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The energy levels of the Schr6dinger equation for the potential x 2 + y2 + ;¢[axxX4 +
2ax. x2y2+ ayyy4] are calculated using Hill determinant approach for several eigenstates and
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over a w~de range of values of perturbation parameters. The obtained numerical results agree
with those previously reported by other methods.
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1. Introduction

Harmonic oscillator models have played an important role in the evolution of a
number of areas of physics ranging from vibrations of crystal lattices to black body
radiation to elasticity to acoustic, to molecular dynamics, etc.
This paper aims to calculate the energy levels of the two-dimensional oscillator
which is expressed by the potential

V(x,y) = x 2 + y2 + ~.[axxx4 + 2axyX2y2 + ayyy4].

(1)

The two-dimensional anharmonic oscillator V(x, y) has received a lot of attention
recently as it is related to several interesting physical problems. Many techniques
have been used to obtain the energy eigenvalues [1-8].
In this paper, some extended numerical calculations are, presented, using the Hill
determinant approach (iterative technique) to calculate the energy levels of the
Schr6dinger equation for the potential (I) over a wide range of values of the
perturbation parameters and for various eigenstates. The convergence of the energy
depends upon the choice of an adjustable parameter ft. However the convergence
rate is relatively good, with better choice of fl as will see later.
In rectangular coordinates the Schr6dinger equation for the potential V(x, y) can
be written as:
t~x2

Oy2 ~- V(x,y) ~P.x,n,(x,y)=Eq~.x..,(x,y).

(2)

The energy E y and wavefunction qJ y(x,y) corresponding to the Schr6dinger
equation (2) when the perturbation parameter )~= 0 can be expressed as:

E .... y = ( 2 n x + l ) + ( 2 n y + l ) = 2 n + 2

nx, %=0,1,2...

(3)
493

M R M Witwit
qJ

y(x,y) = q~n~(X)q~.y(y),

(4)

1
dp.~(x)=[~(ot/n)
½] ½ H.~(~/otx)exp-(ot/2)x
2.

(5)

As indicated earlier [7-1, eq (2) has a circular symmetry when the relationship
a ~ = ayy = axy = 1 holds for the potential (2). The energy levels are then most
appropriately characterized by the quantum numbers (n,, M) rather than (n~, ny). The
radial part of the eigenvalue equation (2) can be expressed as:
[ - - d2

+2r']~p(r)=E~P(r).

The unperturbative energy in polar coordinates can be expressed as:
E,,M =4n,+21MI + 2 = E ,.y

(7)

where n, = 0, 1, 2, 3..... and M = 0, -T-1, -T-2..... are the orbital quantum number and
the magnetic quantum number.
In each state the energy levels depend on the pair quantum numbers (nx, ny). The
degeneracy degree of nth level, is equal to the number of ways in which n can be
divided into the sum of two positive integral (or zero) numbers; which is n + 1.
In (2) we have supposed that, to each eigenvalue E .... y there corresponds just one
eigenfunction q' ~,.y(x,y). In the degenerate case several eigenfunctions correspond
to the same eigenvalue, We notice that, as a result of the perturbation, an originally
degenerate energy level ceases in general to be degenerate, because the perturbation
removes the degeneracy. For example the states (1, 1; even-0, 2; even-2, 0; odd) start
off to degenerate at 2 = 0, but split up into three separate levels respectively as 2
increases.
2. Hill determinant approach and its implementation to the two-dimensional oscillator
and its recurrence relations

The Hill determinant approach is a non-perturbative technique and can handle
numerical calculations of the eigenvalue problem in one-dimensional case for various
types of potentials [10, 11, 12].
The polynomial potential given by (1) is non-separable in cartesian coordinates,
but shows a high symmetry. Due to this symmetry it is possible to cut down the
amount of computation needed in the program. The more general anisotropic case
can also be treated by our technique.
We stress that the Hill determinant approach has been found comparable to the
inner product method when applied to the same perturbation in multidimensional
systems.
To find the recurrence relations which allow us to calculate the eigenvalues, we
introduce the following wavefunction:

f12 +y:)]L~,,jF(L,I)(xLy~).
V.x,.y(x,y)=exp[-~(x

(8)

By substituting W x,.y(x,y) in (2) and after some algebra, we get the following
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recurrence relation,
F(L, I) = W(L, I)[2fl(L + I + 1 ) - E ] - ',

(9)

where
W(L, I) = (L + 2)(L + 1)F(L + 2, I) + (1 + 2)(• + I)F(L, I + 2) + (f12 _ 1)
[F(L - 2, I) + F(L, I - 2)3
- 2 [ a x ~ , F ( L - 4, I) + ayyF(L, I - 4) + 2 a x y F ( L - 2, I - 2)3.

