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Abstract. We review a variety of control methods which are capable of enhancing the chaoticity
and mixing properties of chaotic flows and also methods which work towards promoting the
coherence properties of such flows. We discuss a parameter control method which can enhance the
chaoticity and the rate of mixing of dissipative as well as conservative flows and outline methods
which promote global mixing by the addition of noise and by preventing island formation. As the
inverse side of this problem, we summarize methods which can create coherent structures in chaotic
dynamical flows. We also discuss the utility of these methods from the point of view of applications
as well as for understanding phenomena which occur in natural systems.
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I. Introduction

The control of chaos has been a topic of much recent interest [1]. The control of chaos has
found interesting applications in contexts ranging from lasers, mechanical systems, and
electronic circuits, to chemical reactions and biological systems. Some of this effort has
been directed towards the imposing of periodic orbits on chaotic systems, other directions
of effort have been towards maintaining chaos in contexts where the destruction of
chaotic behaviour is undesirable. The enhancement of chaos via control methods can also
find useful applications. We discuss control methods which work towards enhancing
chaos in chaotic flows in this review. We also discuss methods which work towards
creating" coherence in chaotic flows.
The enhancement of chaos can be desirable and useful in a variety of situations. In the
case of biological systems, there are several instances of situations where maintaining or
enhancing chaos is desirable. It has been suggested that the pathological destruction of
chaotic behaviour may be responsible for heart failure [2], and some types of brain
seizures [3]. Techniques which are capable of enhancing and maintaining chaos could be
useful in such contexts [4].
An important example of a situation where enhancing chaos is useful, is the process of
mixing [5, 6]. The mixing properties of a flow are important in various engineering and
industrial problems like combustion processes [7], viscous liquids [8], chemical reactions
[9, 10], heat transfer processes [11]. Often the performance of a particular process, its
yield, the rates and even the product depends on the mixing properties. For example, a
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well mixed fuel-air mixture can give rise to efficient combustion and a chemical reaction
in which the reactants are better mixed enhances the rate of reaction and the yield.
Therefore it is essential to look at the underlying dynamical properties which give rise to
efficient, or poor mixing. Mixing is a consequence of the stretching and folding of chaotic
flows. A system which has exponential stretching, as in a chaotic flow, can mix
efficiently. Many mixing processes like fluid flows, combustion processes, chemical
reactions, heat transfer processes, etc can be modelled by chaotic flows [6]. An
enhancement of the chaoticity of such systems can lead to an enhancement of the rate of
mixing, an outcome which has desirable consequences in many of the situations
described above.
Coherent structures, on the other hand are the flip side of the coin. These are regions in
the flow which remain unmixed and may or may not permit the exchange of trajectories
with globally mixing surrounding. The presence of a coherent structure in otherwise
strongly mixing surroundings is a puzzling but ubiquitous feature of natural systems.
Examples of coherent structures can be found in a variety of natural contexts, ranging
from planetary [12] and geophysical [13] systems, to chemical mixers [14], coupled
oscillator arrays [15] and turbulent flows [16]. Again, low dimensional chaotic flows have
proved to be capable of encapsulating much of the generic behaviour seen in such
systems [17-19].
It is therefore interesting to inquire into the reasons behind the formation of coherent
regions created in such chaotic flows. Control methods capable of the creation of
coherent structures in chaotic flows can provide insights into these reasons. These
structures could also find useful applications. A very interesting application of such
structures has been proposed recently. Such structures could be utilised to control the rate,
products and yield of chemical reactions by using them as controlled release capsules
[20]. The idea is to release one or more of the reactants in a chemical reaction at a
specific time or to control the concentration of such reactants. These reactants are placed
on coherent structures and the flow is mixed. The coherent structure prevents exchange of
these reactants with the surrounding environment. Then at a desired time the structure can
be destroyed by application of noise and the reactants released into the reaction. Such a
capsule can be used in a continuous flow reactor and permits the control of various
reaction rates and products.
The existence of mixing and coherent regions in flows can have relevance for a variety
of other phenomena. The flow region, as visualized by injecting a passive scalar such as
a dye, acts as a basic template for various interesting physical processes such as
aggregation, coagulation or breakup [21, 22]. The fabric of the underlying chaotic
dynamics provides a template on which various processes like aggregation, coagulation
and drop breakup occurs. By exploiting the properties and symmetries of this fabric, the
coherence and mixing properties of mixing flows, one can understand and manipulate
these processes better. Here again, one can show that the shape and sizes of various
aggregates and rates of various processes depend on mixing properties and presence of
coherent structures.
It is clear that many of the situations which constitute our motivation correspond to
spatially extended systems such as fluid flows. It is therefore relevant to discuss the sense
in which the analysis of the dynamics of low-dimensional systems in phase space is
applicable to such systems. Our examples are both dissipative and conservative in nature

