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Abstract. The anomalies of the second and third-order elastic constants have been considered
for the phase transition of strontium titanate within the framework of Landau's theory. All
the anomalies of the second-order elastic constants have been obtained in a single formula
using Kronecker delta functions and relations among them have been established. The real
parts of C* 1 and C4"4 decrease steeply across the transition temperature and thereafter flatly
tend to their asymptotic values in the low temperature phase agreeing qualitatively with
experimental observations. We have also derived expressions for the third-order elastic
anomalies and discussed the temperature variation of the real part of C~*1,. We have derived
expressions for the attenuation of the longitudinal and transverse waves along certain simple
symmetry directions and have shown that there is nearly good agreement with experimental
observations.
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1. I n t r o d u c t i o n

Strontium titanate has a cubic perovskite structure and undergoes an improper
ferroelastic second order-phase transition near a temperature of 105 K. While at
normal temperature, SrTiOa is paraelectric, it transforms on cooling to a tetragonal
phase with a c/a ratio of 1.00056. The optical, dielectric, thermal and elastic properties
associated with the phase transition have been investigated by many workers and
these have been reviewed by various authors [1-4]. Experimental studies in SrTiOa
as well as in similar crystals like K M n F 3, LaAIO3, PAIO3 and NdAIOa have
demonstrated that spontaneous optic mode displacements and spontaneous strains
appear during the phase transition at the low temperature phase [5-6].
Another aspect of the phase transition that has been extensively studied relates to
second harmonic generation and the third-order elastic constants [7]. Peters and
Arnold [8] studied the temperature variation of the third-order elastic constant C, 1
in the range 103-300 K using ultrasonic harmonic generation technique. Meeks and
Arnold [9] used the second harmonic generation technique to measure combinations
of several third-order elastic constants over a wide range of temperatures. The work
of Bell and Rupprecht [10] showed that there were pronounced variations in the
second-order elastic constants besides, large changes in ultrasonic attenuation occur
near the phase transition. The attenuation of elastic waves and the changes in their
velocity during phase transition have been investigated by Fossum and Fossheim
[11] and also by Schwabl and lro [12].
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In this paper, we study systematically the anomalies near the phase transition of
SrTiO 3 of the second and third-order elastic constants within the framework of the
Landau theory. While the initial strains and the components of the order parameter
in the low temperature phase can be obtained from the stability conditions, the
fluctuations in these parameters from their equilibrium values have been derived by
an appeal to the Landau-Khalatnikov equations in irreversible statistical mechanics.
In §4 we derive the anomalies for all the second-order elastic constants in a single
formula and discussed the temperature variation of the second-order elastic constants.
In § 5, we derive expressions for the anomalies in third-order elastic constants in
terms of the coupling constants and discuss the temperature variation of C* 11 near
the transition temperature. In § 6, we make comments about the attenuation of the
longitudinal and transverse modes along the principal axis and face diagonal of the
crystal.

2. The equilibrium values of the order parameters and the strains
Strontium titanate undergoes a structural phase transition from cubic to tetragonal
class at a temperature of 105 K. The transition is induced by the softening of the
phonon mode at (~/a) (1, I, 1) corner of the Brillouin zone. Below transition
temperature, there is coupling of the unit cell and the symmetry of the crystal changes
from Oh to Di s. The order parameter is the rotation of the alternate oxygen octahedra
TiO6 around cubic axes. The phase transition is an improper ferroelastic transition.
The free energy of the crystal is the sum of the elastic energy F.,, the Landau
energy FQ and the coupling energy Fc
F = F,m + F o + F~

(1)

The elastic energy of the crystal in the cubic phase is the sum of the second-order
(E2) and third-order (E3) deformation energies. Further,
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where r/I,~/2..... 76 are the six components of the strain tensor. The expression E 3
for the third-order deformation energy is well known and is not reproduced here for
lack of space. It can be shown that the corrections brought about by third-order
deformation energy to equilibrium values of order parameter and strain variables
are smaller by a factor Q~oC~jk(Ctj)-2 in comparison with the contribution from
second-order deformation energy. We shall therefore neglect them in future calculations.
The order parameter is the octahedra rotation. The three components of the order
parameter are denoted by QI, Q2, Q3 such that Q2 = Q2 + Q2 + Q~. The Landau free
energy is given by Lemanov [1]
1
Fo = ~ze2+4~lQ,+=~ff2(Qze3
+ , 2~ 2 QZQ2
3 i + Q2O2
1~2 )

