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Abstract. In this review we discuss the chaotic dynamics (both classical and quantal aspects) of a
simple atomic system, namely hydrogen atom interacting with time independent and time
dependent external fields. These include: i) static electric field, ii) static magnetic field, iii)
combined electric and magnetic fields, in parallel and perpendicular configuration, iv)
instantaneous and generalized van der Waals field, v) mass anisotropy and vi) linearly and
circularly polarized microwave fields.
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1. Introduction

Most of the naturally occurring phenomena belonging to various disciplines of science
are generally governed by nonlinear differential equations; but for the sake of
mathematical tractability and simplicity they have been approximated to linear forms.
In recent years, with the advent of powerful computers and advanced numerical
techniques, these nonlinear differential equations can be solved to a greater extent.
Moreover analysing the long time behaviour of such systems is also feasible now.
In addition to the above, recently many advanced analytical techniques have been
devised to solve some of these nonlinear differential equations. In fact a large class of
nonlinear partial differential equations are shown to exhibit so-called soliton solutions
[1]. Even though these systems are governed by infinite dimensional equations, their
solutions exhibit, coherent and regular structures. On the other extreme there are systems
governed by very simple nonlinear (differential) equations whose (numerical) solutions
exhibit complicated structures. This class of systems whose solutions are very sensitive to
initial conditions are generally called chaotic systems [2].
Generally the dynamics of macroscopic systems follows the principles of classical
mechanics while microscopic systems (atomic and sub atomic systems) obey the principles of quantum mechanics. The definition and the meaning of chaos in classical systems
is well understood now. In fact there are many numerical techniques (both qualitative and
quantitative) to characterize chaos in classical systems. On the other hand the underlying
equation of motion in quantum mechanics, namely the Schrtdinger equation, is linear in
nature. Moreover the finiteness of Planck's constant impose problems in carrying over the
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tools used for defining chaos in classical mechanics. Hence characterizing chaos in
quantum systems is still a daunting task. However significant breakthroughs have been
achieved by probing the appropriate quantum mechanical quantifies (mainly eigenvalues
and eigenfunctions). In fact some fingerprints and signatures of chaos in quantum
systems are well known [3, 4]. In this review we concentrate on the manifestations of
chaos in atomic systems which are not only suitable for both classical and quantal
treatments but also amenable to real time laboratory experiments.
By classical chaos in atomic systems we mean that the atomic electron moves in a
seemingly erratic fashion in the phase space (although governed by deterministic
equations) and as a result of it, explores most of the available phase space if allowed to
evolve for sufficiently long time. Even if the electron starts its journey from an
infinitesimally different point in the phase space, its dynamics will follow an entirely
different path. It has been shown that the paths separate exponentially and the degree of
their separation is characterized by the so-called Lyapunov exponent [2]. This
exponential deviation of nearby trajectories is characteristic of many nonlinear and
non-integrable (i.e. which do not posses sufficient number of independent constants of
motion) systems.
Energy level clustering is the hallmark of quantal systems whose classical counterparts
exhibit regular motion. That means there is a large probability for small spacing and the
spacing between adjacent levels follow the Poisson distribution. Level repulsion is the
predominant fingerprint of chaos in quantum systems. As a result of this, the spacing
between the adjacent energy levels follows the Wigner distribution. Moreover, if we
probe different regions of the parameter space, one may be able to notice many avoided
level crossings. In fact this conjecture has been successfully verified in many model
calculations [5]. In this review we plot the energy levels of different atomic systems for a
range of parametric values.
The hydrogen atom is the simplest atomic system. Pure hydrogen atom is of not much
interest as both its classical and quantal behaviour are well known. But hydrogen atom in
an external electromagnetic field turns out to be one of the best testing grounds for
understanding the concepts of chaos [2-4]. In § 2 of this review we consider the chaotic
dynamics of hydrogen atom in time independent external fields which are accessible for
laboratory experiments such as static electric or/and magnetic fields. Section 3 deals
with the chaotic dynamics of hydrogen atom in other interesting external fields such as
van der Waals field and mass anisotropy. In § 4 we discuss the chaotic dynamics of the
hydrogen atom in time dependent external electromagnetic fields. In particular we
concentrate on linearly and circularly polarized microwave fields. In § 5, we enumerate
our conclusions.

2. Hydrogen atom in static electric or/and magnetic fields

We assume that the nucleus has an infinite mass and is at rest, and neglect the spin of the
electron for simplicity. Relativistic effects are negligible and further we always consider
the vanishing magnetic quantum number case wherever it is a good quantum number. All
Hamiltonians are written in dimensionless atomic units (me = lel = Ihl = 1) unless
otherwise stated.
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Figure 1. The (regular) trajectory in the p-z plane of a hydrogen atom in an electric
field associated with the Hamiltonian Her for F = 9950V/cm and n = 10 manifold of
the field free case.
2.1 Hydrogen atom in an electric field (Stark effect)
To begin with, let us consider the well known and the simplest external field problem,
namely the hydrogen atom in a static electric field. The Hamiltonian of the hydrogen
atom in an uniform static electric field applied parallel to the z-axis is given as [6, 7]
p2
Hef- 2

1
r ~-Fz.

(2.1)

Here r and p are the position and momentum coordinates expressed in three
dimensional Cartesian coordinate system. F represents the strength of the external
electric field usually measured in the units of V/cm. In some sense this is one of the
least complicated problems: it is simple because it is separable (and hence integrable)
in many coordinate systems. That means one can find the required number of independent
constants of motion, so its classical behaviour is regular for arbitrary field strengths F
[3]. In figure 1, we have shown a representative classical trajectory (in cylindrical
coordinates which are defined as p = ~ ,
q~ -- tan -1 (y/x), z = z) for a (high) field
strength of F=9950 V/cm and an energy value which corresponds to n = 10 manifold of
the field free case. From figure 1 it is evident that the electron follows a well defined
regular path.
The electric field problem at the same time is complicated in a sense that any
atomic state ionizes spontaneously in the presence of an uniform electric field. The
ionization process exhibits a threshold behaviour which is related to the critical point
(saddle point) of the underlying potential energy surface. The energy of the saddle
point is given as Esp = Ei - 2v/ff where Ei is the ionization potential of the unperturbed
atom (it is the amount of energy required to remove an electron but of atom - - we choose
Ei = 0) [8]. For energy less than Esp, the excited electron remains essentially bound
and the Stark states are quasi-stable with respect to the ionization, while for energy higher
than Esp, the atom ionizes. At this stage, the quasi-stable energy levels of the atomic
P r a m a n a - J. Phys., Voi. 48, No. 2, February 1997 (Part lI)
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Figure 2. The regular arrangement of resonances (complex eigenvalues) of a
hydrogen atom in an electric field associated with the Hamiltonian Her for
F = 9950 V/cm from just below the classical ionization limit Esp up to positive
energies.
states are superimposed on ionization continua. Now the atomic states are associated with
complex energy eigenvalues whose real part E, gives the energy and imaginary part Elm
gives the half-width of the decaying states [8, 9].
In figure 2 we have shown the resonances (the real and imaginary parts of the complex
eigenvalues) of the hydrogen atom in an electric field of strength F = 9950 V/cm
from just below the classical ionization limit Esp up to positive energies. Far from
being randomly scattered around, they appear in lines spreading out in the lower half
of the complex energy plane. Each such string is made up of resonances of one nmanifold [9].
Thus what we notice is that in the case of hydrogen atom in an uniform static electric
field, the bounded classical trajectories are regular while the quantum resonances (above
the classical saddle point) also follow a definite regular pattern for any arbitrary electric
field strength. This might be due to the integrable nature of the problem.
2.2 Hydrogen atom in a magnetic field (Zeeman effect)
Unlike the electric fields, magnetic fields do not ionize atoms. They tend to compress the
charge to the nucleus and increase the binding. Magnetic fields have played useful and
important role in the history of atomic physics. In fact the Zeeman effect provided the
first direct evidence of the electromagnetic origin of light and the Stern--Gerlach
experiment proved the reality of spatial quantization. The Hamiltonian of the hydrogen
atom in an uniform static magnetic field can be written as [3,10]
p2
Hmf-- 2

1 B
B2
F ~Lz +
(x2 + y2),
r
"if"

(2.2)

where L z is the z-component of the angular momentum and B is a measure of the strength
of the magnetic field usually measured in units of Tesla. For weak magnetic fields, the
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last term which is quadratic in B (usually called the diamagnetic term), is negligible. By
treating the third term (the paramagnetic term) as a perturbation, we obtain the familiar
result (available in many text books on quantum mechanics) [11]

E(n, l, m) -

1
m
2n2 ~-~-B.

