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Abstract. Nonlinear effective Lagrangian models with a chiral symmetry have been used to
describe strong interactions at low energy, for a long time. The Skyrme model and the chiral quarkmeson model are two such models, which have soliton solutions which can be identified with the
baryons. We describe the various kinds of soliton states in these nonlinear models and discuss their
physical significance and uses in this review. We also study these models from the view point of
classical nonlinar dynamical systems. We consider fluctuations around the B = 1 soliton solutions
of these models (B, being the baryon number) and solve the spherically symmetric, time-dependent
systems. Numerical studies indicate that the phase space around the Skyrme soliton solution
exhibits spatio-temporal chaos. It is remarkable that topological solitons signifying stability/order
and spatio-temporal chaos coexist in this model. In contrast with this, the soliton of the quarkmeson model is stable even for large perturbations.
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1. Introduction
Most of the field theories of physical interest are highly nonlinear and though perturbative
techniques are very successful in elementary particle physics, condensed matter
physics and several other areas, one has to grapple with the nonlinearities in the
underlying field theories, sooner or later. This is especially true of theories which have
no small parameter in which a perturbative expansion can be made, like the models
for strong interaction or strongly correlated electron systems. So one has to rely on nonperturbative methods for these. It has been found that some of these field theories have
a rich structure at the classical level, thanks to their nonlinear nature. They possess
localised, stable solutions with finite energy at the classical level. These are the soliton
solutions in the field theory parlance. Examples are the kink solutions of the Sine-Gordon
theory, the vortex solutions of the Abelian-Higgs model or Chern-Simons-Higgs
model in 2 + 1 dimensions of relevance to superconductivity, and the 't Hooft-Polyakov
monopole solution of a 0(3) gauge theory (or any gauge theory based on a semisimple
group in which 0(3) can be embedded), of relevance to proton decay and cosmological
models based on grand unified theories [1]. All these soliton solutions have one thing
in common; they have a topological number or a winding number associated with
them and an associated conservation law. This accounts partly for their stability also.
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There are some models with soliton solution which have nothing to do with any topology;
the SLAC bag model [2] and the Friedberg-Lee model [3] are examples of important
theories with non-topological soliton solutions.
Long before quantum chromodynamics (QCD) emerged as the theory of strong
interactions, it had been recognised that strong interactions are approximately invariant
under chiral symmetry. In fact, it was known that for describing hadronic physics, the
SU(2) x SU(2) symmetry based models are better than the SU(3) symmetry based
models. In 1962, Skyrme proposed a Lagrangian model with purely pionic degrees of
freedom, invariant under SU(2) x SU(2), and noted that the soliton solutions of this
theory fall into different homotopy classes characterised by a winding number n [4].
Skyrme identified the winding number with the baryon number. It was a very bold and
novel idea at that time, to describe fermions from a purely bosonic field theory. Later it
was established that the Skyrme solitons should indeed be quantized as fermions for odd
number of colour charges [5]. In general, one uses a collective quantization approach to
quantize the classical soliton solutions of the model [6]. The properties of the nucleon
deduced in this model are in reasonable agreement with the experimental values. The
Skyrme model also has a classical solution with winding number 2, with an energy
distribution characteristic of a diffuse toms [7, 8]. When quantized, the lowest state has
the quantum numbers of the deuteron, with the correct size, though the binding energy is
far too large. These toroidal solutions exist for winding number 3, 4,... also [7]. Apart
from these, other states are obtained when the Skyrme model is extended to
SU(N),N > 319,10]. The Skyrme model has also been applied to meson-baryon
scattering [11] and inter-nucleon potential [12] with some success. We describe the
salient features of the Skyrme model in § 2.
Though the Skyrmion picture of baryons is very attractive, it has some problems both
at the phenomenological as well as at the conceptual level. On the basis of general
arguments grounded firmly in the non-perturbative structure of QCD, it appears that a
purely topological soliton picture of nucleon may not be correct. The favoured structure
for the baryon involves three valance quarks interacting chiral-invariantly with meson
fields [13]. This leads us to the chiral quark-meson model (CQM) [14]. In this model also,
there is a soliton solution with three valance quarks. Here the baryon number of the
soliton is provided by the quarks explicitly. Though there are topological properties
associated with the meson fields in this model, the soliton solution here is not topological
in the same sense as in the Skyrme model. Phenomenologically, CQM is somewhat better
than the Skyrme model. There are some close parallels between the Skyrme model and
CQM, in that many novel soliton states of the former are present in the latter also. For
instance, CQM also has a stable state with the quantum numbers of the deuteron and
states with higher baryon number with toroidal energy distributions [15], just as in the
Skyrme model. We review this model in § 3.
Gauge theories have been studied from the view point of nonlinear dynamical
systems, in recent times. One considers spatially homogeneous solutions of the YangMills (YM) theory and obtains a Hamiltonian system (with a finite number of degrees
of freedom), which is then shown to be stochastic [16]. With the inclusion of Higgs
fields, Chern-Simons term etc., gauge theories remain chaotic in the case of spatially
homogeneous fields [17, 18], in general, though regions of regularity exist and there are
interesting order-chaos transitions [18]. However, one has to go beyond spatially
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homogeneous fields to understand the nature of field theories [19]. Particularly interesting
are those field theories possessing soliton solutions, considering the fact that one
associates stability with solitons. Matinyan, Prokhorenko and Savidy [20] were the
first to study the fluctuations around the Wu-Yang monopole solution of the SU(2)
YM theory. By considering a harmonic expansion of the fluctuation, the problem
essentially reduces to the Fermi-Pasta-Ulam approach for coupled nonlinear oscillators
[21]. It was shown that the phase space near the Wu-Yang static solution is a stochastic
region implying that the spherically symmetric time dependent YM system is nonintegrable. Joy and Sabir have shown that YM and the Yang-MiUs-Higgs (YMH)
theories are non-integrable by using the Painlev6 analysis and also by a computation
of the maximal Lyapunov exponent [22]. Systematic and detailed numerical work by
Kawabe and Ohta showed that the classical YM theory is always chaotic and that
there is no phase transition [23]. However, when the Higgs fields are introduced and
the phase space around the 't Hooft-Polyakov monopole solution of the YMH
theory considered, there is a phase transition when the perturbation parameter is
varied [24].
It would be of interest to find whether chaos in the underlying theory of strong
interactions, namely QCD, is revealed at the level of the effective Lagrangian models
based on it, also. The stability property of the Skyrme soliton has been discussed in the
literature [25]. When the fluctuations around the soliton solutions are small, they can be
treated in a perturbative manner and satisfy a linearized set of equations. Skyrmions are
topological objects and it is not surprising that these studies confirm their stability under
small perturbations. This is what makes it a meaningful object, fit for quantization.
Though large fluctuations may not be relevant for the static properties of an individual
isolated Skyrmion, they are expected to play a role when they are subjected to external
fields or when we consider interactions among them. This is our motivation for studying
the fluctuations in a non-perturbative manner by solving the full nonlinear equations for
the system, though at a classical level.
In § 4 we consider fluctuations around the B = 1 soliton solution of the Skyrme model
and determine their time evolution numerically [26]. We also find the time variations of
the amplitudes of the various harmonic modes of the fluctuations. Our initial fluctuations
correspond to excitation of only one mode. We consider both fluctuations whose
magnitudes are small compared to those of the static solitons, as well as large initial
fluctuations which are comparable to the magnitude of the static soliton solution. In the
case of the Skyrme model, for small initial fluctuations, the amplitude of the initial mode
has a regular behaviour, whereas the amplitudes of the other modes increase slowly, on
the average. The "radius" of the soliton oscillates around the static value. However, when
the perturbation is large, the amplitude of the initial mode decreases gradually and other
modes are excited substantially. The radius of the soliton also tends to increase with time
on the average. All these indicate chaos in the system. So, both topological solitons
(symbolizing a high degree of symmetry and regularity)and stochasticity coexist in the
model.
We have studied the stability aspects of the chiral quark-meson model [26] in § 5.
In contrast to the Skyrme model, we find that the soliton of the chiral quark-meson model
is very stable even for large perturbations. The amplitudes of the initial modes remain
constant for a long time and there is very little excitation of the other modes. The system
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is remarkably stable. The sixth and the final section is devoted to a few concluding
remarks.

