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The topography of the nuclear fission barrier
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Abstract. Fission theory first developed within the framework of the liquid drop model.
Shell model concepts were introduced into fission theory much later than they were in
nuclear structure theory, but then with spectacular success in explaining striking
experimental results then emerging in actinide fission. In the last two decades the complex
topography of the fission barrier that is the result of shell model theory has been a major
theme in the expanding knowledge of fission, most experimental data finding a natural
explanation within this theme. The development of the concept of shell model structure in the
fission barrier is outlined in this review.
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1. Introduction
After the radiochemical discovery of nuclear fission by Hahn and Strassmann in 1939
it was quickly perceived by Meitner and Frisch (1939) that the phenomenon could be
explained as a consequence of the liquid drop model of the nucleus. It thus fell quickly
into place alongside other nuclear properties well-known at that time: the Weizs~icker
semi-empirical mass formula and the compound nucleus reaction theory demanded
by the high density of slow neutron resonances are two of the best examples. The main
features of fission explained by the liquid drop model were the qualitative magnitude
of the fission barrier of uranium and the extreme amount of energy released in its
splitting into two medium mass fragments.
With later results the liquid drop model ran into difficulties, particularly in the
observation that uranium divided asymmetrically, whereas symmetric mass division
seemed a natural consequence of the model, and in the fact that the heights of the
fission barriers over the range of actinide nuclides from thorium to americium
declined much more weakly than the model indicated. Yet the overall concept of the
model persisted for over quarter of a century as the dominant theoretical framework
for nuclear fission, long after the shell model became a major pillar of nuclear
structure theory (Haxel et al 1949; Mayer 1949) and the closely related optical model
began to dominate nuclear reaction theory (Barschall 1952; Feshbach et al 1952).
Only in peripheral ways did the shell model concept penetrate fission theory, most
notably in the statistical theory of mass division due to Fong (1956), in which shell
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effects in the level density of the well-separated fragments of the fission event were
invoked to explain asymmetric mass division. Shell effects in the ultimate fragments
were also thought to govern the "saw-tooth" behaviour of yield of neutrons as a
function of fragment mass ratio (Whetstone 1959).
The failure of the shell model rapidly to penetrate fission theory was undoubtedly
due to the implicit expectation that the shell model, in the sense of giving special
stability to certain groupings of nucleons, was only applicable to spherical nuclei.
Indeed, the collective model of the nucleus (Bohr 1952; Bohr and Mottelson 1953) was
soon in place alongside the shell model explaining the dominant nuclear structure
elements of most heavy and many light nuclides as rotational or vibrational motion of
deformed or deformable bodies; viewed in this light fission was an extreme example
of collective motion.
In the mid-sixties the confluence of new theoretical developments and experimental
discoveries brought the shell model fully into fission theory. The new theory was the
amalgamation of the liquid drop with a shell model term, calculated in a fully selfconsistent way, to provide the total nuclear energy as a function of neutron and
proton number and deformation (Strutinsky 1967). The special feature of the shell
model term is the occurrence of strong shell effects at deformation far from spherical.
A much simplified model of how this occurs is illustrated in figure 1, in which the
energy levels of a fermion in a simple spheroidal harmonic oscillator potential, with
average circular frequency mo and without spin-orbitcoupling, are shown as a
function of the major to minor axis ratio. It is clear that shell closures occur in the
energy level diagram at certain strong deformations (especially at the axis ratio 2:1)
for particle occupancies of the well that are in general quite different from those of the
spherical potential. At the shell closures the total energy of the particles occupying the
well is less than that to be expected if the levels were spread out statistically over the
whole energy range. When the shell term is computed for realistic nucleon-nucleus
potentials, such as the Nilsson potential (Nilsson 1955) and added to the liquid drop
energy computed along the deformation path leading to fission it turns out that just
such a shell minimum occurs over the actinide range of nuclides at approximately the
deformation for the saddle point (the fission barrier maximum) of the liquid drop
energy. The sum of the two terms gives rise to a double-humped fission barrier for
these nuclides.
The new experimental phenomena were the discovery of an isomer in americium
with spontaneous fission as its principal decay mode (Polikanov et al 1962; Flerov and
Polikanov 1964) and the occurrence of intermediate structure in the cross-sections for
neutron-induced fission reactions of 23°Th (Evans and Jones 1965), 23~Np (Paya et al
1968) and 2*°pu (Migneco and Theobald 1968). All of these observations found a
natural qualitative explanation within the theory of the double-humped fission
barrier. They were regarded in fact as manifestations of the spectrum of states
associated with the highly-deformed metastable shape confined in the minimum
between the peaks of the barrier (the secondary well).
There was a great flourishing of experimental and theoretical work on the barrier
aspects of fission in the following decade. The phenomena of greatest interest at first
seemed concentrated in the group of nuclides between thorium and curium. This was
also the region where theory indicated that the double-humped barrier should reach its optimal development. But in a few years it was realized that there were other
subtleties associated with the topography of the fission barrier. The first such was the
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Figure 1. Energy levels of a harmonic oscillator potential for prolate spheroidal
deformations with numbers of particles filling shell. From Nix (1972).