(2.3)

Here n, l and m are respectively the principal, orbital and magnetic quantum numbers.
In this perturbative regime, all the three quantum numbers n, l and m are good, and
therefore the linear Zeeman term, for a fixed magnetic quantum number 'm', just adds a
static quantity, a constant shift. As Lz (which'is quantized as Lz = mh) is a constant of
motion, the classical motion remains regular in this regime.
2.2.1 Quadratic Zeeman effect: If we include the quadratic term in magnetic field as
well, many interesting features come into play [12, 13]. In fact one has to include these
quadratic terms when the strength of the magnetic field is high. The leading terms in the
average value o f / x 2 + )2) are of the order of BEn4, while for the Coulombic potential the
gap between adjacent n-manifolds is of the order of n -3. Hence we see that the
diamagnetic term has greatest effect at high n values. In fact there are 3 regimes for this
system, 1) low, 2) high and 3) intermediate fields [14]. We discuss the salient features of
each of these in the following subsections.

Low field regime. In this regime the diamagnetic term is treated as a perturbation
to the Coulombic potential. Here /-mixing (l is not a good quantum number: at
moderate field strengths different /-states within a given n-manifold mix) occurs but
there is no n-mixing. As a result, the classical motion remains predominantly
regular in this regime, and for small but finite field strengths, there exist an
adiabatic invariant (discussed later in detail for the Stark-quadratic Zeeman problem)
which is helpful in identifying the so called rotator and vibrator states [15]. Actually
the ratio of the diamagnetic and Coulombic terms, namely B2n7 mainly determines
the behaviour of the system. It has been shown qualitatively that the onset of nmixing occurs when B2n7 "~ ~, so for n = 6 manifold one needs to have a magnetic
field of strength about 794 Tesla while for n = 80 manifold only 0.09 Telsa is sufficient
to induce n-mixing. Therefore it is clear that for highly excited states (the Rydberg
states), a small magnetic field is sufficient to induce n-mixing; energy levels belonging
to different n-manifolds may interpenetrate [12], and the perturbative treatment is not
valid.

High field regime. For very high magnetic fields, the diamagnetic potential dominates
and the Coulomb potential may be neglected. This is the Landau regime [11], and the
Hamiltonian simplifies to
p2 B 2
Hhmf = "~- + -~- (x2 + y2).

(2.4)

If we neglect the free motion in the z direction, we get a two dimensional isotropic
harmonic oscillator with oscillator energy ~ = B , w = ½ w c
(we is the cyclotron
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frequency). The quantum energy levels are given by
ELan = (N + ½)B,

(2.5)

where N = 0, 1,2, ... labels the Landau levels. If we include the Coulombic terms
perturbatively, then one can show that [16] the quantum energy levels are expressed as

E•,, = E,, +NB,

e,, = (Iml + 1) B ,

(2.6)

where 'm' is the magnetic quantum number. The classical motion is regular in this
regime.

Quasi-Landau resonances. In 1969, Garton and Tomkins [17] discovered a dramatic
modulation in the absorption spectrum of barium in a field of 2.5 Tesla (hereafter
abbreviated as T). The modulation pattern now called as quasi-Landau resonances,
extends above the zero-field ionization limit of the atom and has a period close to 1.5we
(Wc is the cyclotron frequency). At higher energies, the period approaches Wc, as might be
expected for a free electron.
To understand these periods, we neglect the z-motion and treat the problem as 2
dimensional. Using the primitive WKB expression

fp

m V/2E _ 2V(p)dp = (n + 1)7r,

(2.7)

1

where p = V/~ + y2, Pl and P2 are the classical turning points and V (p) is the effective 2
dimensional potential given by
1
L2
B
B2
V(p) = - p + ~ - - ~ +-~Lz + ~ p 2,

(2.8)

the separation between the levels can be found as [18]

- ~ = 7r

E/;

v/2E - 2V(p)dp

]'

(2.9)

1

Integrating this equation between the turning points at E = 0, we get dE/dn = 1.5wc.
Numerical evaluation for higher energies shows that the spacing slowly diminishes.
Several researchers have studied these quasi-Landau resonances experimentally and
confirmed these findings [19].

Intermediate field regime. In this regime, the magnetic field strength becomes
comparable to the Coulombic field strength. The problem loses both its spherical
symmetry (due to the Coulombic term) and cylindrical symmetry (due to the quadratic
Zeeman term). The problem is not only non-separable and non-integrable, but reaches a
non-perturbative regime. The problem cannot be solved by any analytical method. One
needs to resort to numerical methods.
In this regime, adjacent n-manifolds interpenetrate [20]. The levels repel strongly and
the regularities of the energy spectrum are lost. In figure 3 we show a chaotic classical
trajectory (in cylindrical coordinates) at a magnetic field strength of B = 7 T and for an
P r a m a n a - J. P h y s . ,
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Figure 3. The (chaotic) trajectory in the p-z plane of a hydrogen atom in a magnetic
field associated with the Hamiltonian Hn¢ for B = 6 T and n = 40 manifold of the
field free case.
-35.0-37.0

~

.g
~

-39.0--41.0

U.I

--43.0-45.0-

6.0

6.2

6.4

6.6

6.8

7.0

B (in Tesla)
F i g u r e 4.

The energy levels belonging to the 4 ] 0 t h to 438th eigeostates o f a

hydrogen atom in a magnetic field associated with the Hamiltonian Hmf for the range

B =[6T, 7T].
energy value that corresponds to the n = 40 manifold of the field free case. Quantal
spectra for magnetic field strengths between 6 T to 7 T are shown in figure 4. We have
included 29 energy levels between the energy range of E = - 4 5 . 0 cm -I and - 3 5 . 0 cm -1.
By careful visual inspection, one can notice many avoid crossings arising due to the
mixing of adjacent states. These avoided crossings are considered to be the fingerprints of
classical chaotic motion [5]. In fact from extensive numerical investigation, it has been
found that as the strength of the magnetic field is increased from low to high values, the
system gradually makes a transition from ordered to chaotic motion [21]. In fact very
accurate results for highly excited states are available now [22, 23]. Chaos in this case is
often referred to as soft chaos [24].
Pramana - J. Phys., Vol. 48, No. 2, February 1997 (Part ID
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2.3 Hydrogen atom in a parallel electric and magnetic field (Stark-quadratic Zeeman
effect)
After investigating the quadratic Zeeman effect (QZE) in more details, it has now become
desirable to find other paradigmatic and experimentally realizable systems which have all
the desirable properties of QZE, but contain additional simple perturbations. One such a
system can be produced by adding an electric field. The resulting Stark-quadratic Zeeman
effect (SQZE) is attracting the interest of theorists [25] and experimentalists [26, 27].
Among the various possible relative orientations of the fields, parallel field alignment
alone ensures the survival of the magnetic quantum number (m) as a good quantum
number throughout the chaotic regime and hence reduces the phase space dimension of
the problem to a manageable size.
The Hamiltonian of a hydrogen atom in a parallel electric and magnetic field
configuration is

Hp

p2
=

1

B

B2

-~ - r + ~ L z +-~(x 2 +y2) + FZ,

(2.10)

where F is the strength of the electric field which is applied along the z-axis parallel to
the magnetic field. For the parallel field problem an approximate constant of motion Ap
can be found for the weak field limit (in the perturbative regime) [26, 27]
Ap = 4A2 - 5A2 + 10flaz,

(2.11)

where A = L x p + r/r is the Runge-Lenz vector and/3 = 12F/5BEn4 measures the
relative strength of the electric and magnetic fields. In fact for F = 0 (QZE), we get the
approximate constant of motion for the magnetic field problem. The total energy within a
given n-manifold (neglecting the paramagnetic term) is given as

E-

2n2+

B2n4 l + A p +

.