(3)

where a = 0e'(T - To), a' being a constant. The coefficients//1 and//z are constants,
very nearly independent of temperature.
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The term Fc due to coupling between the order parametdr and the strains had
been evaluated using symmetry consideration and is given by Lemanov [1]
Fc = d, {(Q2 _ 3QZ)th + (Q2 _ 3QZ)r/2 + (Q, _ 3Q2)r/3 }

"4"d,{(Q2 Q3q4. + ~3Q21]$ 4" Ol 0276}

(4)

where dl and d~ are coupling constants.
The free energy is a function of the three components of the order parameter and
the six strain components. For the stability of the crystal, the partial derivatives of
F with respect to all these nine parameters should vanish.
It can be seen that the solution of these nine equations for the high temperature
paraelectric phase corresponds to the case in which all the three components of the
order parameter as well as the six sirain components vanish.
The phase transition of SrTiO3 to the tetragonal phase is ferroelastic and
corresponds to the case in which the order parameter along the c-axis is nonzero
while the other two components are zero. Hence the case Q: = Q2 = 0 and Q3 # 0
needs to be discussed. Solving the nine equations for the.stability conditions, we find
that the equilibrium values of the order parameter as well as the nonvanishing strain
components are given by

Q~o = (a/a),
1o = ~/2o= - dl (C 11 - C12 ) - 1Q2o,
%o = 2dl (C t I - C 12)- i g,30"
r~2

(5)
(6)
(7)

3. The Landau-Khalatnikov equation and the fluctuations in the order parameter
The Landau-Khalatnikov equation expresses the fact that the time rate of change
dQ/dt of the order parameter fluctuation towards equilibrium is proportional to the
thermodynamic restoring force aF/OQ. From the Landau-Khalatnikov equation, the
expressions for the fluctuations induced by an ultrasonic wave in order parameters
from their equilibrium values can be obtained.
The Landau-Khalatnikov equation for the order parameter components can be
written as
0., = - I'~(OF/OQ~)

(i = I, 2, 3)

(8)

where F I , F 2, F 3 are the three kinetic coefficients. The symmetry of the tetragonal
phase ensures that F1 = F2. We shall consider the solution of the Landau-Khalatnikov
equation for the ferroelastic phase and write
QJ - Qlo + q*

(i = 1, 2, 3)

(9a)

~/1= ~/lo+ t/*

(i = 1 to 6)

(9b)

Then q~' and r/~* represent the time dependent fluctuations of these parameters from
their equilibrium values.
By expanding (OF/OQ~) for i= 1 to 3 about the equilibrium values of the order
parameter components and the strain variables and setting q~' proportional to exp(/flt),
Prtmu
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we find that the solution of the Landau-Khalatnikov equations turn out to be

q*

(lO)

=

q~ = A a q~

(11)

6

q~ = ~ ~tir/~

(12)

i=l

where
A t = - (rt/Pl)dtQ3o,

(13a)

PI = if2 + ['l(t~2 F/OQ2)o,

(13b)

atx = ~2 = - (2F3 Q3o d i )/e3,

(13c)

P3 = if~ + Fs(O2 F/OQ2)o,

(13d)

~t3 = - 2~q; 0% = :1s = :16 = 0.

(13e)

The above equations show that the fluctuations in the components of the order
parameter about their equilibrium values are linearly related to the fluctuations in
the strain variables.
4. Anomalies in the second-order elastic constants

If we substitute the equations (9a) to (13e) in the expression for the free energy, we find
F = F o + F 2 + F 3 + F4

(14)

where Fo, F2, F3 and F , denote the zero, second, third and fourth-order energies
respectively. In view of the stability condition, F x vanishes. The zeroth order term
F o gives the shift in the zero point energy at the transition temperature and its
derivative with respect to temperature gives the specific heat anomaly at the transition
temperature. By collecting all the terms which are quadratic in the strain variables,
the expression for F 2 becomes

+ 0t/2(q~2 + q~2 +q3"2)

+(~x/4){2Q2o(q,2+q~2 + q,23) + 4Q3oq32,2 }
2

*2

+(fl2/4)Q3o(ql

*2

+ q2 )

-t- d I {qlo(q .2 + q2,2

-

2q~,2 ) + q2o(q~ 2 + q,2

_

2q,2)

-t- J'/30(q~2 -I- q~2 -- 2q,2) + 2Q3oq~(r/, + t/* - 2q~)}
Ill 8

+ d, Qao(q 2 tl, + q*rl~)

(15)

where C* represents the modified second-order elastic (SOE) constants arising from
the coupling of the order parameters with strains. By writing
C~ = C u + AC~