2. Baryons as topological sofitons in the Skyrme model
The Lagrangian of the Skyrme model including the pion-mass is given by [27]

F~ Tr[O~Ui~Ut ] +

LSkyrme

2 2
__ f Z m T r

* 7

1 Tr[OuUUf,O~Ut] 2

l r [(U + Ut) - 2].

(1)

Here U is an SU(2) matrix-valued function of the pionic field variables lra(a = 1,2, 3) of
the form
= exp ( _ i ~ ' ~

\

F,rJ

(2)

where ra(a = 1,2, 3) are the Pauli matrices and F,~ is the pion-decay constant, whose
physical value is 93 MeV. e is a dimensionless coupling constant and m,r is the pion mass.
Except for the last term, LSkyrme is invariant under the chiral SUL(2)x SUR(2)
transformations (left-handed and right-handed isospin transformations):

U ~ gUh t

(3)

where
g E SUL(2)

and

h E SUR(2).

(4)

As things stand, the Skyrme Lagrangian is one among a class of nonlinear a-models
describing the low energy interactions among pions, which are known to be invadant
under SUE(2) X SUR(2) transformations.
Now, for finite energy configurations, U ~ Uo, a constant unitary matrix, as r ~ oo.
By a global rotation we can choose U0 to be the identity matrix. Hence,
U--+I

as

r~oo.

(5)

Thus, we may think of all points at spatial infinity as being identified with a single point.
Because of this, the configuration space R 3 of coordinates r becomes the three sphere S3,
on which U is well defined. Now as U E SU(2), it can be written as

U = no + i,.h

(6)

"~o+ ~ = 1.