evidence of a triple-humped barrier for some nuclides centred around thorium, giving
rise to a shallow tertiary well (M611er and Nix 1974). A special feature of the tertiary
well is that it occurs in the barrier landscape only for reflection asymmetric shapes.
In more recent years much attention has been paid to the deformation region
beyond the barrier peak. It has been found that this region between the saddle and
scission points contains shell features that have strong effects on the ultimate mass
and energy distributions of the fission fragments. Four groups of such effects can be
mentioned here. The first is the experimental work on thermal neutron-induced "cold
fission" of uranium and neighbouring nuclides (Signabieux et al 1981; Quade et al
1982), which reveals the exotic shell effects for fission in which little or no internal
excitation has occurred in the nucleus just prior to scission. The second is the
observation in pre-actinide nuclides of modes for asymmetric mass division that are
quite distinct from the usual symmetric mode of these species (Itkis et al 1984). The
third is the discovery that the higher isobars of fermium and trans-fermium nuclei
fission predominantly in a symmetric mode, which is quite different from that of pre-

36

J E Lynn

actinide nuclides in having energy characteristics more closely related to the cold
fission of uranium (Hoffman et al 1977; Hulet et al 1979). Finally, the discovery of
"exotic" radioactivity, such as t4C emission from radium (Rose and Jones 1984) can
be described as an extreme form of asymmetric cold fission (Sandalescu et al 1980).
In this review the study of the topography of the fission barrier is followed in
roughly the sequence outlined above. Firstly, I deal with the theory and spectroscopic
phenomena relating mainly to the double-humped barrier of the actinides (§2). This is
very much an outline because the large amount of work completed before 1980 is
covered in the review of Bj~Irnholm and Lynn (1980). Secondly, I turn to the evidence
on the region of the barrier between the outer edges of the saddle-point and the
scission point where the nucleus finally divides, starting with that on the post-Pb
nuclides, then moving through the preactinides, the actinides and finally the post-Cf
nuclides. The final section reviews the intriguing topic of heavy radioactivity within
the fission barrier framework.

2. The double-humped barrier and the actinides
2.1 Theory
The Strutinsky (1967) theory of nuclear deformation energy begins with the
hypothesis that summing the single-particle energies of lowest occupancy of a level
diagram such as that illustrated in figure 1 will give the relative change in energy from
nucleus to nucleus due to the shell structure at a given deformation. To obtain the net
change it is necessary to subtract from this total the similar sum calculated from the
level scheme smeared out, using a suitable averaging function, over the shells. This
quantity is denoted as Esheu. A pairing energy t e r m Epair is also related to the shell
structure at given deformation, although in a much milder way and with phase
opposite to that of the main shell term. To obtain the total nuclear energy the sum for
the smeared level scheme is replaced by the liquid drop model energy Etam calculated
at the same deformation. Thus, the total energy of a deformed but unexcited nucleus is
E = Eid m + Eshel I + Epair.

(1)

This method, after minimizing with respect to deformation for every nuclide, is
remarkably successful in reproducing the ground state binding energies over a broad
range of nucleon numbers.
It is also successful in reproducing the overall trend of fission barrier heights for the
actinide nuclides, unlike the pure liquid drop model. The reason why this should be so
can be seen qualitatively by referring to figure 2, which is drawn for a typical actinide
nuclide. The dashed curve indicates the liquid drop energy as computed along the col
giving the least energy in passing towards extreme elongation (see figure 3). When the
shell correction term is added to this the full curve of figure 2 is obtained. In the
actinide region, when the nucleon numbers are changed the position and magnitude of
the peak of the liquid drop term change substantially whereas the shell term is much
less sensitive. For increasing value of Z2/A along the valley of stability E~d~ peaks with
lower magnitude and at lower deformation; the result is a tendency for the first barrier
peak (A) of figure 2 to remain stable while the second peak (B) falls. With decreasing
nucleon number peak B will become the major peak as the maximum of E~dmbegins to
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Figure 2. Energyas a function of deformation towards fission.Dashed curveis Elam.After
Strutinsky (1967).