(2.12)

By quantizing Ap semiclassically, 3 different types of states can be identified. Type I
and II states arise from degenerate odd and even librational diamagnetic states (they lie at
Ap = 25/32 for 0 </3 <_ 51-).Type nI states arise from the evenly separated odd and even
rotational states of diamagnetic manifold (they lie at Ap = 10/3 - 1 for ~ _</3 _< 1). These
theoretical predictions have been checked experimentally for hydrogen and lithium atoms
[26, 27].
In order to understand these regimes, in figure 5 we have plotted all the (numerically
computed) energy levels of n = 30 manifold of the hydrogen atom for F ranging from 0
to 40 V/cm, at magnetic field 2.33 T. Our calculations were performed at unit intervals of
F and hence finer details, such as avoided crossings, may be incorrect. All the above
mentioned three regions are clearly marked in the figure.
As far as non-perturbative calculations are concerned, Richter et al [28] carded out
numerical quantal calculations of cases where (i) the magnetic field was dominant, (ii)
the electric field was dominant and (iii) both electric and magnetic fields were of
comparable magnitude. Surprisingly different n-manifolds overlapped without significant
mutual interaction. The avoided crossings of states belonging to adjacent n-manifolds
Pramana

386

- J. P h y s . ,

Vol. 48, No. 2, February 1997 (Part H)

Special issue on "Nonlinearity & Chaos in the Physical Sciences"

Chaos in the hydrogen atom
-116.0---

III

.

E
o

.

-124.0':"t....
0.0

10.0

~

20.0
F (in V/crn)

~

]

~

30.0

40.0

Figure 5. The three distinctive regions of energy levels of n = 30 manifold of a
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Hamiltonian Hp for E = 514200V/cm and B over the range [0, 1504] T. Open
circles belong to B = 0 case while + signs belong to B 50 cases.
were very small and were beyond graphical resolution. As a consequence of this most of
the classical phase space regimes remained regular (of course, all the calculations have
been reported around n = 24 manifold). We believe that even though the hydrogen atom
in parallel fields is a non-separable problem, identifying chaotic regimes seems to be a
difficult task [28]; recently the bifurcations of periodic orbits of this system have been
reported [29, 30] which may lead to the understanding of manifestation of chaos in this
system.
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When the energy and field strengths a~e increased to far beyond the Stark saddle point,
one can observe irregularity, particularly in the arrangement of resonances in the complex
energy plane [8,9]. In figure 6 (ref. [8, 9]) the resonances for a fixed electric field
F = 514200 V/cm and magnetic fields B varying from 0 T to 1504 T are shown.
Resonances for B = 0 case are indicated as open circles, and for B ¢ 0 as plus signs. The
overall picture looks quite complicated as the resonances are arranged in a patternless
fashion, contrary to the electric field case (figure 2).
2.4 Hydrogen atom in crossed electric and magnetic fields
Among the hydrogen atom in static (time independent) external field problems, the case
of crossed electric and magnetic fields is considered to be the most difficult (at least for
theoretical investigations) [31]. Here the magnetic field is usually applied along the z axis
while the static electric field is applied along the x axis. The Hamiltonian can be cast in
the form,
p2
He -- 2

1 B
B2
r + ~Lz +--~-(x2 + y 2) - F x .

(2.13)

The crucial point to note down here is that the z component of angular momentum,
namely Lz is not a conserved quantity, so the problem cannot be reduced to 2 dimensions
in a straightforward way as in the case of parallel electric and magnetic fields. Moreover,
like the Stark effect case, the dynamics is scattering above the (ionization) threshold
value, and quasi-bound below it.
In recent experimental investigations, a class of quasi-Landau resonances in the spectra
of rubidium Rydberg atoms in crossed electric and magnetic fields have been observed
[32]. These set of resonances are associated with a small number of planar periodic
orbits, so it is believed that even the planar limit, i.e, z = Pz = 0 of the above problem
may reveal interesting dynamical behaviour [33].
Using simple critical point analysis, it is very easy to show that there is a critical point,
independent of the magnitude of the magnetic field B, at E = -2v/-ff (for the planar case)
which coincides with the approximate Stark saddle point discussed in §2. In our
investigations we stick ourselves to the planar system.
For convenience we scale the position and momentum variables, r ~ B-2/3r and
p ~ B1/ap. The advantages of using such scaling relations are described later in detail in
§ 4. In terms of scaled variables the above Hamiltonian becomes [34]
p2
His = EB-2/3 _ 2

1 1
1
r ~-~Lz + v (x2 + y2) _ FB-4/3x.

(2.14)

In figure 7 we have sliced the classical phase space that corresponds to Es = -1.0
using y = 0 and Pr = arbitrary plane. Whenever the classical trajectory pierce through
this plane we record the x and Px values and obtain the so called Poincar6 surface of
section (PSS) for a set of initial conditions. To start with, we choose the value o f f well
below the critical point, f = FB -4/3 = 0.2. Each set of initial condition leads to an
invariant curve on the surface of section which indicates that the motion is quasi periodic
in the actual phase space and hence the resulting dynamics is largely regular.
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However if we increase the value o f f , w h e n f approaches the critical value, we observe
chaotic motion. In figure 8 we show a representative PSS plot for f = 0.2499 and
E, = - 1 . 0 . Some initial conditions lead to invariant curves while many others lead to
chaotic motion: a sizable fraction of the phase space is occupied by chaotic trajectories.
If we increase f further and cross the critical value, the system enters the scattering
regime [33], giving a 'hole', appearing in certain regions of the PSS plot. A s f increases,
the hole region expands in size. The origin of this hole is attributed to the velocity
dependent, Corriolis like force in the Newton's equations of motion (transparent when
P r a m a n a - J. Phys., Vol. 48, No. 2, February 1997 (Part 11)
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written down in semi-parabolic coordinates), arising due to the non conservation of Lz in
the planar system [33].
Thus, unlike the parallel field problem, as the electric field strength is increased from
far below critical point to just below the critical point, the system undergoes a clear
transition from regular to chaotic motion, even in the 2 dimensional planar case.
As far as the 3 dimensional case is concerned, if we increase the electric field far above
the critical point, resonances (complex eigenvalues) start to appear. If we increase the
magnetic field also sufficiently, a large number of resonances begin to appear. In fact, the
nearest neighbour spacing distribution of the complex eigenvalues which belong to the
chaotic scattering region follow the so-called Ginibre distribution given as [35]
ti-Z/['97r]2 3 exp[ - 9rr s2]
2t,,,~ s
16 J"

P(s)

(2.15)

At the same time the classical trajectory calculations reveal fractal structures in classical
chaotic ionization in these regimes [35].
3. Hydrogen atom in other time independent external fields