(16)

AC~ represents the anomalies in the SOE constants. Using Kronecker delta functions,
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one can in fact write the anomalies for all the elastic constants in a single formula as
1

~AC~ = {,4~(a,~aj~ + ,~,,aj~) + ~,~j} ×
{0t/2 + (fl,/2)Q~o + (f12/4)Q2o } +

+ Q2o{(~1 - p,/4)}~,~j

- 3dl {a~(n,oa,56js + n2oa,,aj,) +

,ho~q%}

+ d~ Q3o {~j(,~jt + 6~2 - 26~3) + %(6~z + '~2 - 26~a)}

+ dtQ3oAl(6.t6)4 + 6156)5).

(17)

The existence of anomalies in the SOE constants shows that the velocities of the
elastic waves undergo a change during phase transition, and further the waves are
attenuated as AC* is complex. One can notice that there exist relations among the
elastic anomalies in the low temperature phase and all of them can be expressed in
terms of two, namely AC~t and AC* 4. The relations are

AC?, = AC h = ACh

(18)

A C ~ 3 = A C * 3 ---- - - 2 a c * 1

(19)

AC~3 = 4AC~' 1

(20)

AC* 4 = AC~s
a C , 1 -_ (8V3dx
2 2 ~ 2/~l)/(e3a
2 2 ) - (8dl2 V3~)/(P3a)

(21)
(22)

AC. 4 = (2F2 d 2 u2)/(p2 a2) {(f12/4) + (3K/4) } - 2 V 2 d 2 a/(Px a)

(23)

where
K = 12d2(C11 - C12)- 1

(24a)

a = - (//1 - K).

(24b)

and

The expressions PI and P3 given by (13b) and (13d) can be expressed in terms of the
relaxation time T. In terms of this parameter, the above expressions for AC~I and
AC* 4 turn out to be
A C * , = - (2dZ~/flt)(1 + 2/.O~)(1 + iflt) -2
ac*

4 -- -

{2d,2/(pz

+ 3K)}(l + 2ifl~)(1 + i[lz)-"

(25)
(26)

where
T = ~o/I Y~ -

Yi.

The numerical values of %, (d2//31), d2/(p2 + 3K) for SrTiO3 have been given by
Lemanov [1-1 as 1.6 × 10- 11 sK, 1.6 x 10~ N/m 2 and 1.9 × 10 9 N / m 2 respectively. For
numerical calculations, we shall choose experimental value of ['1 as 1.6 x 109S - 1 SO
that f~Zo = 1 0 - 2 We notice that both AC* x and AC* 4 are complex and temperature
dependent. The real parts of the elastic anomalies are given by
R(AC*I) = _ (2d2/fll)(l + 3f~2¢2)(1 + f12¢2) -2

(27)

R(AC~,) = - {2d~/(f12 + 3K)}(l + 3f~2T2)(l + t)2z2) -2.

(28)
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From these expressions, it is possible to discuss the temperature variation of these
anomalies numerically. At the transition temperature, T = To, ~ oo so that both
R(AC*~) and R(AC*4) vanish. Next f/T reaches the value unity when ( T o - T ) =
fZTo-- 10 -2. For this value as well as for the point f~z =0, we find that
(29)

R ( A C ~ ) = -- 2 d ~ / ~

and
R(AC*.) =

-

2dZz/(p=+ 3K).

(30)

Again the stationary values of these anomalies are reached for the temperature

r = T,
For this value
R(AC~I ) = - (9/8)(2d=~ /pl );

(31)

R ( A C L ) = - ( 9 / 8 ) { 2 d ~ / ~ = + 3K)}

02)

With these numerical values, we notice that the elastic constants have uniform values
in the paraelectric state, fall steeply within a range of the order 10-= K to the values
given in (31) and (32), and reach asymptotic values within a range of 10-~K. The
(o)
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temperature variation of real parts of C~1 and C*4 has been plotted in figures (la)
and (2a) respectively.
Slonczewski and Thomas ['5] have investigated the elastic anomalies of strontium
titanate close to the transition temperature. They have derived the following relations
among the elastic anomalies;
4D

(33)

C12 = C ~ 2 - D ; Ct3 = ~ 2 + 2 D

(34)

C ,,, =

(35)

Cxl = C~x - D;

-

C33 = q l

--

E

where
2 M %),
2.
D--( 4 O2 Q,/

(36)

E ~:: (B,2 Q 2, / M 0321)"

(37)

Comparing the set of equations (33) to (35) with (18) to (21) we find that we have
recovered all the relations for the elastic anomalies given by them. However, our
formulae for the anomalies are different and go deeper than the results of Sionczewski
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and Thomas. If we substitute the expression for the soft mode frequencies from the
formula

M(.D2 _ j~(..D2

(O2F'~

= ~, aQ 2 ,]o = ~2a(f12 + 3K)

= ~, ~32/o = (2afl2/a)

(38)
(39)

in the formulae for D and E, we obtain
D = (2B2/flz) and E = (2B2)/(f12 + 3K).