coincide with the maximum in E,hc. and become stable while peak A starts to fall.
However, the major new feature of Strutinsky's theory is the appearance of the
secondary well II between the peaks A and B of figure 2. This gives rise to several new
phenomena in nuclear spectroscopy, which will be described in ~2.2 and 2.3.
There is insufficient space in this article to describe the technical problems and
details in carrying out calculations with the Strutinsky theory. These generally fall
into three classes. One concerns the choice of description of the deformation space and
its most significant parameters. A second is the optimum method for averaging of the
single-particle level scheme. A third is the description of the potential well for singleparticle motion. In this paper I shall avoid these details and confine the discussion to
the results of increasingly sophisticated calculations of the Strutinsky type. Details can
be found in the original papers (Strutinsky 1967, and e.g., Nilsson et al 1969;
Pashkevich 1971; Bolsterli et al 1972; Mfller 1972; Pauli and Lederberger 1971; Pauli
1974) and in reviews of the subject, of which those by Bracket al (1972) and Nix (1972)
are notable.
It is necessary, however, to introduce something of the terminology used in describing deformation space. The deformation space of an axially symmetric body is often
described in terms of a Legendr6 polynomial expansion of the radial coordinate of the
surface, the argument of the Legendr6 polynomials being the cosine of the polar angle
coordinate. Alternatively, the spherical harmonics of order 2, # = 0, related to the
Legendr6 polynomials through a simple normalization factor, is often used. The
expansion coefficients in the spherical harmonic expansion are denoted by fix. The
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Figure3. (a) Schematic contours of Eiam as function of two principal deformation
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principal parameter describing elongation is the quadrupole coefficient f12; this is
often simply denoted by ft. The shape of actinide nuclides in their ground states
corresponds to a value of fl ~ 0"25. The feature of a waist or neck prior to splitting is
described in first order by the hexadecapole parameter f14- Reflection asymmetry
across a plane at the neck and perpendicular to the cylindrical symmetry axis can be
described in first order by the octupole parameter f13. The inclusion of reflection
asymmetry in the shape description turns out to be particularly important in all
aspects of fission barrier calculations. For instance, it has a major effect on the height
of the outer barrier B of the actinides. The saddle point over this barrier is found to
occur at markedly reflection asymmetric shapes, and gives an energy advantage over
the reflection symmetric shape of some 3 MeV (Mtiller and Nilsson 1970). More
accurate calculations of asymmetric shapes require also flsSome roughly equivalent parameters, which are commonly used in the literature,
are taken over from the description of the deformed harmonic oscillator potential that
is used for generating Nilsson single-particle orbitals. These parameters are denoted
by e, e4, etc. The relation between e, e4 and the fl parameters is shown graphically in
figure 4.
Such expansions as those above are seldom suitable for dealing with deformed
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Figure 4. Relation between lowest order parameters of spherical harmonic expansion and
stretched harmonic oscillator. After Nilsson et al (1969).
shapes near the scission point. For these a convenient description is based on the twocentre shell model, a superposition (with some modification in the neck region) of two
deformed harmonic oscillator potentials (Mustafa et al 1973). The resulting surface
shape (defined at a specific value of the particle potential energy) can be described in
terms of four independent parameters, of which two of the most important are the neck
radius (which can be used as a measure of elongation) and the ratio of the volume on
each side of a plane through the neck (this is a measure of reflection asymmetry).
Other mathematical forms capable of describing the deforming shape up to and
beyond its separation into two fragments are the Cassinian ovals (Pashkevich 1971)
and a similar family due to B r a c k e t al (1972). Some of the shapes that can be
described by the "elongation" parameter, c, the "necking" parameter, h, and a
reflection asymmetry parameter, ~, are shown in figure 5.
With a suitable nuclear surface thus defined, the liquid drop and shell energy terms
can be calculated. The liquid drop energy is usually calculated in relation to the
surface energy and Coulomb energy terms of a spherical drop. The coefficients of the
latter are normally taken from one of the more sophisticated droplet model analyses
of nuclear masses and fission barriers, such as that of Myers and Swiatecki (1969),
Myers (1977) or, more recently, M611er and Nix (1981). The single-particle state
energies required for the computation of the shell correction and pairing-energy terms
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Shapes that can be described in the {c, h} parametrization of B r a c k e t al (1972).
Full curves, ~( = 0, Dashed curves, a = 0-2.