(7)

where,

Hence the group SU(2) is identified topologically with the three sphere S3. Thus the
fields U are functions on S3 and takes values in S3. Then all the finite energy
configurations U fall into distinct homotopy classes of the map S3 --, S3, characterized by
a winding number n. The explicit expression for the winding number n is,

l
/
n = 2T~2 eijk d3xTr[UtOiUUt~UUtOtU].
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Figure 1. The Skyrme function O(x),corresponding to the hedgehog ansatz (B = 1).

Skyrme boldly conjectured that the static, localized, finite energy solutions or the solitons
of the model correspond to the baryons and that the winding number n should be
identified with the baryon number B. The second term in L Skyrme(quartic term), known as
the Skyrme term gives an elegant lower bound to the energy of the soliton and prevents it
from collapsing to zero size. It is the stabilizing term.
The lowest energy soliton solution with n = B = 1, of the model is invariant under the
combined spatial and isospin rotations:

(9)

- i ( r x V)iU(r) + [ 2 , U ( r ) ] = 0 .
Then U has the form
U = exp[iz4"O(r)] = cos O(r) + iz-~ sin O(r).

(10)

This is known as the spherically symmetric or 'hedgehog' ansatz. The winding number
for this ansatz can be shown to be
n = B = 1-[O(0) - O(o~)].
7r

(11)

O for the B = 1 soliton, to be identified with the nucleon satisfies, O(0) = 7r and
O(c~) = 0. With the ansatz in equation (10), the equations of motion reduce to:
+ 2 sin 2

e"+

+sin 2 0 0 a

sin 2 0

sin 2 0 sin 2 0

4

x2

4
(12)
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where we have introduced the dimensionless variables x = 2eF, r and/3 = (mJ4e22F~).2
Here, prime denotes differentiation with respect to x. The solution O(x) has the form
given in figure 1. The size of the soliton solution is ~ 1 fm.
The Skyrme model Lagrangian has an extra discrete symmetry (apart from the chiral
symmetry), which has no experimental basis. This additional symmetry is removed by
adding the so called 'Wess-Zumino term' [5]. A careful treatment of the chiral anomalies
also leads to this term. Witten showed that the 'hedgehog' solitons should be quantized as
fermions for odd number of colour charges when the Wess-Zumino term is included [5].
In general, one uses a collective quantization approach to quantize the classical soliton
solutions of the model [6]. The spin and isospin values of the quantum states pertaining to
the 'hedgehog' soliton are given by I = J = n/2, n = 1,2,... with n = 1 corresponding to
the nucleons and n = 3 to the A resonance.
The static properties of the nucleon calculated from the Skyrme model are in
agreement with the observed experimental values to an accuracy of 25-30%, in general
[28]. However there exist some problems at the phenomenological level, some of which
are serious.
There are soliton solutions with B = n > 2, which are cylindrically symmetric
configurations in which the meson fields are twisted n times in the azimuthal plane [7, 8].
For these configurations, U has the form
U = cos O(p,z) + ix.hsinO(p,z),

(13)

h = (sin t~(p, z) cos nO, sin a(p, z) sin nO, cos a(p, z)),

(14)

where p, z and ~bare the cylindrical coordinates. O and a satisfy the boundary conditions,
O(p,z)---~0

as

p2+z2---~,O(p,-z)=O(p,z),O(O,O)=Tr

(15)

and
a(p, -z) = c~(p,z) + 7r.

(16)

The baryon number, which is also the winding number is given by
B - n O(0, 0)
-

-

-- n.

(17)

91"

There are classically stable solutions for this form of U with energy distributions
corresponding to diffuse tori. Upon quantization, it is found that the lowest energy state
has the quantum numbers of the deuteron and can be identified with it [8]. The binding
energy is very high. The size of the soliton (measured by the root mean square radius) is
nearly half the size of the physical deuteron.
The Skyrme model has been generalized to SU(3). A straightforward generalization of
the 'hedgehog ansatz' for SU(2) to SU(3) consists in taking

for the baryon octet [6]. Collective quantization will yield the baryon octet and the spin~
decuplet, with the Wess-Zumino term playing a crucial role in giving the correct quantum
P r a m a n a - J. Phys., Vol. 48, No. 1, January 1997 (Part I)

210

Special issue on "Nonlinearity & Chaos in the Physical Sciences"

Nonlinear chiral models
numbers. The D/F ratio of the meson-baryon couplings is predicted correctly in the
SU(3) model [29]. However the mass spectrum of the baryons is not satisfactorily
explained with the direct generalization of the 'hedgehog' [30]. There is an alternate
approach to the strange baryons in the Skyrme model, in which a strange baryon is
viewed as a bound state of a K-meson with the 'hedgehog' soliton [31]. This has some
phenomenological advantages.
There is a hierarchy of 'spherically symmetric' ansatze, when we consider the Skyrme
model for Nf number of flavours with U E SU(Nf) and Nf > 3 [6]. For general Nf, there
are soliton solutions U characterized by the following generalized 'spherical' symmetry.