232

P r a m a n a - J. Phys., Vol. 48, No. 1, January 1997 (Part I)
Special issue on "Nonlinearity & Chaos in the Physical Sciences"

Coherence in chaotic maps and flows
and discuss mixing and coherence in phase space. However, our conservative examples
are relevant to mixing and coherence in real space in the same sense in which the
Lagrangian description of a two-dimensional fluid defined in physical space by the fluid
velocity field obtainable from a stream-function can be mapped on to a Hamiltonian flow
in two dimensional phase space [23, 5]. The evolution of the trajectories of the system
under the Lagrangian description, corresponds to the evolution of tracer particles in the
fluid. The system is effectively many-dimensional as many initial conditions evolve at the
same time. Such a picture can be extended even to turbulent, spatially extended problems,
such as turbulent jets [19]. Control methods for such systems must be capable of
constraining or mixing many system trajectories. It will be seen that the control methods
under discussion succeed in achieving this objective.
We review a variety of control methods which address some of the issues raised above.
We discuss methods for the enhancement of chaos, mixing and mixing rates in § 2. We
discuss methods which work towards enhancing mixing via enhancing stretching rates,
via the addition of noise and by preventing the formation of islands in time periodic
Hamiltonian flows. Section 3 discusses methods for the formation of coherent structures
in chaotic flows and maps. The methods discussed include that of introducing a fold and
that of using localized parameter perturbations in the vicinity of low order periodic
points. Section 4 discusses phenomena involving active tracers viz. aggregation and
breakup. A brief discussion (§ 5) concludes this review.
2. Enhancing chaos, mixing and the rate of mixing
Enhancing mixing and the rate of mixing in a process is a topic of much recent research,
for the reasons of obvious practical advantage listed above. Recently some novel methods
to achieve this goal have been proposed [22, 24, 25]. These processes use different ways
to increase mixing, and the rate of mixing. While one of the proposed methods works for
time periodic flows by exploiting the underlying symmetries of the flow to prevent the
island formation which constitutes a barrier to efficient mixing [22], another method [25]
considers the effect of noise on such flows and its role in enhancing mixing. Recently, a
new method has been proposed [24], which enhances the rate of .mixing of chaotic flows
by enhancing their chaoticity. This method enhances the chaoticity as measured by the
average Lyapunov exponent by optimally perturbing the system parameters in regions of
low local Lyapunov exponent. This increase in chaoticity translates into an enhancement
of the rate of mixing, and can also be useful in other contexts where the enhancement and
maintenance of chaos is important [4]. We summarize this method below.

2.1 Enhancing chaos and the rate of mixing via control of stretching rates
This method has the two-fold objective of enhancing chaos and thereby enhancing the
rate of mixing of the system. An important parameter, which characterizes the degree of
chaos in a chaotic flow is the Lyapunov exponent, which gives the average rate of
stretching. However, the rate of stretching is not uniform over a chaotic attractor in the
case of dissipative flows or over the phase space of a conservative flow. Thus the local
Lyapunov exponent (LLE), a measure of the local rate of stretching, is different in
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different regions of the phase space. The nonuniform nature of the spatial distribution
of the LLEs is exploited to construct a mechanism that can enhance chaos and hence
the rate of chaotic mixing. The average rate of stretching is enhanced by introducing
a small parameter perturbation Which enhances the LLE whenever the system trajectory
visits a region where the LLEs take values much smaller than their average value.
This procedure works quite efficiently as small perturbations in parameter made for
small times compared to the total time of evolution can lead to substantial enhancement
of the Lyapunov exponent and to the rate of mixing. The method is applicable to
both dissipative and conservative examples and discusses mixing in phase space.
However, here as in all other contexts considered in this review, the conservative
examples are relevant to mixing in real space in the following sense. Consider a twodimensional fluid with a fluid velocity field (u(x,y, t), v(x,y, t)). For an incompressible
fluid, we have

Ux+Vy = 0 .