So far we have discussed the chaotic dynamics of hydrogen atom in static electric or/and
magnetic fields. Now we will consider some other interesting time independent external
fields which can be realized physically.
3.1 Hydrogen atom near a metal surface
The force between an atom and a nearby metal surface is given by the so-called
(instantaneous) van der Waals force. The Hamiltonian of a hydrogen atom near a metal
surface can be derived using the method of images as [36]
p2
Hm-2

1

1

r

4d q

1

1

~/x2+y2+(2d+z)2 4(d+z)"

(3.1)

Here d is the atom-surface distance. When the atom is at a larger distance in comparison
to its size (d2 >> r2), the above Hamiltonian simplifies to the so called instantaneous van
der Waals Hamiltonian Hivp given as
p2
Hivp- 2

1
r

1 (x2 +y2 + 2z2).
16d3

(3.2)

The above Hamiltonian Hivv is particularly useful near the ground state when the size of
the atom is quite small, whereas the Hamiltonian Hm is quite useful when dealing with
Rydberg states for which the size of the atom is relatively big. In figure 9 we have shown
the quantum spectrum of a hydrogen atom over an atom-surface distance range of 100 nm
to 300 nm. The calculations were performed for n = 20 Rydberg states using the
Hamiltonian Hm. A number of avoided crossings indicate that there can be chaos at the
classical level in this regime. On the other hand, if we use Hamiltonian Hivp and also
consider low-lying states, no such avoided crossings appear [37]. Moreover in both the
P r a m a n a - J. P h y s . ,
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Figure 9. The frequency shifts of the eigenvalues of the n = 20 manifold of the
Hamiltonian given by (3.1) from the field-free position for an atom-surface separation
range of 100-300 nm.
cases the adjacent n-manifolds are well separated and hence do not interpenetrate.
Detailed numerical investigations imply that the dynamics is regular near the ground
states and at larger atom-surface distances. If we consider highly excited states and
smaller atom-surface distances then chaos might appear. However, extensive classical
studies are yet to be carried out in this regime.
3.2 Hydrogen atom in a generalized van der Waals potential
By generalizing the instantaneous van der Waals Hamiltonian Hivp and the quadratic
Zeeman Hamiltonian Hmf, we get the so called generalized van der Waals (GVP)
Hamiltonian given as
p2
.
.
.
Hgvp .2

1
r + 3' (x2 + y2 +/72z2).

(3.3)

By properly defining 7 and fl appropriately, we get a variety of interesting physical
problems [38]. Prominent among them are: (i) quadratic Zeeman, (ii) spherical quadratic
Zeeman, (iii) instantaneous van der Waals and (iv) the hydrogen atom in parallel plate
wave guide problems. Moreover just by reversing the sign of the Coulombic term in the
above Hamiltonian, namely - 1 / r , we obtain the celebrated Paul trap Hamiltonian used
by the precision atomic spectroscopists for ion confinement [39].
The Hamiltonian Hgvp cannot be solved exactly for arbitrary /~ values. By using
cylindrical and semiparabolic coordinates one can transform the above problem into that
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Table 1. Classical and quantal results of hydrogen atom in a generalized
van der Waals potential for various/3 values.
/3

Classical phase space

Quantal NNS distribution

0.25
0.5
0v/'0-~.4
1.0
1.5
2.0
3.0

Predominantly chaotic
Completely regular
Both regular and chaotic
Fully regular
Both regular and chaotic
Completely regular
Predominantly chaotic

Wigner distribution
Poisson distribution
Intermediate distribution
Poisson distribution
Intermediate distribution
Poisson distribution
Wigner distribution

I

P(s)

O

i

0

s

4

Figure 10. The NNS distribution of a hydrogen atom in a generalized van tier Waals
potential associated with the Hamiltonian Hg~pfor/3 = ½.

of a two coupled sixth-power anharmonic oscillators problem. Then by using the Painleve
singularity structure analysis and dynamical symmetry approach it is possible to show
that the Hamiltonian Hg~ is integrable for ~ = ½, 1 and 2 cases only. Then all the
recently developed (numerical) techniques to deal with chaotic, nonintegrable
Hamiltonian systems can be used to show that there is a choas-order-chaos-orderchaos-order-chaos type of transition. In fact it is possible to perform Einstein-BrillouinKeller (EBK) type of (semiclassical) quantization and obtain exact analytical expression
for the energy level shifts only for the integrable cases namely/~ = ½, 1 and 2. Other near
integrable cases can be quantized using numerical methods. All our semiclassical
predictions were on par with our classical results [40]. Some of the classical and quantal
results have been summarized in table 1.
As already stated, the nearest-neighbour spacing distribution (NNS) (the probability P
for finding a separation s of neighbouring energy levels in the spectrum) of a quantal
system follow the Poisson distribution i.e, P ( s ) = exp(-s) when its classical counterpart
exhibits regular behaviour. Quantal systems follow the so-called Wigner distribution (or
Pramana - J. Phys., Vol. 48, No. 2, February 1997 (Part H)
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P(s)
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Figure 11. The NNS distribution of a hydrogen atom in a generalized van der Waals
potential associated with the Hamiltonian Hgvpfor/3 = 3.

Gaussian Orthogonal Ensemble distribution in our case of time independent system)
when the corresponding classical system exhibits chaotic behaviour. The quantum
problem associated with the above Hamiltonian Hgvp can be analysed by solving the
associated Schr6dinger equation numerically in terms of the SO(4,2) group generators
using a scaled set of normalized Coulombic wavefunctions. We get a large number of
converged eigenvalues and they can be used for the level statistics analysis. As the
parameter /3 is varied, we obtained a GOE-Poisson-Brody-Poisson-Brody-PoissonGOE type of transition corresponding to classical dynamics. In figures (10) and (11) we
show the NNS distribution of the generalized van der Waals Hamiltonian for/3 = ½and 3
which correspond to classically regular and chaotic situations.
The detailed study of generalized van der Waals problem implies that the system
makes a chaos-order-chaos-order-chaos-order-chaos type of transition when the /3
parameter is varied over the range [0, 3]. In fact similar conclusions have been reported in
the case of Paul trap Hamiltonian problem [39]. Some of the ion trap experiments have
verified these results [41].
3.3 Anisotropic hydrogen atom problem
So far we have discussed systems in which the nonlinearity was brought in by the
interplay between the Coulomb field and the external electric or/and magnetic field(s).
Now we consider the motion of a charged particle with an anisotropic mass tensor [4244]. Let the mass of the electron along x and y directions be mp while that along the z
direction be roll. Then the mass ratio 7 = rap~roll is used to define the so called mass
anisotropy as (1--y). In reality different semiconducting materials have different
effective mass (',/) values. For example using cyclotron resonance work it has been found
that the 7 value for silicon and germanium are respectively 0.2079 and 0.05134 [45].
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Figure 12. The Poincard surface of section for a single initial condition of an
anisotropic hydrogen atom associated with the Hamiltor6an Ha for 3' = 0.85.
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F i g ~ e 13. The energy levels belonging to n = 20 and 21 manifolds of the
anisotropic hydrogen atom associated with the Hamiltonian Ha for 3' over the range
[ 0 . 8 , 1.01.