-i(r x V)iU + [~,Ul =O ,

(19)

where Ai generate any SU(2) or SO(3) subgroup of the flavor SU(Nf):
[Ai, A/] = ie,jkAk.

(20)

In other words, Ai are the generators of the spin-J representation of SU(2) or
SO(3) C SU(Nf). For a given value of Nf, J can take values 1 1, .... ,½(Nf - 1). For
Nf = 3, apart from the solution with Ai = All2 (i = 1,2,3) corresponding to the
embedding of the SU(2) hedgehog soliton in SU(3) as in (20), there is another soliton
solution corresponding to the following SO(3) subgroup of SU(3)[9]:
A1 = A T , A 2 = - A 5

and

A3=A2.

(21)

The baryon number for U corresponding to this is given by B = 0, 2, 4 . . . . The lightest
dibaryon in this sector is an SU(3) singlet with strangeness S = - 2 and with a mass of
the order of 2.2 GeV, while the next set of states are octets with spin 1 or 2. These states
have been predicted by the M1T bag model also [32].
When Ne = 4, apart from the two solitons characterized by Ai = )~i/2 and the one
described in equation (23), there is another soliton solution [10] corresponding to the
following SU(2) subgroup of SU(4):
A1 = 1v~)~l "{- )k6 + ½V~)~13,

A2 = ½x/~A2 + A7 + ½V/3)q4,

and

A3 ----½V/3,~3 + AS + ½V/'3,~15•

(22)

The associated soliton states have B = 0, 1,2, .... Upon collective quantization, it is found
that the low-lying B = 1 states correspond to a 4* representation of SU(4) with spin -3, a
20* with spins ½, 3, ~ or 7 and a 20*' with spins ~,52 or~9 [10].
3. Baryonic solitons in the chiral quark-meson model

As has been mentioned already, the Skyrmion picture of baryons is troublesome from the
point of view of QCD and the quark model. The favoured structure for the baryon
involves three valance quarks bound by effective gluon exchanges, and interacting chiralinvariantly with meson fields. A model in which the quarks interact strongly with mesons
only in a solitonic configuration may be considered as a simplified picture of the above.
P r a m a n a - J. Phys., Vol. 48, No. 1, January 1997 (Part I)
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In its simplest version, the chiral quark-meson model is described by the Lagrangian [33].
LCQM

=

_
_
F2
i~7uOu~ - gF~r(~LU~R + -~RUf~L) + :~ Tr(OuUOl'Ut)

F 2_2
+ ~
Tr[(U + U t) - 21.
Here • = ( d )

(23)

denotes the isodoublet of quark fields u, d and k~L,R are the left-handed

and right-handed components,
ffffL,R =

1 q: 75 ~ .

(24)

2

g is the quark-meson coupling constant, and as usual U = exp(-i(z.n/F~)). Except for
the last term, the Lagrangian is invariant under the chiral SU(2) x SU(2) transformations
given by
~L --* A~L,

iI~R --+ Bk~R, and

U --* AUB t,

(25)

where A and B are the left-handed and right-handed SU(2) transformations. The model
has the same structure as the nonlinear version of the a-model introduced long ago by
Gell-Mann and Levy [34], except that ~ refers to the quark fields here, whereas in the
old model it refers to the nucleons.
In the mean-field approximation, the quantum fluctuations of the n fields are ignored.
Taking the cue from the Skyrme model, we assume a hedgehog ansatz for n
corresponding to the B = 1 soliton solution with 3 quarks, i.e.,
U = exp(-iz.? O(r)) = cos O(r) - iz.? sin O(r).

(26)

(Here a negative sign is taken in the exponential to facilitate easy comparison with the
literature on CQM). Anticipating the result, the following form for • is chosen and it
provides a self-consistent solution to the equations of motion:

{ G(r)x ) e x p ( - i e t ) ,
= ~io.?F(r)xI

(27)

where e is the quark eigen energy and X is a spin-isospin singlet, i.e.,
1

x =

[lu

- Id T)].

(28)

This satisfies

(z + a)X = 0,

(29)

where 1:/2 and o / 2 are the isospin and spin generators.
With the ansatz given in (26)--(28), the equations of motion for G, F and O following
from the space integral of L in (23) are [33]

G~+ eF + gF,(G sin O + F cos O) = 0,

(30)

F ~+ 2 F - ~G + gF~(Gcos 0 - F sin O) = 0,

(31)

r
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Figure 2. The upper and lower components (G(x), F(x)) of the quark function for
the B ---- 1 soliton solution in the chiral quark-meson model.
(O "d- - ~ )

s i nrE2 0

2 sinO + ff~
3g [(G2 - F 2) sin O + 2GF cos O] = 0.
m~r
(32)

The factor 3 arises in the last equation due to the fact that three quarks make up the
soliton state.
We have solved equations (30)-(32) using the numerical code COLSYS subject to the
boundary conditions G(cx~) = F(oo) = O(c~) = 0, F(0) = 0 and O(0) = 7r. [Note that
sin O(0) = 0, to ensure that O is well-defined at the origin]. For g less than some critical
value gerit, no soliton solutions exist. This is not a surprising result and merely indicates
that a certain minimum level of attraction is needed to bind the quarks. Numerically, it is
found that go,it ~ 3.95. One should choose g so that it leads to a reasonable energy for the
soliton. It is found that gF~ = 500 MeV or g = 5.367 gives a satisfactory result.
It is convenient to use the dimensionless variables,

x = gF~r,

G(x) = (gF~)-3/2G(r)

and F(x) = (gF~r)-V2F(r).

