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Abstract. Followingthe techniques used by Letelier and Stachei some new physicallyrelevant
explicit Bianchi VIo solutions of string cosmology with magnetic field are reported, They
include two models describing distributions of Takabayashi strings and geometric strings
respectively,
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1. Introduction

The study of cosmic strings has received considerable interest, Existence of large scale
networks of strings in the early universe is confirmed by the present day observations
of the universe [1]. The cosmic strings are believed to give rise to density perturbations
leading to galaxy formations [2]. Cosmic strings possess stress-energy and are coupled
to the gravitational field, The gravitational effects of such strings have been studied
by several authors (Vilenkin [3], Gott [4] and Garfinkle [5]).
Letelier [6] and Stachel [7] have developed general relativistic treatment of strings.
Letelier [8] obtained relativistic cosmological models in Bianchi I and KantowskiSachs space-times adopting the energy-momentum tensor as given by
Tik = pUiUk -- 2W~Wk,
Ui ui = - - Wi Wi = 1,

(1)

u i w i = O,

as the source term in Einstein's field equations
Rik -- (½)RO~k = -- 8nTtk-

(2)

In (1), p represents energy density for a cloud of strings with particles attached to
them, 2 denotes the string tension density, the space-like vector w~ represents the
direction of the string and the unit time-like vector u, is the flow vector of matter.
There is no direct evidence of strings in the present-day universe. Accordingly,
cosmological models evolving from the string dominated era and ending up in particle
dominated era seem to be of physical relevance. In accordance with Melvin's argument
[9] for a large part of the history of evolution of the universe, the matter was in a
highly ionized state, smoothly coupled with field, subsequently forming neutral matter
as a result of universe expansion. Hence presence of magnetic field in a string-dust
universe is not beyond reality. Relativistic models in the context of Bianchi type II,
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VIo, VIII and IX space-times describing cosmological distributions of massive strings
have been discussed by Krori et al [10]. Banerjee et al [11] have studied the effects
of presence of magnetic field in the context of the string cosmological models in the
Bianchi type I space-times. A class of solutions in the context of Bianchi VI o string
cosmology has been obtained by Chakraborty [12]. In this paper we have reported
some new exact solutions of string cosmology with and without magnetic fields
respectively in the context of the Bianchi type VIo space-times. Further these solutions
have been compared with those obtained by Chakraborty and their physical relevance
discussed.
2. Field equations

The metric of Bianchi VIo space-time has the general form
ds 2 = A2(t)(dt 2 - dx 2) - B2(t)e2mXdy2 - C2(t)e-2mXdz2,

(3)

where m is a constant. The energy-momentum tensor for a cloud of string dust with
magnetic field along string direction, given by

T~ = pu,u~ - ,~w,w,+ l [ - o" F, Fk. + :oikF,.F~'],

(4)

where u~ and wt satisfy the conditions stated in (I) and F~k is the Maxwell's stress
tensor, is taken as the source term in (2). We choose x-direction as the direction of
strings along which the magnetic field is assumed to be present. In comoving coordinates
u' = (0, O, O, 1/A),

w' = (1/A, 0, 0, 0).

(5)

Maxwell's equations Fox o --0 and (FIk~2-0) k = 0, imply that
F23 = K(constant)

(6)

is the only surviving component of Flk. Equations (5) and (6) on substitution in (4)
imply that 7"14-- 0. The field equations (2) consequently require that R14 = 0. In the
context of the metric (3) this implies

R14=-m[~-kC---c?=O.

(7)

Here and in what follows a prime indicates a differentiation wth respect to t. For
Bianchi VI o space-times m = 0 and subsequently equation (7) implies that B = C.
Einstein's field equations (2) then lead to

A '2 A'B' B" B'2_2m2]=8~p,
A 2 ~"2 AB "F-B + - ~

1 [A"

A2 A

1[
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A"
A

A '2

-~

VA"

A '2 B"

LA

B

A2

t- - -

2A'B ' B" B '2
AB + B" + B-2 2m2
-- m 2 +

K2A2 1
B4 J

=

(8)

K2A 2-]
2---~-]

0.
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Let pp denote the particle energy density of the configuration so that
P = Po + '~.

