function of the segment length, L, in the above spectrum (triangular points). A3 (L)
computed from Eq. 5 for mixed behavior, using q = 0.9 is shown by the dashed curve.
Poisson and GOE indicate the regular and the irregular limits respectively. (c)
Variation of ensemble averaged survival probability ((P(t))) with time t (in arbitrary
units) obtained from the above spectrum (solid curve). The RMT ((P(t))) values for
/3 = 0.9 are included as the dashed curve, for comparison.

HeHD + are closer to the GOE limit than to the Poisson, thus revealing a high degree of
rigidity in the spectrum, more so than the case of collinear (He, H~-). Since the computed
A3 (L) distribution does not fully correspond to either the Poisson or the G O E value, we
have fitted it to the intermediate case (Eq. 5), and obtain the dashed line in figure 3(b),
using q --- 0.90.
For collinear HeDH + on the other hand, the NNSD in figure 4(a) is more ambiguous: it
is difficult to decipher whether it is Poisson-like or Wigner-like. The A3(L) values
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Figure 4. (a) The nearest neighbor spacing distribution derived from the unfolded
eigenvalue spectrum for collinear HeDH+. (h) The spectral rigidity for the same
spectrum (triangular points). The dashed curve corresponds to A3 (L) values obtained
from Eq. 5 for q = 0.2. (e) The ensemble averaged survival probability with time t (in
arbitrary units), obtained from the above spectrum (solid curve). The RMT(IP(t)) )
values for fl = 0.2 are included for comparison (the dashed curve).
obtained from the unfolded spectrum, shown in figure 4(b) as triangular points, are close
to the Poisson distribution. These values are best fitted to Eq. 5 (shown as the dashed
curve) using q = 0.2, which indicates, in contrast to HeHD +, a high degree of regular
behavior.
Further analysis of the dynamical resonance spectra is possible. In the time-domain,
analysis of the transition state spectrum proceeds through the computation of the
ensemble averaged survival probability ((P(t))) [13-16]. The survival probability,
averaged over the initial states (P(t)) , is computed [16] through

3{

(P(t)}=N+------2

1+~

P r a m a n a - J. P h y s . ,

E
n,m;n>m

E

cos 27r(E,-Em)

t

(6)
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and further averaging over the Hamiltonian is done by averaging over n levels which are
divided into several segments, each containing N levels, to obtain ((P(t))). (AE) is the
average level spacing. The ((P(t))) values thus obtained from the unfolded spectrum of
collinear HeHD + are shown by the solid curve in figure 3(c). The dip below the
asymptotic value at short times (t ~ 27rh/(A/~)), termed a "correlation hole" is a typical
signature of irregularity in the spectrum. The extent of irregularity is estimated by
comparing the ((P(t))) values with those derived from random matrix theory (RMT) [20].
The latter are obtained from [33]
3

((P(t))) - N + 2 {1 + ½/kN *[8('r) -- b2;~(T)]},

(7)

where "r = t/(27r(p))(p) is the average level density) and/3 = 1, 2 and 4 for Gaussian
orthogonal, unitary and symplectic ensembles, respectively, b2/~(t) is the two-level form
factor obtained by Fourier transformation of the two-point cluster function, Y2~(w) [20].
The asterisk implies convolution and AN(t ) = N -1 [sin(TrNt)/Trt]2. If fraction /3 of the
levels obey GOE statistics and (1-/3) obey Poisson statistics, b2~(t) (0 </3 < 1) is given
by [33]

b2/~(t) =/3b2(t//3) + [(1 -/3)/N]6(t)

(8)

where b2 indicates the GOE value that is obtained from the two-level cluster function
as [20]
b2(/) = 1 - 2It I + Itl log(1 + 2lt[) ,
= - 1 + Itllog((21tl + 1)/(2It I - 1)),

Itl < 1,
Itl > 1.