(10)

For calculations, we set the initial coefficient F ( L o, Io) = 1. All the S(L, I) with (L, I) #
(Lo, I0) are treated according to (9) for some trial values of fl and E. From experience
it is seen that the best initial energy to start the calculation should be a little higher
than the required eigenvalue [13]. The value of fl increases as the perturbation
parameter ;t increases. At this stage, naturally, the question that arises is whether fl
can give the best convergence eigenvalue. In the present calculations, the value of fl
which gave the best converged eigenvalue was taken. Table 1 shows the rate of
convergence by this technique for some eigenstates for ,~.= 0-1, 10, 100, l0 s in the
special case, wherein the potential has circular symmetry. It is known from experience,
that the rate of the convergence decreases as values of the perturbation parameter ;t
and eigenstate number (n~, ny) increase.
The standard technique for evaluation of the energy is based on (9), that for the
special case L = Lo, I = I0, the coefficient on the left-hand side becomes F(Lo, Io) = 1,
and this initial condition is imposed on the algorithm. After this adjustment a revised
E estimate is calculated using the assignment statements
E e = 2/~(L o + I o + 1) - W(Lo,lo).
E -- R E e + (1 - R)E.

(11)
(12)

The value of the relaxation parameter R can be decreased or increased to help in
improving and stabilizing a convergence of the eigenvalue to a reasonable accuracy.
The parity index Pxy (for interchange coordinates x,--,y) is used for the potential
V(x,y), in the case of symmetry interaction which means a~s = asx. The relation
between the coefficients hold (for interchange x*-,y).
F(L, I) = PxyF(l, L).

(13)

For even eigenstates Pxy = 1 and for odd eigenstates Pxr = - 1 and fl is varied to
give the best possible convergence of the estimated energy.
3. Results and discussion

The Hill determinant approach has been applied in this paper to the Schr6dinger
equation with a perturbed potential in a two-dimensional system. It is found very
effective to treat symmetry perturbation i.e. ats = asl and unsymmetry perturbation
i.e. als # ast for several eigenstates and various values of perturbation parameters.
The adjustable parameter/~ plays an important role in the convergence aspects of
the present calculations. The/~ values for the dimensional oscillator V(x, y) calculation
are in the range 1.3 ~</~ ~< 350. The general consideration that governs our choice is
that, as 2 increases,/~ also increases, for example/~ = 1"3 at 2 = 0.01 and/~ = 350 at
j. = 106.
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Table 1. Convergence for some eigenvalues for (nx, ny;rr) of the two dimensional oscillator
for the case axx = ayy = azz = 1, for 2 = 0"1, 10, 100, 105 with various values of the adjustable
parameter/~. The empty spaces mean the corresponding eigenvalues cannot be obtained with
these values of 8.
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Table 2. Eenr'gy values of (n~,ny;n), for the potential V ( x , y ) for several sets of perturbation
parameters. The parity label n = + , - ; even, odd for the x,--*y interchange symmetry.
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The results are in good agreement with available literature. For accurate results,
the best values of fl, have been chosen, which were obtained by testing many parameter
values until the best convergence was obtained.
Some important consequences of our investigation are as follows:
1. The Hill determinant approach can be used to calculate several eigenstates with
excellent accuracy for the two-dimensional oscillator for several perturbation
parameters. Table 2 covers a wide range of 2 values (10-2 ~<~. ~ 106) and various
cases wherein the potential has interchange symmetry. The 2 value obtained by us
is twice the 2 value obtained by Nasit and Demiralp [1] and Hioe et al [3] and their
Hamiltonian differs by a factor 1/2.
Several external checks were devised to verify the correctness of the energy values.
For example using the inner product technique, we obtained agreement between some
of the present results and those obtained by inner product [7]. For the two special
cases axx=ayy=axy= 1 and ax = a y y = 1, a~y=0, the potential (1) has circular
symmetry, and reduces to the two independent oscillators respectively. We have
checked the energies obtained by the present technique against results obtained by
the hypervirial method [7].
2. For symmetric perturbation i.e. a~j = a jr, it is seen from our calculations that the
energy levels characterized by eigenstates (nx, nr, ) with n~ and nr having different
parity, i.e. (odd, even) or (even, odd) remain doubly degenerated and unsplit as 2 is
varied from zero value. This means that the perturbation does not break the
degeneracy of the perturbed system. The energy levels which show such behaviour
in our calculations are (Elo,Eol). Unsymmetry perturbation i.e. a~j ~ ajl shows
interesting splitting effects as a~ and a jl vary. In this case the degeneracy is broken
by the perturbation and this behaviour is clear from our calculations in table 2.
Also there is a crossing between the energy levels for the two eigenstates E~I and
E2o at a~x = ary = a~y = 1; (circular symmetry), but when this symmetry is removed,
the doubly degenerate levels split into different levels, and this confirmed by our
results in table 2.
3. The phenomenon of bogus convergence is avoided by computing the energy
eigenvalues for different values of the adjustable parameter ft. To select the correct
converge energy we require stability of the results with respect to the small variation
of fl at a given value of the perturbation parameter 2.
We have also used Aitken's transformation [14] to improve the convergence of
the calculations and it has helped in improving our results.
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