For simplicity we consider the hydrogen atom and introduce the mass anisotropy. The
Hamiltonian can be cast in the form
Ha

Px2 +py2 + 7 2
=

2

1

(3.4)

~Pz - r "

Here "y = 1 corresponds to the isotropic situation. We gradually decrease 7 from unity
and study the dynamics: for 3' = 1 (isotropic case), the system is integrable while for
3' < 1 the system abruptly becomes chaotic. As the accessible phase space in the
Cartesian coordinate space is quite awkward for visual inspection, we have used the semi
parabolic coordinates which are defined as p = X / ~ + y2 = uv, z = (u 2 - v2)/2. In these
coordinates one can regularize the Coulomb singularity and hence the numerical
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calculations for the classical trajectory can be carded out in a nice fashion. The Poincar6
surface of section plot (for u = 0 and p~ > 0 plane) in the v versus Pv plane for 7 = 0.85
and an energy value that corresponds to n = 20 manifold of the isotropic case is shown in
figure 12. Even a single trajectory is able to traverse almost the entire accessible phase
space and hence the v - Pv plane is filled with randomly distributed points, implying that
the system becomes completely chaotic.
In figure 13 we plot the quantal eigenvalues for n = 20 and n = 21 manifolds, for 7 in
the range [0.8, 1.0]. In the isotropic case namely 7 = 1 the adjacent manifolds are well
separated. AS the anisotropy is gradually introduced, the adjacent n-manifolds
interpenetrate, which might be due to the existence of chaotic motion at the
corresponding classical system. Unlike the other systems discussed so far, here the
transition from regular to chaotic motion is considered to be abrupt [43] and is often
referred to as hard chaos [24].

4. Hydrogen atoms in .strong oscillating electromagnetic fields
4.1 Early experiments and theory
The hydrogen atom interacting with a strong, periodic monochromatic electromagnetic
field is an example of another nonlinear system, which in a certain range of parameters
may display signatures of classically chaotic behaviour.
Classical and quantal analytical solutions are very well known separately for both,
namely the field-free hydrogen atom and the free electron in the electromagnetic field
(see e.g. [11]). Since the motion of the electron is governed by the internal Coulombic
and external laser field, it is expected that chaotic dynamics may be observed when both
internal and external fields have comparable effect on the electron. Therefore in order to
create 'strong fields' and introduce conditions beyond the perturbative regime for the
ground state or low lying states we will have to apply ultrashort intense pulses of laser
light, whereas for high Rydberg levels the required electric fields may be quite small in
terms of the absolute value. Nevertheless, the experiments with Rydberg atoms are very
difficult due to the presence of 'stray' electric fields which may easily ionize these atoms.
Stray (unknown) electric fields originate from electric charges present in the experimental
apparatus. At the same time, the experiments with ultra-short pulses are by no means
easier--it is extremely difficult to obtain a good repetition rate of parameters of the laser
pulse and it is also difficult to measure their peak intensity accurately [46].
Rydberg hydrogen atoms interacting with microwave field have been of primary
interest for over 20 years [47]. Microwaves have a dramatic effect on excited hydrogen
because the splitting between levels n and ( n + 1) is approximately 6E(n,n+ 1)
6.6 x 106 n -3 GHz, which is in the microwave region for n ,,~ 50-100. Thus microwaves cause resonant transitions between adjacent levels over a wide range of Rydberg
states. In a pioneering microwave experiment [47], hydrogen atoms were initially
prepared in a Rydberg state with principal quantum number no ,~ 66 and then were
introduced into the interaction region (microwave cavity) with the microwave field of
frequency v = 9.9GHz. Although for this case about N / = 80 photons were to be
absorbed in order to reach the ionization limit from the initial state in the perturbative
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limit, a quite significant ionization signal was observed [24,47]. This result was quite
unexpected on the basis of perturbative theory and stressed the necessity of introducing a
non-perturbative approach. Since then many experiments have been performed for the
hydrogen atom (see e.g. [20, 24]) and alkali atoms (e.g. [48]) in a linearly polarized field
as well as for the case of circularly polarized field interacting with hydrogen [49] and
alkali atoms [50].
Typically in the ionization experiments with Rydberg atoms one measures the
electric field ionization threshold, F10%, which is an amplitude of the electric field
for which 10% ionization probability occurs. It has to be stressed that both true
ionization and the excitation to above a certain n-cutoff, nc (no > no is determined
experimentally) contribute to the experimental value of the ionization field threshold
for the atom prepared initially in the state no. This is due to the presence of the
stray electric fields, which would necessarily cause the ionization. Therefore
experimentally one is not able to tell the difference between the true ionization and
the excitation higher than n¢ [24]. In order to explain experimental results classical
Monte-Carlo type theories were applied to the problem [51]. The set of classical
initial conditions were chosen so as to mimic the quantum wavefunction probability
distribution and the ionization probability was determined as a ratio of the number of
ionizing initial conditions to the number of all chosen initial conditions. These
simulations have shown that the ionization threshold is related to the onset of chaotic
motion of trajectories, which in the presence of critical threshold field become unbounded
in the phase-space.
4.2 Classical model
Let us write the Hamiltonian of the hydrogen atom in a laser field of an arbitrary
polarization (in the dipole gauge approximation)

H =P2+p2+p2z
2

__1 Ff(t)[xcos(o:t+~)+ytan(x)sin(aJt+~)],
r

(4.1)

where r = X/x2 + y2 + z2 and F, ~v, ~ are respectively the electric field amplitude, field
frequency and initial phase of the field. We do not include influence of the magnetic field
because the associated Lorentz force is much smaller than the Coulombic force for nonrelativistic field intensities (less than 101SW/cm2--[52]) as the Rydberg electron
velocity v << c. Through the functionf(t), the pulse envelope, the turn-on and off of the
pulse of length T over finite time, r may be included,

f(t) =

sin2(zrt/2r),
1,
cos2[~r(t- ( T - r))/2r],
0,

0<t<r
r < t< T- r
T- r < t < T
elsewhere.

(4.2)

The angle X E [0, ~r/4] parametrizes the degree of ellipticity of the field polarization:
X = 0 for linear polarization (LP) and X = ~r/4 for circular polarization (CP) in
particular. Notice that in the case of ta ~ 0 we have the well known Stark effect described
earlier in § 2.
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The Hamiltonian eq. (4.1) is invariant with respect to the following scaling
transformation [3]
H---~
r ----~ ~ - l r ,

p~

.,~l/2p,

t---* )k-3/2t
03----> /~3/2&,

F~

)~2F,

(4.3)

for any real parameter ,~. Considering the hydrogen atom with energy En = - 1 / ( 2 n 2) in
the electric field of amplitude F and frequency w, suggests setting )~ = n2, and
consequently wo = n3w and Fo = n4F. Thus it is possible to study only the classical
dynamics of the atom with initial energy E = - 1 / 2 irrespective of the initial state n, in
terms of the scaled variables: E, Wo and F0. Non-scaled values of the parameters may be
reconstructed from the scaled variables for any arbitrary no. The scaled frequency w0 can
be interpreted as non-scaled frequency expressed in units of the Kepler frequency
wt¢ = (-2En) -3/2 of the electron on its initial orbit.
However, the commutation rule is not preserved under the scaling transformation
eq. (4.3):
scaling

[x, px] = ih

, [x,px] = ilt. A-1/2 = ih/n.