are generated in some procedures directly from the potential that is used to describe
the nuclear shape (as in the deformed harmonic oscillator potential method of Nilsson
et al 1969) or from a potential described about a defined nuclear shape (deformed
Woods-Saxon potentials, e.g. Brack et al 1972; folded Yukawa method, e.g. Bolsterli
et al 1972).
The results of nuclear deformation energy calculations will not be described in
detail in this section. They will be deferred to the various sections in which they can be
discussed in connection with appropriate experimental results.
At this point it is necessary to define terminology and notation that will be used
below in discussing the properties and parameters of the fission barriers determined
from both calculation and experiment. Energies will normally be stated with reference
to the ground state located in the primary well I. The lowest state associated with the
secondary well has excitation energy relative to ground denoted by E.. The first peak
of the fission barrier between the two wells has potential height denoted by VA and
that separating the secondary well from the descent towards scission by Vn. The rates
for transitions across these barriers depend on the inertial parameters for the
movement of the system in these regions of deformation space as well on the excitation
(E*) and potential energy difference and the curvature of the latter. The inertial and
curvature parameters are normally considered together as a quantity called the
penetrability parameter, hOgA,n (choosing the subscript according to the barrier in
question); this is defined by assuming that the form of the potential energy in the
region of the barrier peak is that of an inverted harmonic oscillator of circular
frequency co. Given a single available state of internal excitation (transition state) at
the barrier the quantal penetrability (also known as the transmission coefficient) of the
system through the barrier is given by Hill and Wheeler (1953) as
7"=

1

1 + exp[2rc(V - E*)/hog]"

(2)

The quantity ho~ is a commonly used parameter to characterize the "breadth" of
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fission barriers, but its limitations must be recognized; it is probably a fairly accurate
description for excitation energies close to the barrier peak, but far below this the
deviation of the barrier shape from harmonic form and the variation of inertial
parameter with deformation could cause the result of equation (2) to deviate from the
true penetrability T by several orders of magnitude.
2.2 Shape isomers
A major consequence of the existence of the secondary well in the fission barrier is the
metastability it gives to highly deformed shapes of the actinide nuclides. Such shapes
are more than twice as deformed as those of the actinide ground states, whether
measured by deviation of major to minor axis ratio from unity, the quadrupole
coefficient for spherical harmonic expansion of the nuclear surface or the mass
quadrupole moment. A whole family of nearly discrete excited states (known
generically as class-II states) can be expected to be built on such a strongly deformed
shape, and the most stable will normally be the lowest; this is commonly known as the
shape isomer. The energy calculations show that the metastable shape has an energy
of two to three MeV greater than the ground state. With the outer barrier at a
calculated energy of a few MeV greater still, the expected half-life of the shape isomer
against fission is in the ps to ms range. Conversely the inner barrier will greatly inhibit
the rapid y-ray decay normally expected at such an excitation, to the extent that
spontaneous fission will be the predominant decay mode.
Such spontaneously fissioning isomers were discovered before the theory for them
existed (Flerov and Polikanov 1964). The high excitation energy of at least one of
them (24°Am) was first established by BjCrnholm et al (1967). A sufficiently large
number of isomers have now been discovered and measured that their systematics are
reasonably well established. The half-lives are shown in figure 6 (after Metag 1980) in
groups as a function of neutron number; this indicates the systematic dependence on
Z and A, and also a strong odd-even effect. The trends shown by the curves in this
diagram can be interpreted as a relative stability towards fission as the neutron
number approaches a closed shell (at the isomer deformation) in the region N ~ 146,
while there is a strongly decreasing stability as the proton number increases. The oddeven effect apparent in figure 6 expresses the increase in barrier penetrability
characteristic of superfluid systems.
To obtain information on overall barrier parameters it is necessary to measure the
isomer excitation energy relative to the ground state of the fissioning nucleus. This has
usually been done by determining the cross-section for excitation of the isomer as a
function of bombarding energy in a suitable nuclear reaction. Normally, in order to
reach effectively across the inner barrier (barrier A in figure 2) to populate the states
associated with the secondary well, such a reaction will be of the neutron evaporation
type followed by de-excitation of the residual nucleus with intra-nuclear y-ray
cascades to reach either the ground state or isomer state, which then decays either by
delayed fission or further y-ray emission. The schematic population routes in last stage
neutron emission are shown in figure 7.
If the bombarding particle is a neutron, single neutron evaporation or even capture
),-ray emission is sufficient to reach the secondary well. A charged particle also has to
overcome the Coulomb barrier; at the necessary bombarding energy multiple neutron
evaporation is required. The relative behaviour of the excitation curves of 1-, 2- and
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Figure 8. Isomerexcitation functions for 1-, 2- and 3-neutron evaporation processes.
3-neutron evaporation processes is shown in figure 8. These are normalized to
asymptotic yield of the isomer at high energy, and the assumption is made that the
level density, p, of the (secondary well) states feeding the isomer has the same constant
temperature (~)) form as that of a normally deformed nucleus:

p( E*) oc exp(E*/O).

(3)

It is clear that most precision in the determination of the threshold of the isomer
excitation reaction will be obtained when as few neutrons as possible are evaporated.
A typical set of good data (from BjCrnholm et al 1967; Britt et al 1971) for isomer
excitation is shown in figure 9. The isomer is that of 24°Am. In the fit to the data the
assumptions were made that the level density temperature for the A + 1 nucleus is
0.65 MeV, that for the regular states of the final nucleus A is 0.528 MeV and that for
the secondary well states is 0.558 MeV. The isomer excitation energy E n is 3.0 MeV
with a likely uncertainty of _ 0.2 MeV. The absolute magnitude of the data yields the
difference in barrier height for 241Am; Va is lower than VA by about 0-9 MeV. This
factor, which arises from the barrier properties of the nucleus one mass number higher
than the isotope with the isotope in question, is due to a "decoupling" mechanism in
the states of the A + 1 nucleus feeding the highly deformed (class-II) states of the
isomer nuclide A. This decoupling factor has the form

Tit = Ta/(Ta + TB).

(4)

The interpretation of a body of such data on the isomers in the group shown in
figure 6 reveals a picture in which the Pu isomer excitation energies (mostly data on
odd-A isotopes) are about 2.7 MeV, the Am isomers lie at ~ 2"3 MeV for odd-A and at
2.9 MeV for odd-odd isotopes, and the odd-A Cm isomers lie at ~ 2"0 MeV. The
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reactions.