(1)

The fluid velocity field can be obtained from an exact differential d~b using the equations
u =

v =-Tx,

(2)

where ~b = ~b(x,y, t) is known as the stream-function.
The Lagrangian description in two dimensions involves following fluid particle
trajectories (e.g. those of tracer particles) obtained by solving the equations

.~ = u(x,y,t),

~ = v(x,y,t).

(3)

Using equation 2 above, we have

k -- O~b(x, y, t)
Oy
'

9=

O~b(x, y, t)
Ox

(4)

Thus the stream-function behaves like the Hamiltonian of a Hamiltonian flow in twodimensional phase space. The evolution of tracer particle trajectories in the twodimensional fluid has been mapped on to the Hamiltonian dynamics in two-dimensional
phase space. Thus, statements about the mixing or coherence of the phase-space
trajectories map on to the behaviour of the tracer particle trajectories.
Consider an autonomous nonlinear dynamical system, of dimension n, evolving via the
equations
= F(x, U),

(5)

where the set of parameters # takes values such that the trajectory-shows chaotic
behaviour. Let w(x, t) be the tangent vector to the trajectory at the point x and time t. The
evolution of w is given by
~¢ = ( w . V)F.

(6)

The Lyapunov exponent of the system is defined by
A = lim l ln

t
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where x(0) is the value o f x at t = 0 and
Lyapunov exponent ,~(x) as
A(x) = lim

A,-~0

_~

In

Ilwll is the norm o f w .

We now define the local

IIw(x(t + At),t + At)[[
IIw(x(t), t) ll

(8)

The quantity ,~(x) represents the local rate of stretching at the point x. This is, in general,
not uniform over the attractor. Clearly, the Lyapunov exponent )~ (eq. (7)) is the average
value of the LLEs for a long orbit.
The control mechanism is activated in the regions where the local Lyapunov exponent
falls below its average value, that is if
A(x) < ( A - 7trA)

(9)

where trA is the standard deviation of the distribution of local Lyapunov exponents and 7 is
some chosen factor. The control is activated so as to change the parameter # of the system
to # + sd/z. Here s takes values - 1 or +1 and d# is small. The control remains active
as long as the above condition is satisfied, after which it is reset to the previous value.
The sign of s is decided in the following manner. Let W r be a row vector and M r given
by M r = VF. The equation for the norm of W can be written as
Ilff'll2 =

Wr (M7 + M)W.

(10)

The rate of change in the norm due to the change in the parameter should be positive in
order to increase the local rate of stretching i.e. s should be chosen such that the quantity
Allff'll 2 = IlW(# + d#)l[ 2 - II~'(~)ll 2 ~-

W r ( M / + M~)Wdlz

(11)

where M~, = OM/O#, should be positive.
The above equation is obtained from an expansion to linear order, however the effect of
the change in parameter is nonlinear and often changes in the Lyapunov exponent are
much greater than those predicted by a linear equation like (11).
The above control procedure gives rise to a substantial enhancement of the
chaoticity of the system, as measured by the average Lyapunov exponent. This can
be demonstrated by plotting the Lyapunov exponent for both controlled and uncontrolled
flows. This is demonstrated in figure 1 for the Lorenz system [26] at parameter
values tr = 10.0,r = 30.0 and b---8/3. The parameter r is chosen as the control
parameter and dr = 1.0, 7 = 0.5. The Lyapunov exponent is enhanced from 0.95 to
1.44. Figure 1 shows the behaviour of )~ with r in both controlled and uncontrolled
systems. As can be clearly seen, there is a substantial enhancement in )~ over a range of
parameter values.
It can also be demonstrated that this change in the Lyapunov exponent actually gives
rise to an enhancement of the rate of mixing. The attractor is covered with a grid of boxes
and a large number of initial conditions are chosen in a particular box. These initial
conditions are then allowed to evolve without the control. The same set of initial
conditions is allowed to evolve separately with the control procedure operative. The
initial conditions in one box spread over a number of boxes in course of evolution. A
comparison of the number of occupied boxes, i.e. the number of boxes which have at least
one of the evolving initial conditions as a function of time for the controlled and
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Figure 1. The Lyapunov exponent for Lorenz system at parameter v a l u e s
a = 10.0, r = 30.0 and b = 8/3. The parameter r is chosen as the control parameter.
The figure shows the behaviour of A with r in both controlled and uncontrolled Lorenz
system.

uncontrolled systems gives an idea of the relative rates of mixing of the two systems.
Figure 2 plots this number for both controlled and uncontrolled cases for Lorenz system.
It is clear that the controlled system mixes at a faster rate than the uncontrolled one, and
that the control procedure has successfully manipulated the entire ensemble of
trajectories in a manner in which the rate of mixing is enhanced.
The procedure used above to enhance chaos and the mixing rate can be easily modified
to apply to the case of discrete maps. For maps, the evolution equation (eq. (5)) can be
written as
xt+l = f(xt, #),

(12)

where xt are the dynamical variables at time t. The evolution of the tangent vector w is
given by
wt+t = (wt- V) f.