(33)

In terms of these scaled variables, the normalization condition for the quark wavefunction
is given by
47r

x2 dx(G2(x) + F2(x)) = 1.

(34)

The quark wavefunctions G(x) and F(x) are plotted as functions o f x in figure 2. O(x) has
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essentially the same form as in figure 1. The size of the soliton ,~ 1.75, in dimensionless
units. This corresponds to ,~ 0.7 fm as it should be.
The state corresponding to the above soliton is neither that of N nor that of A, but a
superposition of both. One has to use appropriate projection techniques to find the
quantum states corresponding to the neutron, proton and A states.
Till now, we have worked with the nonlinear tr model. One could also work with the
linear a-model [14] in which U has to be replaced by the matrix field
1
M = ~ (tr - i~n).

(35)

The linear model is essentially given by (23), with U replaced by M and with the
inclusion of some additional terms. However there is very little difference between the
soliton solutions of the nonlinear and linear versions of the model. Phenomenologically,
the linear model is on a slightly better footing (as it has more parameters) and leads to
satisfactory results for the static properties of N and A.
There are classically stable cylindrically symmetric configurations with B -- 2, that
involve 6 quarks, in this model also, as in the Skyrme model. For these configurations U
again has the form given in (13) and (14) (with n = 2), with the boundary conditions
given by (15)-(16). For the B = 2 toroidal Skyrmion (corresponding to the deuteron),
(L3 + 2T3)1 physical state) = 0,

(36)

where L3 and the T3 are the z-components of the orbital angular momentum and the
isospin generator respectively. This is simply the statement of cylindrical symmetry in the
operational form, namely that a spatial rotation of a about the z-axis can be compensated
for by an isorotation of - 2 a about the z-axis. For the quark fields in our model, the
relevant symmetry operator is K3 = L3 + T3 + 2T3, where $3 is the z-component of the
spin angular momentum. As L3 is integral and $3 and T3 are + ½, it is obvious that the
lowest values of K3 are + ½ for the quark fields. The most general form for • with
K3 = + 1 will be of the form:

= ( fl e-i*u T +f2u $ +f3ei~d T +f4e2i*d J, "~ -i,t
~,i(gl e-i~u T +g2u ~, +g3ei(~d T +g4e 2icbd ~L)) e ,

(37)

wherefhf2,f3,f4, gl, g2, g3 and g4 are functions of p and z. Similarly, we can construct
the most general • with K3 = - ½. Plugging in this form for • and U into the equations
of motion, we get ten coupled nonlinear partial equations (3~, gi, O and a). It is not
obvious that there exist any simple procedure to solve this set of equations. However, we
assume a simplified ansatz for • which satisfies all the symmetry requirements and
yields the real variational minimum. We find that a spinor • of the following form
minimizes the energy

= ~io.i'F(p,z)x(O,~)

)

exp(-iet),

(38)

1

where X is column vector in spin-isospin space which satisfies
(t.h + a'~)X = 0.
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Figure 3. Contour plot of the energy density function e(p, z) for the B = 2 toroidal
soliton in CQM.
The following two solutions X1 and X2 with K3 -- +½ and - ½ respectively satisfy the
above equation:
1
[sin au ~ - sin Oei#~d T - ( c o s o~ - cos O)e2i~d ~],
X1 - v/2( 1 _ c o s 0 c o s a )

(40)
and
1
X2 =

[sin a d T ' - sin Oe-iOu ~ +(cos a - cos O)e-2iC°u T].

v/2(1 - cos 0 cos a)
(41)

It can be easily checked that the two solutions are degenerate in energy.
For the ansatz given by the equations (13), (14), (38) and (40), we have found that there
is a solution by minimising the energy, using a relaxation procedure [15]. We find the
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Figure 4. Contour plot of the energy density function e(p, z) for B -- 3.