Am data also indicate an appreciable odd-even effect• Thus it is apparent that there is
an overall decline in the base of the secondary well relative to the primary well as the
proton number increases from 94 to 96. The information obtainable on the outer
barrier height (strictly, barrier penetrability Vn/hogB) from the half-lives (see figure 6)
and isomer yield shows a rapid decline in the outer barrier starting between Z = 95
and Z = 96.
The information from shape isomers for nuclei of lower Z is not nearly so complete•
This is apparently because isomer decay by 7 emission is important for these nuclides,
and detection by observing the y decay is a much less positive method for establishing
the highly deformed nature of the state• Nevertheless, some important fission
identifications have been made. Of particular significance are those in which single
neutron evaporation (i.e. neutron inelastic scattering to the isomer) has been used.
In figure 10 the ratio of delayed to prompt fission is shown as a function of
excitation energy for the zaSU(n, n') reaction leading to the 200 ns isomer. The data are
from Wolf and Meadows (1974) and Dmitriev et al (1983). The latter have been
normalized to the former between 3-2 and 4-0 MeV. The dashed curve is the fit to the
data using the equi-temperature level density model; it gives the isomer energy
E,, = 2"35 MeV. Although it fits the very lowest points of Wolf and Meadows very
well, it does not give the detailed behaviour of the higher points. However, if a more
detailed and realistic model of the level scheme of 23aU is used (namely, rotational
bands based on the ground state, an excited octupole vibrational state at 0.5 MeV and
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Figure 10. Excitation function for 238U. Dashed curve is equi-temperature level density
model. Full curve is based on pairing gap and vibration-rotation band model.
a ),-vibrational state at 1 MeV, and the exponential form of equation (3) starting at an
assumed gap of 1.2 MeV) the solid curve is obtained for an isomer energy of 2.56 MeV.
It is suspected that the two lowest points of Wolf and Meadows may be affected by
background; if so, it can be said that this more detailed model represents a good fit to
the data. The excitation data from the 236U(n,n') reaction to the l l6ns isomer
(Dmitriev et al 1983) are similar and yield a similar isomer excitation energy. These
values are about the same as those of the Pu isomers.
The absolute values of the isomer excitation cross-sections of these isotopes, as
measured by delayed fission detection, are l o w - - b y at least an order of magnitude if
the fission barrier revealed by the fast neutron-induced fission cross-section is taken as
the upper limit of the outer barrier height. This suggests a rather competitive ),-ray
decay branch, one order of magnitude stronger than the fission branch. Direct
observation of the ), branch has been made by Russo et al (1975) in the 238U case using
the (d, pn) reaction to excite the isomer. ),-rays of 1.879 MeV and 2.514 MeV, feeding
the 0.680(1-) and 0-045(2 +) MeV states, respectively, of 238U were identified,
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establishing the isomer excitation energy as 2-56 MeV. (This is why this precise value
was used in the neutron inelastic scattering fit described above). These delayed y-rays
have been confirmed by Kantele et al (1984), and the internally-converted electric
monopole transition direct to the ground state has also been observed (Kantele et al
1983), thus confirming the isomeric state to be a shape isomer of 23su. A shape
isomer of 237Np with half-life 40_+ 12ns has also been found using the 23aU(p,2n)
reaction (Wolf and Unik 1973). The fission decay branch is very weak, possibly only
1"9 x 10 -3 (Migneco et al 1977).
In principle, these data on the 7 decay branch should give information on the
penetrability of the inner barrier. The barrier transmission given by (2) is, however,
only one factor affecting the 7 decay. Because the isomer is not connecting across the
inner barrier to a continuum, as it is across the outer barrier leading to fission, the
detailed spectrum of the states associated with normal deformation (class-I states) is of
prime importance. At the excitation energies concerned the density of the class-I states
is low and first order perturbation theory (cf.§2.4) can be used to obtain the radiation
width of the isomer. The matrix elements of the coupling between the isomer and the
class-I states will indeed be attenuated by a factor related to the coefficient of (2) (i.e.
the overlap factor between vibrational states located principally in the primary and
secondary wells; see figure 11), but the mixing of the nearest class-I states with the
isomer state, giving the latter its radiation amplitude to lower states, is also inversely
proportional to the energy difference between the states. In general the energies of the
class-I states in the region of the isomer excitation are unknown, so a random factor is
introduced into the interpretation of the ), to fission branching ratio. In spite of this it
is possible to state that because the ), decay is observed as a major branch for uranium
and neptunium isotopes and not for plutonium or higher-Z isotopes the relative
influence of the outer barrier in controlling fission is clearly gaining over that of the
inner peak as the eharge number decreases; this is consistent with the theoretical
calculations of the deformation surface.
2.3 Spectroscopy of low-lying class-ll states
It is inherent in the concept of a deep secondary well that not only should the
metastable shape isomer exist, but that there should be a whole spectrum of states
above this isomer all possessing its extreme deformation and metastability towards
shape transformation (usually in decreasing degree as excitation increases). These
states should in general be much shorter lived than the lowest member of the family,
because their electromagnetic transition strengths to lower class-lI states will be
qualitatively quite as strong (or much stronger for collective E2 transitions) as their
primary well counterparts. Indeed there should be many qualitative similarities
between the class-II and class-I spectra, including rotational bands, vibrational levels
of fl, ), and octupole character and long-lived "spin" isomers that are inhibited from
decaying to the lowest class-II state by large K-difference or other "internal"
structural factor.
Rotational bands in the class-II spectrum are of particular interest in that they are
another indicator of the highly deformed nature of the nucleus. The experimental
work necessary to detect and measure the energy relationships of the levels in a
rotational band built on a shape isomer is of extremely high quality and is difficult.
Nevertheless, it has been done for four nuclides, 24°pu, 236U, 23aU and 239pu. The
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electromagnetic cascades across the band suffer strong internal conversion. The band
can therefore be observed by detection of delayed coincidences between conversion
electrons and delayed fission. In experiments of this kind (Specht et al 1972) it has been
found that the rotational band constant in the expression
h2

e, = Eo + 2 5 [t(t +

1)3

(5)