(40)

Comparing these with (27) and (28), we see that their formulae give the first factor
in (27) and (28), but lack the factor depending on the relaxation time. Without this
factor, it is not possible to explain the steep dip in the elastic constants occurring at
the transition temperature.
The temperature variation of C~1 near the transition temperature has been
evaluated by Luthi and Moran [13] experimentally. The shape of our curve agrees
qualitatively with their curve (1 b). Similarly the shape of our curve agrees qualitatively
with the experimental curve in figure (2b) for the variation of C,t4 near the transition
temperature by the Brillouin scattering method given by Lyons and Fleury [14].
5. Anomalies in the third-order elastic ( T O E ) constants

The expression for the free energy contains cubic terms in the order parameters and
strain variables. The anomalies in the TOE constants can be obtained by collecting
the coefficients of all the third-order terms r/~'t/~r/~'(i,j, k = 1 to 6). Several of the
anomalies become equal to each other and it can be verified that the following
relations exist among the individual TOE constants
1

A c h , = a c h 2 = AC*,2 = A C h , = - s a C h 3

(41)

AC'23 = -- 2AC'11

(42)

AC~.. = AC~s s

(43)
(44)

AC~.. = AC~s s

(45)
(46)

AC*. = ACL,
A C , s ~ -_ (d,3 r 21~')(P12 a) - l .

The real part of AC~'I 1 can be written as
6d3(fll - K)(flz)2(3 --

~r~2T2 )

(47)

It is seen that R(AC*11 ) is zero when T-- Tc and it is positive for all values of Dz
from infinity up to x/~ where it becomes zero again. The graph for real part of C'11
very close to the phase transition is given in figure 3a. It is seen that the real part
of C~ ~x decreases steeply close to the transition temperature and then increases within
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a range of the order 1 0 - t K to become zero again. Meeks and Arnold [9] have
investigated experimentally (figure 3b) the temperature dependence of C111 at the
transition temperature. They found that at the transition temperature C 111 decreases
steeply and our curve qualitatively agrees with their results. However, our theoretical
results predict that the anomaly in R ( A C * 1 i) will become zero again within a very
small range of temperature.
6. Attenuation of elastic waves

Apart from the anomalies in elastic constants of various orders, which determine the
sound wave velocities, another major effect of the phase transition is the attenuation
of the sound waves. In this section, we give expressions for the attenuation of the
elastic waves close to the transition temperature.
Let us write
C U = C;j -I- C,%

(48)

where C'v and C'l~ denote the real and imaginary parts of C~j. Let us denote by ~1 the
Pramani - J. Phys., VoL 42, No. 3, March 1994
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attenuation of the elastic waves. Then we have the following expressions for the
attenuation of the longitudinal and transverse waves along the principal directions.
(1) (100) direction

~1, = (n/2)(C~ t/C'lt)

(49a)

~1, = ( I ' I / 2 ) ( C L I C ' . )

(49b)

(2)(~2, ~,0) direction
n

n

t

t

• , = (fl/2)(C~ 1 + C12 + 2 C ~ ) / ( C l l + C12 + 2 C ~ )
~1¢1 = ( f ~ / 2 ) ( C" t l -

C "12)/~C'
,, 1 t - C I 2' ) = u I , ~

(50a)

(50b)

From the equation (49a), we find that the attenuation of the longitudinal wave along
the [100] direction is given by

ma~

(n~)3

~':! = pC,t1(1 ..}.~2T2)2
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The attenuation anomaly vanishes when f l ~ go or at T = T~. The attenuation
steeply increases from zero to its maximum value and then again decreases to its
asymptotic value of zero. Since C*, also has the same dependence on temperature,
the variation with temperature of the transverse mode along [100l and the corresponding mode along [110] is also similar. The attenuation of longitudinal wave
(72 MHz) as a function of temperature at high biaxial pressure of SrTiO 3 has been
measured by Fossheim and Berre [,,15]. There is good agreement between the
experimental curve (figure 4b) and our prediction (figure 4a).
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