(11)

Equations (8) and (9) accordingly give

I F A"
A '2 4A'B '
K2A 2-]
8~pp= ~ L 2 - ~--- - 2 ~--- + AB -- 4m 2 + 2 - - - ~ - - ] .

(12)

The velocity field u l, described by (5) is irrotational. The expansion parameter 0 and
the shear parameter 0.2 for the metric (3) with B = C are given by
1 [-A' 2B']
0=~L~-+~j,

= 3A2 L A -

(13)

(14)

Raychaudhuri equation [13] in view of the field equations (8)-(10) can be written as
1
g 2
0' = -- 0-~ -- 20.2 -- 47tpp -- --B4,

(15)

,where Rauiuk= (--K2/B a) = --4~po. The energy conditions imply that pp i> 0. The
above expression accordingly indicates that the gravitational collapse of the system
cannot be avoided in the presence of strings and the magnetic field. The energy
conditions do not put any restriction on the sign of the string tension density ~..
3. Explicit solutions

The field equations (8)-(10) constitute a system of three equations with four unknown
parameters p, 2, A and B. An additional constraint equation relating these parameters
is necessary to obtain explicit solutions of the system. Equation (10) cannot be
integrated in general unless A(t) or B(t) is specified. Assuming A(t) = I, Chakraborty
[12] obtained a class of Bianchi VIo solutions of these equations with and without
magnetic field. Several assumptions can be made in this regard and explicit solutions
can be obtained. We discuss here two fairly simple and physically relevant solutions
of this system which are distinct from those reported by Chakraborty.

Solution 1
The Bianchi VI o space-time with metric
ds 2 --- (Ao)2 e4¢m2-ga)'/2' (dt2 _ dx 2)
_ Ao e2(m2_/¢2),/2t (e2mXdy2 _ e- 2mXdz2)

(16)

where Ao is an arbitrary constant of integration, is a solution of equation (10). The
physical and the kinematical parameters corresponding to this model are
-- - - 2
g 2)e- 4~m2- g2)1/2t,
87~p -- (A°) 2 (me Pramana- J. Phys., Vol. 42, No. 6, June 1994
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2m2

87[~ = - - - - e

-4(m2 -K2)I/2t

(Ao)2

8xpp =

2(2m2

--

3K2)e-t(m'-~2W2'

(Ao)2

0 = 4(m2 -- K2)t/2 e- 2~,~2-KW/~t,
Ao
(17)

0 .2 - - (m2 -- K2)1/2 e - `<m2-x2)"''.

3(Ao) 2

It can be observed that the energy conditions p > 0, pp > 0 are satisfied when
K 2 < 2m2/3. The expansion scalar 0 is always positive. The Bianchi VI o space-time
of metric (16) describes an expanding string cosmological model without singularity.
For K = 0, the model degenerates into a Bianchi VI0 model of string cosmology
without magnetic field.

Solution 2
When m2 = K 2, a solution of (10) can be obtained in the form A = B 2 = (~t) 6 without
any loss of generality, where • is an arbitrary constant. The Bianchi VI o space-time
of this solution has the metric
ds 2 = (~t)12(dt 2 - dx 2) - (~t)e(e2K~dy 2 + e-2X~dz2).