energy of the configuration to be 2019 MeV. As the classical energy for the B = 1 state is
1119 MeV, the classical binding energy is 219 MeV. In figure 3, we give the contour plot
of the energy density function e(p, z) which clearly indicates a toroidal structure of the
soliton solution, (the variables in the figure are scaled in units of gF,O. A naive value for
the mean square radius of the charge distribution corresponding to the soliton would be
given by (r 2) = 27r f p d p d z r 2 (G2 + F2). We find (r2) U2 to be 0.934 fm.
The symmetries of this toroidal solution closely parallel those of the corresponding
object in the Skyrme model and its ground state has the quantum numbers of the
deuteron, upon quantization. Whereas the stability of the solitons was due to the presence
of the quartic term in the Skyrme model, here it is due to the quark-meson couplings.
For the solutions with B = 3 ( 9 quarks) and B = 4 ( 1 2 quarks) we have used a
simplified ansatz of the form given in (38), where G and F are now taken to be functions
of r only. Even this brings out the salient features of the soliton solution. By minimising
the energy, we find that the soliton solutions are again toroidal in nature and closely
parallel the corresponding toroidal solutions in the Skyrme model. We give the contour
plot of the energy density e(p, z) for B = 3 in figure 4. The quark-meson model gives
larger values for the binding energies. It is gratifying to note that the toroidal states are
independent of the particular chiral-invariant model.
In the Skyrme model, the strange baryons are treated as excitations of a bound state of
a kaon and the hedgehog soliton in the Callan-Klebanov approach [31]. In CQM, an
equivalent of this method using a random phase approximation has been used with very
limited success [35]. It would be natural to think of a strange baryon as corresponding to
a soliton solution with nontrivial strange quark component and kaonic fields, with the s
quark providing the strangeness quantum number just as the isospin of the baryon comes
from the u/d quarks in this model. We do indeed find soliton solution with non-zero
strangeness and B = 1 [36]. Unfortunately, these exist only for those values of the
coupling constant g which are far greater than the phenomenologicaUy acceptable
number and hence do not correspond to the known strange baryons.
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4. Regularity and chaos in the Skyrme model

In the following, we study the dynamical stability of the skyrmion. As discussed earlier
our approach is different from the linear stability analysis: we explore the phase space
around the soliton solution directly, by solving the time-dependent equations numerically
[26]. The full nonlinearity of the theory comes into play in the time-evolution.
The spherically symmetric hedgehog ansatz in equation (10) is now made timedependent:
U(r, t) = cos O(r, t) + i~. ? sin O(r, t).

(42)

It can be seen that if U is of the hedgehog form initially, it will remain so at later times
also, as the "spherical symmetry" is maintained. In other words, we are considering the
restricted class of "spherically symmetric" fluctuations. Corresponding to this ansatz, the
Lagrangian (integrated over space) is given by
L1=47r

j

r 2dr 2

02_0"2

--

r2

1 sin20(202
+ 2 e 2 r2
- 2 0 '2

]

sin---20~ ~ ( c o s O - 1 ) }
r2 J +

(43)

where overdot denotes differentiation with respect to t. The Hamiltonian is given by

rI':4 /r dr

C+o a

~r

]

1 sin20(
sin20'
2 2
}
q 2~2 ~
282 + 20"2 + 7 - - )
+ ~mrF~r(1 - cos O) .

(44)

O now satisfies the following equation of motion:
[-~+2sin20] (O-O")

-~

gO'

-T

.2
sin20
+ s i n 2 0 ( O - O a)~
4

sin20 sin 20
x2
~--,-- sin O = 0,

(45)

where x and fl have been defined earlier.
We consider the system in a finite volume. This is perfectly justified, as the skyrmion
has a f'mite size. We discretize the spatial variable x and replace the derivatives by
corresponding difference expressions:
O' = O(i + 1, t) - O(i, t)
6x

(46)

O" -- O(i + 1, t) - 2 0 ( i , t) + O(i - 1, t)

(47)

and

2
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where 6x is the interval length. Then, considering O(i,t) at different lattice points as
independent variables, we have as many coupled second order differential equations as
the number of lattice points. In our analysis, we have taken the length of the system to be
8 units(the size of the skyrmion in dimensionless unit x ~ 2) and the number of lattice
points to be 64.
We write O(x, t) in the following form
O(x, t) = O0(x) + 60(x, t),

(48)

where O0 represents the static solution and the fluctuation 6O(x, t) is a combination of
various harmonic modes of the form
N-|

6Ù(x,t) = ~ ay(t)sin(JTrx~.
j=l
\L]

(49)

Here, L is the length of the system (8 in our case) and N is the number of lattice points (64
for us). ay(t) is the amplitude of the jth mode which is got by inverting the series given
in (49):

aj(t) = ~,

60(x, t) sin

(7)

dx.

(50)

This way, the problem is converted into one corresponding to a system of coupled
anharmonic oscillators and one can study the time evolution of the amplitudes of the
modes. This is essentially the Fermi-Pasta-Ulam approach for coupled systems [21].
As U has to be well-defined at r = 0 and U ~ 1 as r ~ oo, we have the boundary
conditions

60(0, t) = 6o(z, t) = 0

(51)

which is automatically satisfied by the harmonic expansion for 60 in (49). Moreover,
we take
0(x, 0) = 0.
Also, we excite only the
Thus,

at(0) = 0

(52)

N/2th or 32nd mode initially, following standard practice.
j # 32.