(4.4)

Nevertheless, as the semiclassical limit of n ~ ~ (effective Planck constant h/n --, O)
is approached, the commutation rule [x, px] --* 0 becomes less affected by the scaling
transformation. Again, we see the reason why Rydberg levels are of great interest. The
investigation of their properties helps us to understand the relation between the classical
(h = 0) and the quantum mechanics (h = 1 in atomic units) and the way of reaching the
semiclassical limit (h ~ 0) in particular. For the low frequency limit w0 _< 0.2 the
classical scaling is visible quite clearly in experimental (quantal) results for the ionization
threshold field when 24 < n < 56 [50]. It supports the validity of the classical approach
to the problem, which in many respects is much easier than the quantum case.
As in the case of static magnetic field, we transform the Hamiltonian equation (4.1)
into the problem of two coupled oscillators using semiparabolic coordinates [21] (2D) or
using Kustaanheimo-Stiefel (KS) transformation to the problem of four coupled
oscillators with a common frequency. The (KS) transformation [38, 53, 54] exploits the
SO(4) symmetry of the hydrogen atom. Then a new Hamiltonian is used to write a set of
equations of motion, which form a set of coupled differential equations. The
transformation to the oscillator problems is advantageous, because the equations of
motion are free from the Coulomb singularity and hence can be integrated (solved)
numerically to a very high accuracy. Initial conditions are chosen according to the
microcanonical ensemble [55]. This ensemble represents a subspace of constant energy
(corresponding to initially field-free atom) of the phase-space which is formed by
generalized coordinates and canonically conjugated momenta. Then Monte-Carlo type of
calculations are made and the ionization probability, P, is obtained as a ratio of the
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number of initial conditions which lead to the ionization to the total number of initial
conditions.
As it was mentioned above, classically, the ionization occurs due to the break up of the
Kolmogorov-Arnold-Moser (KAM) toil when the microwave amplitude is large enough.
Hence the ionization threshold can be associated with the onset of classical chaos.
Therefore, in the presence of the external periodic force we can observe escape of the
electron to the continuum from a certain phase-space region defined by the initial
conditions. For Hamiltonian systems, the escape may be significantly slowed down due to
the presence of the remnants of KAM tori (Cantori) resulting in a power-law (algebraic)
decay S ,,~ t -z from the region containing KAM stability islands, rather than exponential
decay S ,,~ exp(-Tt ), in the limit of large time t. This slow-down may be greatly
enhanced in the quantum description because of the coarse graining of the phase-space
[56, 57] due to the finite value of h. To get more insight into the exponential and powerlaw decay, let us consider a mathematical model of the ionization [58]. First, let us
consider the canonical Cantor set (the "middle-third" set). We take interval of the unit
length. In the first step we reject g = ½fraction of points from the middle of the interval,
thus creating 2 smaller intervals of length ~ each. In following steps, repeated ad
infinitum, we just apply the above procedure to each newly created interval in the
preceding step, obtaining finally the Cantor set, which is a well known fractal object. The
survival probability (of not being deleted), s, of the point from the original unitary
interval after N + 1 steps is equal to the Lebesgue measure of the remaining set of points:

s(N + 1) = (1 - g)s(N)

(4.5)

and consequently, it can be easily verified that the resulting survival probability is an
exponential function of the step N (which is a discretized equivalent of time t):

s(N) = exp(-NT),

(4.6)

where 7 = - In I1 - gl is positive (if g < 1). Modifying the Cantor set construction, and
assuming that the fraction deleted, gN, is not constant, but decreases from one step to
another eg.: gN = g/N, we can write the survival probability

s(N + 1) = (1 - gN)S(N).

(4.7)

For large N one can check that a power-law dependence

s(N) ,~ N -g,

(4.8)

fulfills the iterative equation (4.7)
Indeed, such a power-law behaviour of the survival probability s has been observed in
physical situations approached by a one-dimensional (1D) model of hydrogen interacting
with the LP field, included as a periodic train of very short perturbations (the so called
kicked hydrogen model) [58]. This behaviour has been supported by a 1D model of
hydrogen with a monochromatic type of excitation [59]. Classical simulations indicate
that both in the LP [60] and the CP field [61,62] problem, this sort of long time behaviour
could be observed. Quite recently, both experimental and quantum (numerical) evidence
has been provided for the existence of the power-law (algebraic) decay over several
orders of magnitude [62].
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4.3 Quantum model
In the quantum approach to the problem we have to solve the time-dependent
SchrOdinger equation
Hl~,(t)) = i/i 01•(t))

Ot

(4.9)

"

One may directly integrate this time dependent equation. It is however only possible to do
so for pulses (interaction times) no longer than 30-50 field cycles [63, 64], because of the
increasing importance of interaction of the wave function with the edges (the so called
absorbing boundary conditions) of the integration grid. Alternatively we may take an
advantage of periodic time dependence in the Hamiltonian equation (4.1). We represent
the solution of the SchrOdinger equation in the Floquet-Fourier expansion as [65]

I¢(t)) = ~ aj e-ieJ'l~pj(t)).

(4.10)

J
We may express each component [~bj(t)) in terms of the multiphoton expansion

[~bj(t)) = E

e-iKutl~b~ )"

(4.11)

K

We substitute this to the Schr6dinger equation and the resulting Floquet Hamiltonian HF
[65], which is time-independent, describes "dressed-atom" model. Thus instead of
discrete states we have resonances (complex energies). The time evolution operator U for
Floquet Hamiltonian HF acting in the 'photon-space' is written in the following form [65]
U = exp(-iHFt/ti)

1 f
= ~-~i~i/cdZ

exp(-izt/ti)
z - HF

"

(4.12)

One can see that the time evolution is dominated by poles of the operator (z - HF) -1 near
the real axis in the complex energy plane. These complex poles (resonances) may be
found from the analytical continuation of the Floquet Hamiltonian HF(O), which is
obtained by using the dilatation transformation [65, 66]
r ~

r e iO

p --~pe -i°.

(4.13)

The eigenenergies (quasi-energies) Ej of the HF are found usually in the harmonic
oscillator basis representation [66] and if r << T (a flat top pulse with narrow edges of
turn-on and off time--a rectangular pulse shape approximation (RPSA)) the ionization
probability can be expressed as [62]
PRPSA = 1 -- ~ lcjl2e -rsr,
J

(4.14)

where T is the interaction time (length of the pulse). The case with a smooth turn-on
could be dealt with on the grounds of the single state approximation (SSA) [67]. Fj
[l"j = -2~(Ej)] is a field-induced width of thejth Floquet eigenstate, which accounts for

Pramana - J. Phys., VoI. 48, No. 2, February 1997 (Part lI)
Special issue on "Nonlinearity & Chaos in the Physical Sciences"

399

K Ganesan and R Gcbarowski
its coupling to the atomic continuum and therefore gives rise to the total ionization rate. If
there is only one dominant overlap cj (cj ~ 0.9) of a Floquet eigenstate on the initial state
40 (describing the initial Rydberg state), in the sum eq. (4.14), then we may well apply
the SSA in which only this Floquet state of width F may be included to obtain the total
ionization probability
PSSA = 1-exp(-forF[Fof(t)]dt}.

(4.15)

In the following subsections we will consider special cases of the hydrogen atom
interacting with the LP and CP fields. Then we will show some typical results for the CP
case using the above mentioned classical and quantum methods.

4.4 LP microwave field problem
In the LP case, since the projection of the angular momentum operator onto the
polarization axis is conserved, we may consider a general case which is effectively twodimensional (2D). The PSS portrait of the classical phase-space is subdivided into regions
from which a classical trajectory cannot escape due to the presence of invariant KAM tori
[2]. If the perturbation parameter (electric field) exceeds a certain critical value, Fcr,
KAM tori break up, resonances begin to overlap [68] and trajectories may enter regions
previously non-accessible to them. This property of 2D phase-space (and 1D as well) may
be of importance if one is interested in investigating global diffusion as a signature of the
global chaotic behaviour.
Using theoretical and experimental methods one can find the ionization field threshold
in a vast region of scaled frequencies. The experiments for hydrogen covered the scaled
frequency w0 region from 0.021 to 2.8. It has been achieved by choosing initial states no
between 24 and 90 for fixed frequencies from the interval of 7.58-36.02 GHz [24]. Thus
for a;0 ~ 1 atoms were subject to pulses of length 300-400 external field oscillations.
Results of the experiments allowed to determine regimes of dynamical behaviour of the
system and discuss mechanism of the ionization. We refer the reader to ref. [24] for
detailed discussions and here we just sketch a rough description of main frequency
regions. For very low frequencies (much below the Kepler frequency) we have a situation
similar to the static homogeneous field, and classically ionization occurs as an escape
above the potential barrier. The motion is quasi-regular and quantal corrections due to the
tunneling may be included through semiclassical methods [69]. In the high frequency
regime (much greater than the Kepler frequency w0 > 1) it is possible to obtain an
effective classical potential with respect to the fast field oscillations [54, 70]. In the high
frequency regime quantum results indicate much higher field threshold for the ionization
than the classical simulation, which is referred to as the so-called quantum photonic
localization [71]. Classical aspects of quantum localization in microwave ionization has
been discussed recently [72] and it has been found that part of the discrepancies with
quantum predictions may be removed if the Coulomb singularity is 'softened' [72]. In the
intermediate region of frequencies, excitation occurs due to the diffusive gain of energy
which finally leads to the ionization [24, 71]. This is the main ionization mechanism in
this region, but some local maxima on the field threshold dependence on the frequency
can occur due to the stabilizing influence of classical resonances [24].
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In the theory of hydrogen atoms interacting with the LP field the classical Kepler
model and its corresponding quantum counterpart are of paramount importance [71, 73].
The derivation of the Kepler map is based on the observation that if the field frequency is
much higher than the Kepler orbital frequency, the strongest interaction between the
classical electron and the oscillating field occurs when the electron is close to the nucleus.
Far away from the nucleus the electron is a quasi-free particle and negligible work is done
on the electron. Because the interaction between nucleus and the electron in the field
occurs only during the short time, when the electron is close to the nucleus, the effect of
perturbation could be approximated by an instantaneous impulse (or a 'kick') which
appears once every orbital period of motion. Therefore we may iteratively write an
averaged over one motion period change of the electron energy and its phase as