for the energy of the state of angular m o m e n t u m I in a band built on a state of zero
angular momentum, is h2/2~ = 3.343 + 0-003 keV for the 4 ns isomer of 2+°Pu, from
the 4 + --, 2 + (46-7 keV), 6 + --*4 + (73-1 keV), and 8 + --*6 + (99.3 keV) transitions. This is
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to be compared with the ground-state rotational band constant value of 7.3 keV that
is typical of even actinides, and indicates to first order that the moment of inertia of
the isomer state is about double that of the ground state. A similar result is found for
the band on the 184ns isomer of 23aU (Metag et al 1980); the result is h2/23=
3.27keV. For the l l 6 n s isomer of 236U (Borggreen et al 1977) h2/2~ = 3.36keV.
In the case of the nuclide 239pu two spontaneously fissioning isomers are known.
The longer-lived, and presumably lower, state has half-life 8/~s, while the other has
~ 2.6 ns. The delayed coincidence observations (Backe et al 1979) of electrons with
fission can be interpreted as the combination of the transitions from the much shorterlived isomer at excitation energy 203 keV and the intra-band transitions leading to the
8 #s state. The latter yield a rotation~d band parameter h2/2~ = 3"36keV, for the most
likely spin of the isomer, I = 5/2. For an assumed spin I = 7/2 the rotational band
parameter falls to 2.3 keV, some 30% lower than the corresponding quantity for the
even nuclides.
While these interpretations of the rotational band spectra are strongly indicative of
the highly-deformed nature of these states they are indirect in the sense that the band
moment of inertia is strongly model-dependent. The best-established theoretical
models for rotational inertia, i.e. the single-particle cranking model of Inglis (1974)
with superfluidity as described by the pairing formalism with quadrupole corrections
(Hamamoto 1975), do in fact agree with the experimental observations within 10~o for
the deformations expected for the isomer states. Nevertheless, independent and more
direct confirmation of the nuclear shape is highly desirable. Two sets of methods have
been used to determine this. One aims at the measurement of the E2 intra-band
transition rates which are proportional to the square of the static electric quadrupole
moment Q. The other determines the quadrupole moment from the isomer shift
in an optical transition in the atomic spectrum. In the first class, a number of
determinations for U (Ulfert et al 1979; Metag et al 1980) and Pu (Metag and Sletten
1977; Habs et al 1977) isomer give values of Q of about 32b. This agrees with
measurements of the second kind on 24°Am (Bemis et al 1979) giving Q = 33 + 2 b.
This is to be compared with values of Q ranging from about I0 b to 12 b for the ground
state rotational bands of the actinides from Th to Cm. The measured quadrupole
moments of the isomers agree with the theoretical calculations which indicate a
quadrupole deformation coefficient f12 ~ 0.6 for the secondary well.
The observation of a second shortlived spontaneously fissioning isomer in 239pu
(Backe et al 1979) introduces the topic of states with particle excitation at the
secondary well deformation. This state is almost certainly a single-particle excitation,
a neutron raised to a higher Nilsson neutron orbital at high deformation. The
evidence on the character of this and the lower orbital suggest that there are problems
in our knowledge of the single-particle potential. Few comparable states in other oddA nuclei have been observed. (One example is the pair of fissioning isomers in 241pu
with half-lives 20.5 ItS and 34 ns, Giinther et al 1981). In the neighbouring even nucleus
23apu, however, a second isomer (with 0.5 ns half-life) has been observed and its
excitation energy measured in the 236U(0t, 2n) reaction; it is 1"3 MeV higher than the
5 ns isomer. This energy difference appears to be the energy gap separating the fullypaired "superfluid" state with zero spin from a two-quasi-particle state coupled to
large spin projection (K) thus inhibiting ~-decay to the low state. The isomers of
236pu, 242Cmand 244Cm appear, on the basis of their excitation energies relative to
those of neighbouring isotopes, to be of the same character.
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Vibrational states of fl, )' and octupole character, completely analogous to those
well-known in the "normal" spectra of the actinides, can also be expected to occur in
the spectrum of the secondary well. So far the one-phonon members of these families
have not been unambiguously found. This is probably because the ),-ray decay to the
isomer state completely overwhelms the fission branch, even though fission could
otherwise be expected to be a good signature of a E-vibration especially. At higher
excitation energies vibration-like phenomena have been observed in the cross-sections
for fission induced as a primary reaction by various particle and photon excitation
processes. In some cases these may be examples of multi-phonon E-vibrations mixed
to a limited degree into a relatively dense background of more complex states. An
example, in which the fission probability has been deduced from the 2a3U(d, pf)
reaction at an excitation energy resolution in U of 7 keV (Blons et al 1988), is shown in
figure 12. The apparent interpretation of the structure seen here is that the main
resonance-like envelopes, for example at 4"9, 5.2 and possibly 5-5 MeV, occur at the
locations of E-vibrations in the secondary well coupled each to a different low-level
intrinsic excitation. These rather simple combinations are in turn considerably mixed
with neighbouring, presumably more complex, states with spacing less than 10 keV,
which may account for the peaks within the envelops. The strength of the peak in the
fission probabilty curve is a measure of the mixture of the multi-phonon fl-mode; the
higher the number of phonons for given excitation of the class-II state the higher will
be the amplitude for moving into the fission mode. It must be stressed that this is
the most simplistic interpretation of the data. We shall leave further discussion
to §3.
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Figure 12. Fissionprobability of 23"U as a functionof excitationenergydeterminedby
233U(d,pf) reaction. AfterBlonset al (1988).
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2.4 Class-ll states at higher excitation energy
2.4a Very weak mixinfl conditions: The major structure and sub-structure effects seen
in figure 12 are examples of a phenomenon that occurs in the fission cross-sections of a
number of the actinide nuclides. At the high resolution level it is best seen in the slow
neutron cross-sections of fissionable nuclides such as 24°pu and 237Np. One of the
earliest-known and best examples, that of 24°Pu (Migneco and Theobald 1968), is
shown in figure 13. The upper part of the diagram is the total cross-section as a
function of neutron energy. It shows the well-resolved fine structure resonances, which
are essentially the levels of the compound nucleus 241pu at normal deformation and
excitation energy close to the neutron separation energy of 5-52 MeV. Their spacing is
of the order of 10eV. The lower part of the diagram is the fission cross-section on the
same energy scale. The narrow groups of resonances that have any significant fission
are spaced at intervals of about 700 eV. The interpretation of this is that each group
corresponds to a single classs-II level of high deformation. The effective energy
available for internal excitation of such levels is the difference between the neutron
separation energy and the energy of the lowest shape isomer (which is the deformation
energy at the secondary well deformation plus the zero-point energy). Most of the
resonances observed within a group are class-I levels with an admixture of the class-II
level; this admixture gives the resonance virtually all its fission cross-section. It is also
possible that one level in the group is mostly the class-II level with some admixture of
the neighbouring class-I levels; the latter give this resonance elastic scattering
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properties, enabling it to be observed in the neutron cross-sections. The neutron crosssectmns close to a level 2 are given, in the limit of small total width F~, by the single
level Breit-Wigner formula
Ona = 1't~2