(53)

A -- a32 (0) is our perturbation parameter.
We now integrate out the equation of motion in (45) with the aforementioned initial
conditions using a standard Runge-Kutta routine with a time step 0.001 and 5 × 105
iterations, i.e., real time t = 500. The total energy given by H' in equation (44) was
constant to an accuracy of 0.2% for this time step. We have studied the time evolution of
the system for various values of the perturbation parameter A.
We have plotted the fluctuation 6@(x, t) at t = 0 and 500 forA = 0.1 in figure 5. Apart
from large fluctuations near x = 0, ltO(x, t) l ~ 0.1 in this case. This is understandable as
the skyrmion dynamics is dominated by the small x-region and the deviation from the
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skyrmion is small when A --- 0.1. Contrast this with the behaviour of 60(x, t) for A = 2 in
figure 6. Now 60(x, t) has violent fluctuations for substantially longer intervals in x. For
A = 2, the initial fluctuation is of the same order of magnitude as the static solution itself
and after a long time, O would have no resemblance to the skyrmion!
The behaviour of the amplitudes of various harmonic modes is an important criterion
for regularity or chaos. We have plotted the amplitudes aj(t) f o r j = 10, 28, 32 and 40 as
functions of time for A = 0.1 and 2 in figures 7 and 8 respectively. For A = 0.1, the
amplitude of the (initial) 32nd mode has an extremely regular periodic behaviour (note
that it does not remain constant!). However the amplitudes of the other modes increase
gradually on the average. The energy transfer to other modes is expected to be substantial
after a longer interval of time. In contrast to this, for A = 2, the amplitude of the initial
mode decreases gradually on the average, though there is a periodicity in the variation.
After t = 200, other modes are excited substantially. It is to be expected that after a
longer interval of time, all the modes would be of same magnitude leading to
'thermalization' and 'spatio-temporal chaos'.
Finally, we have plotted the root mean square radius of the soliton, normalized to its
initial value, as a function of time forA = 0.1 and 2 in figures 9 and 10. ForA = 0.1 the
radius of the soliton has a periodic behaviour, whereas for A = 2, the radius increases
gradually on the average.
We have increased the spatial resolution by a factor of 2 by taking the number of lattice
point, N, to be 128 and checked that there is an insignificant change in the numerical
results.
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Hence, when the strength of the initial fluctuations is small, the evolution of the system
is somewhat regular atleast for t ~ 500; however, there are already hints that the
fluctuations would become random after a longer interval of time. If the strength of the
perturbation is increased, energy transfer to other modes (different from the initial one) is
substantial and the fluctuations are now chaotic. This is a clear indication that the phase
space near the Skyrme soliton exhibits spatio-temporal chaos and the system undergoes
"thermalization" after a sufficiently long time. The system is non-integrable. There is no
evidence of any phase transition in the system.
It might be thought that the above behaviour is characteristic of any non-linear system.
As the Skyrme model is a highly non-linear system with an interaction term which has
four space-time derivatives of the field, this could have been anticipated. However, it
should be remembered that the skyrmion is a topological object. The topological
conservation law imposes its own constraint on the dynamics. As the fluctuations satisfy
the boundary condition 60(0, t) = 60(0% t) = 0 at all times, the baryon number is not
affected by the dynamics. Our work has revealed that within the constraint of the
topological conservation law, the soliton exhibits a chaotic behaviour after a sufficiently
long time, for large enough perturbations.
5. Stability of the B = 1 soliton of the chiral quark.meson model
In this section, we investigate the dynamical behaviour of the chiral quark-meson model
along the same lines as in § 4 [26].
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In the time-dependent case, for the B = 1 soliton, we take:
(54)

U = cos O(r, t) - i~. ? sin O(r, t)

( [ G l ( r , t ) +iG2(r,t)]X ~
fro = \ ier. f'[Fl(r, t) + iF2(r, t)]XJ
for a consistent set of equations.
The equations of motion following from

exp(-iet)

LCQM in

(55)

(23) would now be:

G1 = - F ~ - 2F--22- ( - c + cos O)G2 - sin OF2

(56)

x

/71 = - G ~ - (e + cos O)F2 - sin OG2
G2

=

-F1

,

-

2F2

- x

-

(-e+cosO)Gl+sinOFl

F2 = G'I + (c + cos O)F1 + sin OGt

(57)

(58)
(59)

6 - O" - 20----~t+ sin 2______OO
x

x 2

- 3g2{sin O(G~ + G 2 - F 21 - F 2)

+ 2cos

O(G1F1 + GEF2))

- 32 sin O = 0,

(60)

where the scaled variables x, Gi(x) and El(X) are defined in (33) and prime denotes
differentiation with respect to x. As in the case of the Skyrme model, we take the length
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of the system to be 8 and the number of lattice points to be 64. The fields at any time can
be written as

~V(x, t) = ~ ,o (x, t) + 8~P(x, t),

(61)

where
/iff/(x,t) = E a ~ ( t )
j=0

sin

(7)

.