Ni+l = Ni + k sin(qoi)
qOi+l -~- ~ i "1- 27rw/(-2wNi+1) 3/2,

(4.16)

where N = -1/(2n2~v) is the electron energy in units of the photon energy (frequency). N
increases or decreases depending on the phase, ~, which in turn depends on the period of
the orbit corresponding to a certain n value, T=27rn 3 =27r/(-2wNi+l) 3/2. The
parameter k = 0.8227rF/w V3 measures the strength of the 'kick' for each orbit. The
long time evolution (measured in Kepler periods) of this map could be easily found for
field frequencies w0 > 1, however, the applicability of this method may be restricted for
the situation where the significant ionization occurs.
The 1D Kepler map model proved to be extremely successful in explaining the full 3D
behaviour in experimental situation where we have a very 'elongated' (l << no) high
Rydberg states in the LP field. The results of the quantum model and comparison with the
classical predictions for the high-frequency region (w0 >> 1) showed the discrepancies in
predictions of the ionization threshold which then led to the formulation of the photonic
localization theory [71].
4.5 CP microwave field problem
In the CP case, unlike the LP situation, the magnetic quantum number (projection of the
angular momentum onto the quantization axis) is not conserved and there is no other
constant of motion except for the weak field limit [74,75]. Thus the CP case needs in
general a full 3D treatment which is a huge task for quantum calculations. In the 3D
classical model, for an arbitrary small perturbation it is possible to observe the Arnold
diffusion [2]. However, it is possible to consider a simpler 2D system, for which KAM
tori still divide phase-space into secluded regions. The application of the 2D model could
be especially justified if the initial electron orbit plane coincides with the field
polarization plane [76].
A transformation of the Hamiltonian eq (4.1) (written for X = 7r/4) to the rotating
frame with the field [76], which is quantum mechanically equivalent to making a unitary
transformation U~ot= exp(iwoLzt) [67], yields a new Hamiltonian

Hrot =

p~ + p2 + p~
2

P r a m a n a - J. Phys.,

1
-r - w°Lz - Fof(t)x.

(4.17)
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Figure 14. Statistical moments ml (open symbols), m2 (filled symbols) as a function
of time. The pulse has length of T = 500 field cycles, turn-on and turn-off is made
over 7- = 250 field cycles. The amplitude envelop of the pulse f(t) is shown with a
dashed curve. Circles show data for w = 1.9 and F0 = 0.07 and diamonds for w = 2.2
and Fo = 0.13. The field values are taken so as to get similar ionization probability, P,
after the pulse ends (P ~ 0.04).
Apart from the missing diamagnetic term, this Hamiltonian resembles the Hamiltonian
equation (2.13) for the crossed electric and magnetic static field problem, and is timeindependent if the change of the pulse envelope is negligible.
Experiments with the alkali atoms [50] have shown that the intensity for the CP case
needs to be higher than for the LP case in order to obtain the same ionization probability.
Moreover, for hydrogen in a Rydberg state the ionization threshold, Fth, scales with the
principal quantum number n, and for the LP case the threshold scales according to
Fth = 1/(9n4), whereas for the CP field it scales as Fth = 1/(6n 4) [49]. The latter
experimental finding has been supported by theoretical calculations [75]. Note that the
scaling of the field amplitude is typical for the classical mechanics (see eq. (4.3)).
Intensive studies of the CP case have been recently conducted only for a few years now,
despite the fact that early theoretical works [77] started to emerge before the experimental
data were even available for the CP case. The ionization threshold in the classical model
displays an asymmetry for ~o = 0 [76] (a change in the sign of ~v is equivalent to the
m ~ - m change), which is supported by results of the quantum model [67]. Subsequent
studies provided an extension of the classical and quantum results to the high frequency
region [54, 78]. In the CP problem there were also investigations on the applicability of
the Kepler map [79] a_~d the classical resonance overlap criterion [80] to the ionization
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Figure 15. Ionization probability P as a function of maximal amplitude F0 for long
interaction times in the 2D model; T = 500 - open symbols and T = 1500 Kepler
cycles (cycles of electron oscillations on its orbit) - filled symbols; in each case turnon time ~-= 50. Triangles show data for w0 = 1, and squares for w0 = 1.2.
phenomena. The influence of the pulse shape and initial state preparation on the
ionization mechanism in classical [54,61,81, 82] and quantum models [78] were also
discussed. Recently some stable packets were observed in 2D and 3D quantum models
for the CP [83-85], which demonstrate stabilising influence of the classical resonance
island. However, it is worth to mention that such non-dispersive packets have been
studied theoretically in the LP problem earlier [13].
4.6 Classical versus quantum model
We will discuss here some results for the 2D hydrogen atom interacting with the CP field
in the intermediate region of frequencies (w0 ,-, 1), where classical diffusion is the main
ionization mechanism. We will consider here only initial conditions which correspond to
hydrogen circular states (with the maximum angular quantum number l). The 2D model
well approximates full 3D behaviour in particular when initially Iml = l (the classical
electron orbit coincides with the CP field polarization plane) [76]. For the sake of
demonstration of diffusive behaviour we may consider statistical properties of the
ensemble of initial conditions. Let us define statistical moments [54, 86]
ml(t) = (n(t) -- no),
m2(t)

=

( ( n ( t ) - (n(t)))2)/n~.