(18)

In this model the Bianchi VI 9 nature of the space-time is directly linked with
the presence of the magnetic field. In the absence of magnetic field i.e., K = 0 the
metric (18) becomes of Bianchi I type, representing a string model without magnetic
field. The physical and the kinematical parameters of this model have the explicit
expressions
8rip-

45 - 2K2t2
at2tl, ,

12
0 - --

- - 0~6t 7,

8n2=

15
~t2tt4,

60 - 2K2t 2

8npp= ~lztt+ ,

3
a2= - -

(19)
(20)

0~12t14"

The model begins with a singularity at t = 0 and complies with the requirement
p > 0 inherent in the energy conditions until the epoch t = ~

, where P = 0. The

expressions further indicate that the model remains physically significant for weak
magnetic fields i.e. K << 1. The string tension density is always negative.

4. Explicit solutions in the absence of magnetic field
In the absence of the magnetic field, the field equations (8)-(10) become

I A" A'2 A'B' B" B'2
A A2 t-2AB +--B + ~ 486

1

2m2 =8npA2
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I

A"

A '2

A'B'

B"

m2

= 0,

B '2

- +--+B-~+2m
AB
a

-2

--

-

A 2 t" B

. 2-]

J = 8 ~ , [ A 2,

(22)

(23)

In this case also explicit solutions of (23) can be obtained by assuming an additional
relation between the parameters p, 2, A and B. We report here two solutions which
lead to physically relevant models of string cosmology.
We split equation (23) so that either
A"

A '2

A

Ae

= m2

and
B" = 0

(24)

or

A"

A '2

A

A2

=0

and
B" - m2 B = 0.

(25)

Equations (24) admit the solution
A = exP(½m2t 2 + at), B = o~t + p,

(26)

where a, • and ~ are constants of integration. Without any loss of generality we can
choose ~ - - 0 and • - - 1, so that the metric corresponding to this solution reads
ds 2 = exp(m2 t 2 -t- 2at)[dr 2 - dx 2 ] - t2(e2mXdy 2 + e- 2mXdz2).

(27)

The space-time is singularity-free. The physical and the kinematical parameters
associated with this model are obtained as
8~p = (1 + 2at + m2t2)exp(_ m2t2 _ 2at),
t2

8~2 = (1 - 2at m2t 2)
t2
e x p ( - m 2 t 2 - 2at),
-

87Cpp- 2(m2t + 2 a ) e x p ( - m 2 t 2 - 2at),
t
0 = (2 + at + m2t2)exp(_ m2t2 _ 2at)/2
t

a2 = (1 -- at -- m2 t2)exp(_ m2t2 _ 2at).
3t 2

(28)

These expressions clearly indicate that all the parameters diverge as t ~ 0. Accordingly
the space-time of this model evolves from the singularity at t = 0 undergoing
expansion. If a >t 0, the conditions p > 0, pp > 0 are satisfied at all epochs.
Pramana - J. Phys., VoL 42, No. 6, June 1994
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Equation (25) leads to the solution
(29)

A = e ~'+p, B = C l e m' + C2 e-re',

where ~,/~, C1 and C2 are constants of integration. Without any loss of generality
we can choose/~ -- 0 and C1 = 1. It isfound that if C2 -- 0, the above solution leads
to a physically relevant model with the metric
ds 2 = e 2~ [dr 2 - dx 2) - e 2"(t + Xldy2 - e 2"(t- X)dz2.

(30)

The space-time metric is singularity-free. The physical and the kinematical parameters
in this case have the explicit expressions
p

=

m(2u - m)

,l

m(3m

-

=

2~)

PP

= e-

2%

4m(~, - m)

0 = (or + 2m)e-%

0"2 ----(0C-- m)2 e- 2-,

(31)

3
The energy density p and the particle energy density pp are positive for m < ~. The
string dust distribution has the equation of state
p =(1 + W)A

(32)

with W = 4 ( m - o t ) / ( 2 e t - 3 m ) , characterizing Takabayashi strings C14] for which
W > 0. This implies the restriction 2~ < 3m. For ~ = m the kinematical parameter
e = 0. Further pp = 0 and
8~p = 8 ~ = m2e -2~.

The model subsequently describes a cosmological distribution of geometric strings
characterized by equation of state p = 2.
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