(62)

Here • stands for the fields G1, F1, G2, F2 or O and ~,o is the static solution for the
corresponding field. (G2,0 = F2,0 = 0). aT(t ) represents the amplitude of the jth mode of
the fluctuation in field 9. At any time aT(t) can be found by inverting the series in
(62), i.e.,

aj(t) = -~

6kV(x, t) sin

dx.

(63)

We take

o) = 0

(64)

as in the previous section. We excite the 32nd mode initially for (9, G1 and F1, G2 and F2:
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a°2(0) : A,

(65)

aG3~(0) = aGl,o(x -- 0),

(66)
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Figure 13. 60(x, t) at t = 0 (dotted line) and t = 500 (continuous line) for A = 2 in
the chiral quark-meson model.

a3~ (0) = AGl,o(x = 0),

(67)

F2 = aFl,o(X = 1.1),
a~(0) = a32

(68)

where A is the perturbation parameter. In eqs. (66)-(68), we have the factor Gl,o(0)
and Fl,o(X = 1.1) to ensure that the perturbation has the natural scale for G1 , F1, GE
and/72.
We now integrate the 5 coupled equations (56) to (60) using the standard Runge-Kutta
routine with a time step 0.001 and 5 x 105 iterations, i.e., real time t = 500. The time
evolution of the system is numerically determined for various values of the amplitudes.
We have plotted the fluctuations 6F1, 6(7,2 and 60(x, t) for t = 0 and 500 for A = 2 in
figures 11-13. We observe that there is very little variation in these functions except at
the origin even though the amplitude is large. This is strikingly different from the time
evolution of the fluctuation around the soliton in the Skyrme model, for the same value of
the amplitude of the 32nd mode.
We have plotted the amplitudes of the modes j = 10,28, 32 and 40 corresponding to the
functions G], F] and O in figures 14-16. Again there is very little variation in the
amplitude of the initial 32nd mode even after t = 200. The amplitudes of all the other
modes remain very small even after a long time, for all the functions.
Hence, for reasonably large fluctuations, the system exhibits a very regular behaviour.
It is thus clear, that the soliton of the chiral quark-meson model is much more stable than
the Skyrmion for comparable strengths of fluctuations.
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6. Discussion

In this article, we have described the 'soliton solutions' of two nonlinear chiral models,
namely, the Skyrme model and the chiral quark meson model and their identification with
the baryons, the fundamental constitutents of matter. It is fascinating that a fully bosonic
theory like the Skyrme model has topological soliton solutions which are identified with
fermions. This is because of the presence of the topological Wess-Zumino term and the
collective quantization procedure, discussion of which is beyond the scope of this review.
The interactions between the solitons of the two models has been studied and it has been
shown that the gross features of the internucleon potential are reproduced. The scattering
properties of these solitons in 3 + 1 dimensions is yet to be investigated. However, there
are some very interesting results on soliton scattering in the Skyrme model in 2 + 1
dimensions. Peyrard, Piette and Zakrzewski have shown that in scattering processes
initiated at low relative velocities, the Skyrmions bounce back while at velocities larger
than some critical value, they scatter at right angles [37]. Moreover, the Skyrmions
preserve their shape after collision. This seems to be a characteristic feature of solitons of
any S2 model in 2 + 1 dimension. There are indications that in all head-on collisions of N
indistingushable soliton like objects in 2 + 1 dimensions, the scattering angle is 7r/N
[38]. It would be of great interest to study the scattering of Skyrmions and related
topological objects in 3 + 1 dimensions to find whether they retain their shape and size
and whether the scattering angles are still discretized.
We have considered another aspect of the soliton solutions in these models, namely
stability with respect to fluctuations. It is known that non-abelian gauge theories with and
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without the Higgs fields exhibit spatio-temporal chaos. We have estabilished that the
Skyrme model, an effective Lagrangian theory based on QCD, also shares this feature, by
direct numerical computations. It is interesting to note that topological stability and
spatio-temporal chaos coexist in the model. In contrast to this, the chiral quark-meson
model which is also QCD based is very stable for comparable strengths of fluctuations
around the soliton solutions and comparable time scales. The region of phase space
around the soliton solution of the model exhibits more regularity, in contrast to the phase
space around the Skyrme soliton. The reason perhaps lies in the fact that the couplings in
the Skyrme model are more nonlinear due to the four-derivative terms. In the chiral quark
meson model, the four-derivative term is absent and instead of that we have the Yulowa
coupling term. It would be interesting to study the dynamical behaviour of other field
theories with fermion fields to f'md whether they are also very stable.
The large fluctuations around the chiral soliton solutions that we have discussed would
be of importance when we consider interactions among them. Chaotic field configurations have been known to play a role in multiparticle hadron production processes; indeed
a chaoticity parameter is introduced to explain the average multiplicity[39]. Our work is a
preliminary exercise in demonstrating concretely how spatio-temporal chaos arises in
field-theoretic models of strong interactions. It remains to be seen how specific physical
processes are influenced by it.
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