(4.18)
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Figure 16. Shanon entropy and maximal overlap onto the initial state coefficient, cl
as a function of the field amplitude F0 for the fixed w0 = 1. Initial circular state of the
field-free hydrogen atom no = 252(field free energy E of the 2D field-free hydrogen
defined as E = -(1/(2(no - 1/2) )) - see e.g. [67]). Note that a jump in value of the
Shanon entropy S = -)--~w cj ln(cj), where jmax number of overlap matrix elements
cj in descending order yielding 99.5% of the total population - - )-'~'~j~cj = 0.995.
Here n corresponds to the principal quantum number and is calculated from the energy of
the electron En(t)=-1/[2n2(t)]. We assume that initially, n(t = O)= 6 ( n o - 1). In
figure 14 we have shown the statistical moments ml (open symbols), m2 (filled symbols)
as a function of time. The pulse has length of T = 500 field cycles, turn-on and turn-off is
made over 7- = 250 field cycles. The amplitude envelope of the pulsef(t) is shown with a
dashed curve. Circles show data for w = 1.9 and F0 = 0.07 and diamonds for a; = 2.2
and F0 = 0.13. The field values are taken so as to get similar ionization probability, P,
after the pulse ends (P ~ 0.04). Note that during the interaction with the CP field the
average excitation ml, as well as its standard deviation (related to square root of m2)
grow.
Figure 15 shows the ionization probability versus the field amplitude for frequency
w0 = 1 and w0 = 1.2 and two interaction times T = 500 and T = 1500 field cycles. For
the frequency a~0 = 1 the curves for both the time scales exhibit a plateau for a range of
values of the field, which is an indication of a stabilizing effect of the strong 1:1
resonance. Irrespective of the interaction time we observe a non-monotonic dependence
of the ionization probability on the field amplitude, demonstrating the trapping influence
of the classical resonance, and indicates the possibility of non-hyperbolic scattering or
power-law dependence of the survival probability on the interaction time [62]. Hence, the
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ionization is slowed down due to stabilizing structures of phase-space. Moreover, there is
numerical evidence for wave packets tracing the classical dynamics without dispersion,
which are localized in a stable 1:1 classical resonance island [83-85]. For a slightly
greater frequency (w0 = 1.2) we observe much efficient ionization for the longer
interaction time, which again supports the diffusive ionization mechanism.
To get more insight in the corresponding quantum model behaviour, we define the
Shanon entropy of Floquet levels, which corresponds to the initial population distribution
over a range of Floquet states, obtained for a given value of the field amplitude F0 and
frequency ~o as
J~
s = -

(4.19)

cj ln(cj),

where jmax is the number of overlap matrix elements cj (calculated as an overlap of the
j-th Floquet eigenstate onto the initial state ~0) in descending order, which yield 99.5% of
the total population - - ~m~ Cj = 0.995. In figure 16 we depict the Shanon entropy of the
overlap matrices for ~0 = 1 (the 2D model, no = 25) in the RPSA approximation
equation (4.14). Note a sudden jump in the Shanon entropy around the frequency value
for which we observe a growth of the classical ionization probability (see figure 15).
Dotted line with squares show value of the maximal, q , overlap coefficient (in the figure
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the values of cl are multiplied by 10 in order to use the same scale as for the Shanon
entropy). It indicates that for F0 > 0.04 more Floquet states are needed in the expansion
equation (4.14) and the initial state is spread over more Floquet states for these values of
the field amplitude.
In figure 17 classical and quantum ionization field thresholds are compared for a wider
range of scaled frequencies. Note that for the higher frequency w0 > 3.2 the classical
curve suddenly grows to the high values, which indicates stabilization against the
ionization, whereas the quantal results yield a much lower field for the 10% ionization
probability.
The model of diffusive excitation leading to ionization has been used in the interaction
with linearly and circulary polarized field. Apart from the critical value of the field, For
(numerically approximated by the F10% value), it is interesting to study a diffusion time
or more strictly speaking an escape time from a certain phase-space region to the infinity
[87]. Investigating the long time behaviour may provide us with the information on
properties of the classical phase-space. It is therefore arguable, that a 10 % threshold time
(length of the interaction/pulse), T10%, is more informative than the field threshold
F10% [78]. In particular, the latter may be sometimes ambiguous due to the nonmonotonic behaviour ('sub-thresholds') [88] of ionization probability as a function of the
field amplitude.
5. Conclusions

In this review we have discussed classical and quantum signatures of the chaotic
behaviour of the hydrogen atom interacting with various kinds of physically accessible
static and time-dependent external fields. In the case of time independent external fields,
we explored bounded classical phase space regions using phase space techniques like
trajectory plot and PSS. In the corresponding quantal case, we probed the energyparameter dependence. For certain cases, we discussed the structure of quantal
resonances in the complex energy plane.
As far as the time dependent external field problems are concerned, we have stressed
validity of the classical approach for Rydberg initial states. This is supported by the
scaling properties of quantum and experimental thresholds with the principal quantum
number for low frequency regime, as well as a qualitative agreement between classical
and quantum results in the diffusive frequency regime. In the latter regime the onset of
classical chaos well approximates the ionization field threshold. We gave an example of
the quantum signature of classical chaos in this regime of frequencies and initial
conditions, as a sudden growth of the Shanon entropy (defined over the distribution of the
initial population over Floquet states). This indicates a complicated level dynamics and
abundance of level anticrossings [89, 90], which give rise to redistribution of the initial
state over a wide range of Floquet states. This means that the application of the single
state approximation for the calculation of the ionization probability becomes more
restricted than the rectangular pulse shape approximation.
In table 2, we have summarized both classical and quantal features of hydrogen atoms
interacting with external fields. From this table it is evident that the investigation of even
a rather simple system, like the hydrogen atom interacting with external fields leads to a
variety of interesting and complicated classical and quantal results.
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Table 2. Summary of the classical and quantum results for the hydrogen atom
interacting with external fields.
External
field

Classical results

Quantum results

Some remarks

Static
Regular motion for any
electric field field strength below
ionization threshold

Resonances follow
regular pattern for
field strengths above
ionization threshold

Stile
magnetic
field

Energy parameter space
(here B) shows many
avoided crossings when
the corresponding classical counterpart is chaotic

Non-integrable, Lz
conserved; at low fields
/-mixing occurs; in the
high field limit n-mixing

A smooth transition from
regular to chaotic motion
if the field strength is
varied gradually

Separable and integrable,
L z conserved

OCCurS

Parallel
electric and
magnetic
field

Depending upon the
electric and magnetic
field strengths, regular
or/and chaotic motion
is expected

Quantal resonances
arrange themselves in a
patternless manner for
strong electric and magnetic fields

Non-integrable, Lz conserved, identification of
chaotic regime is nontrivial

Crossed
electric and
magnetic
field

Regular for scaled field
strength values well below
the critical point and chaotic for very close to the
critical point (planar case)

The NNS distribution of
quantal resonances follow
the so called Ginibre distribution when its classical counterpart is chaotic

Non-integrable, Lz not
conserved, Corriolis like
force term appears in the
Newton's equation of
motion; 3D problem

Metal
surface

Regular motion for
large atom-surface
distances; for smaller
atom-surface distances
chaos is expected

For larger atom-surface
distances no avoided
crossings in the energyparameter (here d) space
but they appear for smaller
atom-surface distances

Non-integrable, Lz conserved, interaction is not
strong enough to induce
n-mixing of states

Generalized
van der
Waals field

Chaos-order-chaos type
of transitions occur

The NNS distribution
shows Wigner-PoissonWigner type of statistics

Contains many integrable
and non-integrable cases,
L z is conserved

Mass
anisotropy

System makes an abrupt
transition from regular to
chaotic motion when the
anisotropy is introduced

Adjacent n-manifolds
start to interpenetrate
even before/-mixing

Non-integrable, Lz is conserved, Corriolis like term
appears in the Newton's
equation of motion

Linearly
polarized
microwave
field

Kepler map and 1D
models useful, low and
intermediate frequency
regions results in good
agreement with quantum
and experiment results

In the high frequency
regime indications of
quantum photonic
localization

Lz is conserved - effecti-

Circularly
polarized
microwave
field

Antisymmetry around
aJ0 = 0 in ionization thresholds; diffusive behaviour for w0 "~ 1; stabilizing influence of the 1:1
resonance; stabilization of
the atom initially in a circular state for w0 > 3

Growth of the Shanon
entropy of Floquet levels
for the field value where
classical onset of diffusive ionization, stable
wave packets following
classical dynamics

Lz not conserved, 2D
model gives good estimates for the ionization thresholds especially when
Ira[ = 1; in rotting frame
similar to (static) crossed
electric and magnetic
field problem

OCCurS

vely 2D problem
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