(9)

For HeHD +, the ((P(t))) values obtained from Eq. 7 for/3 = 0.9 (dashed line) are found to
be in reasonable agreement with those derived from the spectrum through Eq. 6 (the solid
line) as illustrated in figure 3(c). We conclude that approximately 90% of the resonance
spectrum for HeHD + is irregular in nature. This estimate for the fractional irregularity of
the eigenvalue spectrum is also in agreement with the estimate obtained from A3 (L) (see
above).
For HeDH + on the other hand, the ((P(t))) curve, shown in figure 4(c) reveals only a
marginal correlation hole (if any) implying that collinear (He, DH +) dynamics is highly
regular. In addition, the above ((P(t))) values, when compared to those obtained from
Eq. 7, (the dashed line) yield a value of/3 = 0.2, which is consistent with the fractional
irregularity of the spectrum obtained from A3 (L).
3. Classical chaos

In order to see how the classical dynamics of the two systems differ we have computed
quasiclassical trajectories for both over a wide range of energies. The resulting P~v(E)
values are included in figures 1 and 2 in the form of dashed lines. As is often the case, the
classical threshold (Et/) values for the exchange reaction in the case of
H e + H D + ( v = 0, 1) are lower than the quantal (E~t~") values because products with
nf < 0 are possible in classical mechanics [34] and are indeed found to be formed. For
v = 2, Et/ = E~th
m. For v = 3, E~/ > E~th
m as the exchange reaction is dynamically
Pramana
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Figure 5. Action-angle plots for a family of 1000 trajectories for various initial
vibrational (v) states (indicated in each panel) of HD + in collinear He, HD+(v)
collisions at Etot = 1.0 eV. R and NR stand for the reactive and the nonreactive band
of trajectories, respectively.

forbidden in the vicinity of E~th. For He + DH + (v = 0, 1), classical mechanics predicts
PvR = 0 while quantum mechanics yields extremely low (but nonzero) reaction
probabilities, P~. For v = 2 and 3, ECh
t < E~th
m as was discussed above. We note,
parenthetically, that it is clear that on average, classical mechanics gives a good
description of collinear He, HD + and He, DH + dynamics. The only major discrepancy
(over and above the threshold effect) between the classical and quantal results is seen to
occur for He, DH + (v = 2) at high energies and its origin is not clear.
Scattering chaos is most evident [35] when the final quantum number (related to the
final classical action) nf is plotted versus the initial phase, ~bi, as shown in figures 5 and 6
for collinear (He, HD +) and (He, DH +) collisions for different v states of HD + at a total
energy (Etot) of 1.0 eV. It is clear from figures 5(a) and 5(b) that there are R and NR
bands and chattering regions in between, for (He, HD+(v = 0, 1)). For v = 2, the R band
has shrunk in size and the chattering region has become wider, when compared to that for
v = 0 and 1. For v = 3, the R band has disappeared completely. There are only NR bands
and chattering regions in between. It can be seen that there is a prominent parabola or
icicle at the centre and there are narrower icicles on either side [36]. A larger number of
trajectories computed in the chattering region would reveal fractal characteristics. Since
(He, DH ÷) collisions are nonreactive for DH+(v = 0, 1) we obtain only an NR band
with slight distortions, as can be seen in figures 6(a) and 6(b). For v = 2 and 3 we obtain
an NR band and a set of reactive trajectories whose nf values vary rapidly with ~bi. A
Pramana - J. Phys., Vol. 48, No. 2, February 1997 (Part lI)
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Figure 7. Action-angle plot at increased resolution for He, DH+ (v = 2) collisions. R
and NR represent the reactive and the nonreactive trajectories, respectively. The root
trajectories that determine the scattering amplitude in the classical S-matrix theory
correspond to the intersection of the fractal curve (R) with the line nf = 0; it is evident
that there are a very large number (essentially infinite) of these.
blow-up of the chattering region containing reactive trajectories is shown in figure 7. The
reactive and the nonreactive trajectories are interspersed along the ~bi axis. But because of
the differing range of nf values for the two types of collisions, they are well separated
along the vertical axis, but both reactive as well as nonreactive trajectories have
characteristic icicle structure. From the point of view of semiclassical S-matrix theory
[37], the horizontal line at ny = 0 implies that there is a large number of "root"
trajectories and that the expression for the reaction probability would consist of a large
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number of interference terms, thus explaining the highly oscillatory nature of P~(E)
curve for the reaction.
In order to investigate the classical chaos in coltinear (He, HD +) and (He, DH +)
collisions further, we show in figure 8(a) plots of Poincard SOS for 400 trajectories with
HD+(v = 0) at Etot=0.6434 eV, along with the zero and the first order separatrices. The
zero order separatrix is obtained by solving the implicit equation
p2
2M p V ( x , y = Ye) = 0 ,