(13)

The control procedure is the same as above. The parameter # is changed to # + sd# when
condition (9) is satisfied. To decide the sign s we write (13) in matrix form as

Wt+l = MWt,

(14)

where M r = Vf. The equation for the norm of W is
Ilw,+lil 2 = WrtMrMW,.
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Figure 2. The number of occupied boxes as a function of time for the controlled and
uncontrolled Lorenz systems.

Thus the rate of change in the norm of W due to change in the parameter is given by
AllWt+ll[2 = IIW,+l(~ + d#)l[ 2 - IIW,+l( )ll 2
= WT(MTM~ q- MTM)Wtd#

(16)
(17)

where the last step is obtained by expanding to lowest order in d# and M u = OM/O#. For
control to enhance chaos and rate of mixing, the sign s for the parameter change d# must
be such that A[IWt+l[[ 2 is positive.
The Lorenz system discussed above is an example of a dissipative flow. However, the
procedure is completely general and can be applied to conservative systems as well,
provided the change in parameter is made in a way in which the conservative nature of
the flow is preserved. We demonstrate the increase in chaos and rate of mixing in the
standard map [23].
x,+l = x , +

K sin(2~rr,)

Yt+1 -~- rt "~-Xt+l

(18)

where the variable X and Y lie between [13,1]. The increase in the rate of spread of initial
conditions in phase space of the controlled standard map as compared to the uncontrolled
one is demonstrated in figure 3. The parameter values are K = 1.5, dK = 0.2, 7 = 0.25. It
can be easily seen that the controlled map retains its area-preserving property. We iterate
10,000 initial conditions initially in a small box. Figures 3(a) and 3(b) show the
uncontrolled and controlled systems respectively after 10 iterations. Figures 3(c) and 3(d)
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Figure 3. (a) and (b) show the uncontrolled and controlled systems respectively
after 10 iterations. (c) and (d) show the corresponding figures after 30 iterations.

show the corresponding figures after 30 iterations. It is clear that the controlled system
has spread out more than the uncontrolled situations. Thus the rate of mixing is enhanced.
The Lyapunov exponent for the orbit with the initial condition x = 0.2, y = 0.3 increases
from A = 0.286 to A = 0.384. The invariant KAM tori in the phase space of the standard
map function as barriers to global mixing. If the effect of control on asymptotic global
mixing is observed, the controlled and uncontrolled attractors look very similar in both
cases except that the area of empty regions in the uncontrolled situation is larger than the
area of empty regions in the controlled situation.
The control procedure works quite efficiently as it produces a substantial enhancement
of the Lyapunov exponent for quite small changes in the parameters. This is due to the
fact that the control procedure works by switching between three types of chaotic flows,
those characteristic of parameter values #, # + d# and # - d#. This switching introduces
an extra time dependence in the problem and is the origin of the efficiency of the
procedure.
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Thus, this mechanism is successful in enhancing the rate of mixing of the system and
also in enhancing the chaoticity of the system. It can therefore be useful in contexts where
the maintaining and enhancement of chaos is important. Other methods of enhancing
mixing have also been proposed in various specific contexts. A very simple way of
enhancing the mixing in a flow is by the addition of noise.
2.2 Noise and mixing
The Lagrangian trajectory of particle is given by (3). However in realistic situations there
is a stochastic correction applied to this equation. This correction may be due to the
Brownian motion of the constituent particles or due to extrinsic noise.
The equation of motion for a diffusive particle is given by the generalized Langevin
equation where
dx
d--t = u(x, t) + ~(t)

(19)

and u(x, t) is the velocity at point x at time t. The probability density function of the
stochastic term, ((t) is a gaussian and the variance of this distribution is related to the
molecular diffusivity by a 2 = 2DAt, where At is the time interval between
displacements. To apply this kind of term to discrete maps, the particles are stochastically
displaced after each iteration of the map. The addition of such a noise term enhances
mixing. This has been explicitly demonstrated [25] in the case of the blinking vortex
map [18].
Another method which enhances global mixing has been proposed for time periodic
flows.
2.3 Symmetries and island formation
Time periodic flows can be modelled by a Hamiltonian system with the streamfunction
acting as the Hamiltonian [23]. When a KAM curve for such a system is perturbed, it
breaks into elliptical and hyperbolic points. Islands are formed around elliptic points,
which are regions of regular behaviour separated by an invariant curve from the
chaotic component. These islands affect the transport and mixing in two ways:
firstly they do not exchange trajectories with the chaotic counterpart and hence act
as trapping regions, and secondly, due to their 'stickiness', trajectories which come
close to these islands spend a larger fraction of time in the vicinity. Both these properties
are a hindrance to efficient mixing. Therefore, to increase the mixing, one should
control the flow in such a way so as to prevent the formation of these regions.
It has also been observed that in many cases, the placement of these periodic points in
the phase space is symmetric [27]. It is possible to use these symmetries to locate these
periodic points, and to devise a protocol which would prevent the formation of these
islands [22].
An interesting demonstration of this method can be made in the case of the cavity
flow, where the system consists of fluid in a cavity whose two walls are moving
transversally (say the top and bottom walls), whereas the other two walls are held
P r a m a n a - J. Phys., Vol. 48, No. 1, January 1997 (Part I)
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rigid. The motion is a composition of two independent operations, that due to the top wall
Tt [this means that a set of particles x is mapped to a set T t x after time t under the action
of the top wall alone] and that due to the bottom wall nt. The system is completely
characterized by a sequence of top and bottom wall motions. If we have a periodic
operation of Tt Bt each operating for equal duration of time then the system has x-axis as
the symmetry curve.
To enhance mixing one tries to use the symmetries in such a way that the islands are
never formed. The flow BTBTBT... mentioned above has x symmetry and the islands lie
on the x-axis or in pairs symmetrically distributed on both ides of x-axis. One way to
prevent the formation is to follow the flow Q0 = B T by an identical flow which is
rotated by 180°. That is, now the flow is [ R ( B T ) R ] B T = Qt = T B B T . This protocol
switches the position of the islands such that they never get a chance to form. Other
protocols which prevent island formation are also possible, e.g. a switch in the flow after
two periods will also give similar results. These protocols have been tested
experimentally for the cavity flow [22] and indeed increase the global mixing by
removing the islands.
Thus, by exploiting the underlying symmetries of the flow, one can remove the islafids.
Since the islands hamper mixing by both trapping as well as by slowing down the
trajectories, this removal enhances mixing. However, as long as the sequence of protocol
remains finite, there will always be islands present in the flow which will not be removed
by this sequence. Secondly, these protocols can be applied only in case of time periodic,
incompressible, nondissipative fl.ows. The applicability of such protocols in case of flows
that are dissipative or non-periodic remains unclear.
3. Coherent structures

As mentioned earlier, the existence of localized, coherent structures in flows that are
otherwise chaotic or turbulent is a commonly observed feature of natural systems [ 14, 13].
Again, the reasons for the formation of coherent structures in otherwise irregular flows
can be investigated using the well known fact that spatially extensive systems can be
modelled by low dimensional chaotic flows [17]. Recent work suggests that control
methods which can create coherent structures in chaotic flows and maps may provide
useful insights into the ubiquitous existence of these objects in natural systems. We
outline two such methods.
The first method creates the coherent structure by the introduction of a fold in the
vicinity of the periodic points of the system [28]. The second method uses localized
parameter perturbations in the neighbourhood of the fixed points to create the coherent
structures [29].
3.1 Folding
Chaotic flows are typically flows which stretch and fold. Such flows are usually well
mixing. Thus there is an intimate relation between stretching and folding and the mixing
properties [30]. The prototype for describing the stretching and folding of flows is a
horseshoe construction. These horseshoes are formed in chaotic regions of the flow. A
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Figure 4. (a) The tent map in the unit interval [0, 1]. (b) shows the tent map with an
additional fold introduced. This additional fold is responsible for trapping of
trajectories.
horseshoe is termed complete if the fold is located outside the initial square and
incomplete if the fold is located inside. Complete horseshoes generate efficient mixing
where as incomplete horseshoes do not. Shinbrot and Ottino [28] show that the proximity
of the fold of an underlying horseshoe map to a periodic point characterizing the order of
the horseshoe can produce an incomplete horseshoe and generate an invariant region or a
coherent structure.
This is easiest to illustrate in the case of the tent map (figure 4(a)) given by

x.+l =2x.