(10)

where M is the atom-diatom reduced mass and V(x, y = Ye) is the potential energy of the
system, with the diatom in its equilibrium configuration. The first order separatrix is
obtained by propagating several sets of (x, Px) values on the zero order separatrix tbrward
in time by setting y = Ye and py = 2v'~-A~, where m is the diatomic reduced mass and Ev
is the vibrational energy of the diatom, equal to Etot, until it crosses the SOS again. The
first order separatrix, when superimposed on the zero order separatrix, reveals a turnstile
or broken separatrix [38]. The latter consists of flux-in and flux-out regions. Direct
(regular) trajectories never enter the intramolecular bottleneck (identified with the zero
order separatrix) whereas indirect (irregular) trajectories do, invariably entering through
the flux-in region and exiting through the flux-out region.
The results in figure 8(a) are very similar to those in figure 3 of Ref. [10] for collinear
(He, H +) . The regular trajectories never enter the intramolecular bottleneck and they
P r a m a n a - J. Phys.,
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form a regular elongated baseball bat-like structure in the exit region, owing to a
distribution in the final relative translational energy. On the other hand the irregular
trajectories enter largely through the broken separatfix and they undergo multiple
collisions inside the strong intramolecular bottleneck region and form the complementary
dusty pattern between the baseball bats.
The zero and the first order separatrices, along with the Poincar6 SOS for a family of
regularly sampled 400 trajectories for collinear (He, DH+(v = 0)) at Etot =0.6434 eV are
shown in figure 8(b). Again, in contrast to figure 8(a), it is clear that all the trajectories
are directly scattered. They never enter the intramolecular bottleneck, emphasizing the
fact that collinear (He, DH +) trajectories are predominantly regular at energies below E~hI.
Even for energies above Et/, the Poincar6 SOS plots confirm that there are regular and
irregular trajectories for collinear He, H D + ( v = 0 - 3 ) .
For He, D H + ( v = 0 , 1 ) the
trajectories are nonreactive but entirely regular. For v --- 2 and 3 however, both regular
and irregular trajectories occur.

4. Summary and conclusions

Chaotic scattering is sensitive to kinematic effects, and with this in mind, in the present
article we have examined the transition state spectra of collinear (He,HD +) and
(He, DH +) systems obtained from time-dependent quantal wave packet calculations.
Signatures of quantum chaos become evident in statistical analyses of spacing
distributions, the spectral rigidity and ensemble averaged survival probability. In this
regard, the two isotopic variants we have looked appear to be dynamically very different,
although the interaction potential is identical in both the cases.
The 3-body system (He, H +) has the mass combination Heavy-Light-Light. Changing
the terminal atom from H to D, namely by making this a Heavy-Light-Heavy system
keeps the dynamics irregular, both classically as well as quantum mechanically. Changing
the central atom to D gives the mass combination Heavy-Heavy-Light, and this
dramatically reduces the chaotic behaviour: the HeDH + spectrum is regular despite the
wild oscillatory PRv(E) curve. Action-angle plots and Poincar6 SOS plots indicate that
(He, HD +) dynamics is mixed i.e. partly regular and partly irregular, over the entire
energy range of investigation. Results for (He, DH+), in contrast, suggest that the
dynamics is nearly completely regular for v = 0 and 1, but for v = 2 and 3, it assumes a
mixed character.
As was mentioned in the Introduction, classical chaos and quantum mechanical
resonances have been investigated in collinear (H, H2)[7], (Li, FH) [8] and other systems.
Quantal resonances have been reported for three dimensional (He, H +) [2e-2g] and
(Li, FH) [39] collisions as well. The large number of spectral lines observed in the
infrared predissociation spectrum of H~- [40] have been traced [41] to bound states
embedded in the continuum (read transition state resonances) of the HE-H+channel and
also related to horse-shoe periodic orbits. Indications of the role of kinematic factors in
the system came from the DEH+ spectra that depended on the formation of H+/D +.
Attempts have been made [42] in the past to verify experimentally the existence of
resonances in (He, H +) collisions. Following our suggestion '[2d] that observables like
state-to-state differential cross sections for backward scattering, which are decided
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largely by collinear collisions at zero impact parameter, might be amenable to
experimental verification, Pollard et al [43] measured the same. Unfortunately, their
energy resolution (0.15 eV) was not good enough to detect the narrow resonances in the
system. Since P~0(E) behaves differently for Hell + and HeD + formation in collinear
collisions, it is quite likely that this effect would persist in three dimensions. In that case,
measurement of differential cross sections for the two different channels in (He, HD +)
collisions might reveal some of the interesting features reported in this paper.
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