0_<x._<½

= 2(1 - X.)

½ _< X. _< 1.

(20)

Every small interval between 0 and 1 is stretched by a factor of 2 after every iteration
of the map (20). It is therefore impossible for any such interval to contain a localized
structure. The only exception to this occurs near a fold where the interval is doubled over,
thus conceivably counteracting the stretching. To construct an invariant interval I by
using folds, a fold must be placed sufficiently near a fixed point that points within I
remain within I after successive iterations of the map.
In the case of the tent map, it is easy to achieve this by changing the phase, a, as
defined in the new map
X.+l=2(a-X.)

0<X.<_a

= 2(x.- a) a_<x. <½+a
=2(l+a-Xn)

½+a<Xn<_l.

(21)

This map (figure 4(b)) now contains both a fixed point at X,+I = X, = (2a/3) and a
fold at Xn -- c~ in the interval I = (0, 2a) and points initially in the interval I remain
trapped forever inside the interval I despite repeated iterations of the map (21). The effect
of the fold is to create a trapping region in the map. In the case of the tent map with the
fold no new coherent structure is created despite the trapping of trajectories.
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Figure 5. This figure shows the phase space plot of a standard map in presence of
an additional fold. The map parameter K = 5.1 and the fold is introduced in the region
0.3 < x < 0.7 as can be clearly seen this results in a coherent structure lacing formed
in the neighbourhood of the fixed point at (0.5, 0.0). The values of the constants in the
cubic polynomial are a0 = 0.0069, al = -0.713 and a2 = 1.0023, a3 -- 0.321.
The effect of the fold in creating a coherent structure can be easily demonstrated in the
context of the standard map (18). The variable X is restricted to [0, 1] and the variable Y
to [-0.5, 0.5]. The map shows chaotic behaviour for parameter values exceeding 0.975
and has a hyperbolic fLxed point at (0.5, 0). A fold is introduced in the region R around
the fixed point in the following manner. We replace (K/(27r)) sin(27rX,) by a functiom
F(X,) when (X~, Y~) lies in R. To produce a fold F(X) is chosen so as to contain at
least one extremum in R with F(X) = (K/(27r)) sin(27rx~) at the bounds of R. A suitable
choice is the modified cubic polynomial F(X)=ao+al(X-½)+ a 2 ( X - 1 ) 2 +
a 3 ( X - l ) 3 where a0, al and a2 are chosen so as to match F(x) with (g/(27r))
sin(27rx~) at X = 0.3 and Y = -0.2. It is clear that the effect of the fold is to constrain a
finite fraction of the ensemble of trajectories to an invariant neighbourhood of the fixed
point in spite of the presence of stretching. The resulting coherent structure is shown in
figure 5.
The same idea can be applied to experimentally realizable systems and has been
implemented by Shinbrot and Ottino for the numerical realization of the journal bearing
flow where a fluid constrained between two asymmetrically placed cylinders is
chaotically advected by driving the inner and outer cylinders alternately [23, 6]. Control
is implemented by controlling the clockwise and anticlockwise rotation of the outer and
inner cylinder. The tracer particles of the fluid are chaotically advected for a repeating
protocol which drives the inner cylinder clockwise through 1080°, outer anticlockwise
through 240 ° and outer through 1080 °. A fold leading to a coherent structure in this case
can be provided by a sequence which drives the outer cylinder clockwise through 32 °,
followed by rotations of the inner cylinder through 1080 °, the outer anticlockwise
through 170° and the inner through 1080 ° [28].
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The robustness of these structures has been studied by adding a noise term. The
structure is stable for small noise strengths but is destroyed for large noise. An interesting
application of these coherent structures is to use them as controlled release capsules
where one or more reactants of a chemical reaction can be confined in a coherent
structure while the remaining flow is mixed. At a desired moment the coherent structure
can be destroyed by the application of a perturbation thus releasing the reactant in the
chemical reaction. This can be used to control various reaction rates and products [20].
The fold, however varies from case to case and does not have a generic form. Also the
placement of such a fold could be difficult in various realistic situation and time
consuming. A new method to produce these structures via parameter perturbations has
been proposed in [29]. This method is natural and generic and is also easier to implement
than the method of the fold.

3.2 Localized parameter perturbation
We now summarize a new method by which coherent structures can be created in twodimensional area-preserving maps [29]. Such maps can serve as representations of
realistic fluid flows [18, 31]. Our method consists of the application of parameter
perturbations in the local neighbourhoods of the periodic points of the system. The
perturbation is applied in a fashion in which the area-preserving nature of the map is
retained.
It is easy to see that this control mechanism is a natural mechanism in the context of
realistic flows where parameter perturbations in localized neighbourhoods can arise in a
variety of situations in nature and in experiment. Examples of these are stirring protocols
in experiment and convective flows in environments of non-uniform temperatures. Noise
can also be a source of such perturbations. The localized variation of parameters such as
density are believed to be responsible for the formation of coherent vortices in planetary
and oceanic contexts [13,32]. Experiments designed to simulate Jovian and other
planetary surfaces have successfully created vortices by incorporating localized
perturbations [33].
The simplest example where this method can be demonstrated is the two-dimensional
area-preserving standard map given by (18). As said before, the map shows chaotic
behaviour for parameter values exceeding 0.975 and has a hyperbolic fixed point at
(0.5,0). The system is controlled in the following manner. The parameter K in (18) is
replaced by the parameter k where k = K - e if IX - Xfl < 6, I Y Yfl < 6 and k = K
for values of x, y which lie outside this square. Here (Xf, Yf) is a period-1 point of the
uncontrolled map (18) and e is a control-parameter. It is clear that the dynamics of the
controlled map is area-preserving as the Jacobian J remains unity.
Figure 6(a) shows the phase-space plot of the uncontrolled map (18) for K = 6.0 with
200 initial conditions chosen randomly over the unit square, iterated 500 times. It is clear
that the map is completely chaotic and the distribution~f points is uniform over the phase
space. Compare this with the phase-space plot (figure 6(b)) of the controlled map
described above where the fixed point (xf, yf) is chosen to be the hyperbolic fixed point
(0.5,0.0), and ~ = 0.1, e = 2.0 iterated the same number of times for the same initial
conditions. It is clear that a prominent new coherent structure now appears in the
neighbourhood of the fixed point which was absent in the original standard map. Thus
-
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Figure 6. (a) The phase-space plot for the uncontrolled standard map. (b) The
formation of the coherent structure. The values of K, e, 6 are 6.0,2.0 and 0.1
respectively, with (xf,yf) = (0.5, 0.0).
perturbing the map parameter in the vicinity of the fixed point constrains a part of the
ensemble of trajectories to give new coherent structures. The method can also be
successfully demonstrated in case of maps representing realistic fluid situations, e.g. in
the Blinking vortex map [18].
If the local rates of stretching i.e. local rates of divergence of trajectories in different
regions of phase space are calculated, the controlled system shows decreased rates of
divergence (as compared with the uncontrolled system) in the regions where coherent
structures are formed [29]. The decreased divergence of the trajectories has the effect of
decreasing the mixing in the system, with the formation of coherent structures as the
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consequence. The reduction in local mixing tends to favour coherence. It is interesting to
compare this method with the control procedure of § 2.1. The control there works by
tailoring perturbation towards increasing the mixing tendency by increasing the local
Lyapunov exponents in regions of low local Lyapunov exponent. This increases the
diverging tendency of trajectories and hence the mixing. Conversely, the present method
works by decreasing the divergence rate of trajectories in the neighbourhood of low-order
periodic points, another way of locating localized neighbourhoods where the divergence
rates are of significance.
A comparison of the present method with the introduction of fold discussed in previous
section is also interesting. In contrast to the introduction of a fold in the vicinity of the
periodic point the present method introduces a parameter perturbation which modifies the
distribution of the stretching rates. Since the perturbation retains the area-preserving
nature of the systems, the distribution of contraction rates (the distribution of the smaller
Lyapunov exponents of the system) correspondingly compensates for the alteration. This
in effect modifies the folding of the system without the explicit introduction of an
additional fold. In both cases, the control of the flow in the neighborhood of low order
periodic points produces coherence, but the nature of the periodic points (whether
hyperbolic or elliptic) does not appear to be of significance.
Thus we see that coherent structures can be created in simple chaotic flows using
some simple control techniques. These structures can be creatively used for various
applications and the control mechanism described can provide a useful insight into the
ubiquitous presence of these structures in various situations as well as the mechanism
responsible for their creation. The structures can be characterized by using some local
quantifiers. Such an approach may also shed light on the way these structures affect
various transport quantities in chaotic flows.
The flow region thus has a variety of objects, ranging from fast mixing chaotic regions
to islands and coherent structures. This backdrop provides an underlying template for
various interesting processes like aggregation, coagulation and breakup etc. The presence
of efficient mixing or coherent structures modifies and greatly influences these processes.
Therefore, by controlling various mixing properties or by creating coherent structures,
one may be able to greatly influence these processes to one's advantage.
4. Mixing, aggregation and breakup

There are a lot of interesting phenomena which are associated with mixing in fluid flows.
These phenomena deal with situations where the particles in fluid flow are no longer
passive but interact with each other. They collide, stick together, aggregate. A fluid
element elongates, stretches and breaks up. In other words, in a background of chaotic
flows revealed by passive tracers, a number of phenomena involving active tracers can
take place.
One of the most common phenomena which occur in the case of active tracers is the
break up of droplets. The crucial factors in this context are the velocity field of the fluid,
the viscosity of the droplet and surface tension effects [34]. The breakup in case of
chaotic flows depends on the placement of the droplet. If the droplet is placed in an island
then it undergoes a periodic sequence of stretching and contraction and there is no net
stretching. If the viscosity is strong enough to overcome surface tension effects then the
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droplets placed in the chaotic region become elongated into long filaments. This filament
is then stretched, compressed and folded in a complicated way. The breakup of these
filaments can occur by various mechanisms such as capillary wave instabilities,
endpinching, necking etc. However there are some modes of breakup which are peculiar
to the nonlinear chaotic flows. The prime example is the breakup in folds, which is
associated with change in sign of stretching rate [6]. In most of these modes of breakup,
the breakup is directly dependent on the mixing properties of the flow. The repetitive
nature of the mixing involving a number of stretching and folding generates an
equilibrium drop size distribution which is self similiar. The crucial factor in the breakup
is the stretching rate. Clearly, the control methods discussed above can be used to
redistribute the stretching rates and to modify the rate of mixing so that the break up of
droplets is accelerated or slowed down depending on the application.
The second interesting process involving active tracers is the process of aggregation.
This is the reverse process of breakup. The simplest scenario involving aggregation or
coagulation is that of particles being advected by a flow and interacting with each other
over short range interactions. For example, if two particles come together within a
capture diameter d, they stick to each other and move together subsequently. Thus the
size of the particle clusters grows till it becomes too big when mixing takes over and
breaks it up thus limiting further growth of these clusters. Hence once again, the size to
which such a cluster would grow is dictated by localised mixing properties. Coherent
structures, with their trapped and localized trajectories could act as preferred sites where
large structures could grow. Thus understanding and controlling these localized properties
is once again the key to create tailor made aggregates of desired size in various flows. The
case of the growing cluster is also reminiscent of those formed by diffusion limited
aggregation. The aggregates can be isotropic or highly anisotropic depending on the
presence of islands and other coherent structures. Control methods could be used to
promote desired cluster configurations.
All the interactions described here are 'one-way'. The way the particles interact is
influenced by the flow and various local mixing properties. However, the presence of such
interaction may also change the nature of flow and hence influence the whole process. For
example, the addition of small amounts of polymer to a Newtonian fluid decreases the
amount of chaos in the flow [35]. The underlying presence of chaos, however still
persists. These phenomena are little investigated up to now and much remains to be
understood. Again, control methods may provide insights into these problems.

5. Conclusion

We have summarized some recently proposed applications of control methods to problems
of mixing and coherence in chaotic dynamical systems. This is an important problem
both for its own intrinsic interest and also from the point of view of applications. These
methods provide insights into the origin of mixing and unmixing behaviour in natural
systems. They could be useful for improving the rate of mixing of flows, enhancing
global mixing, and also for creating coherent regions in flows. The results could find
applicability to fluid flows, chemical reactions, oscillator arrays and other extended
systems and are relevant for promoting efficient engineering processes and tailoring
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catalytic reactions. One of the methods discussed is also useful for enhancing the
chaoticity of dynamical systems and could be useful in biomedical applications where the
destruction or reduction of chaos could have pathological consequences. These methods
could also be used for tailoring aggregation mad break-up processes for suspended
particles in fluid flows. We hope to explore some of these directions in future.
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