r'~(")Fa(a)

(E -- Ea) 2 + r ~ / 4 '

(6)

where n denotes incident neutron and a some reaction product; ~ is the De Broglie
wavelength divided by 2n and Fa(.), F~(o) are the neutron and reaction widths,
respectively. Equation (6) does not include spin-weighting factors, which differ from
unity for non-even target nuclei and/or neutron orbital angular momenta greater than
zero. The area under such a resonance cross-section curve (which is its contribution to
the average cross-section) is
Aa..o -~

fdE a.. = 2x2~2Fa(.)Fa(o)/F~.

(7)

The relevant properties of the fine structure resonance states in a cross-section of
the kind shown in figure 13 can be discussed most easily starting with the assumption
that all basis states are discrete. In many cases this is virtually the case, but if not (and
this is generally the case when the excitation energy is about the same or greater than
the outer barrier height) they can be rendered so, for formal manipulation, by
imposing suitable boundary conditions (for example, at the outer barrier). Basis states
of a formal class-I or class-ll character can be defined in terms of E-vibrational
,~(i)
(ll)
wavefunctions of either class-I or class-II type, •~,.
, &-~.
, as shown in the scheme
illustrated in figure 11, paired with wavefunctions describing the intrinsic excitation;
we can denote a "simple" intrinsic wavefunction (derived from a model Hamiltonian),
such as a product of Nilsson particles and holes by X,, say. Thus, a typical class-I
compound state will contain of the order 106 components (for actinides at the neutron
separation energy) of the type ¢~)X, (of which the majority are n = 0). A class-II
compound state will contain of the order of 103 components of the type .~l,~)Z,. Again,
the majority will have n' = 0, but the significant terms from the point of view of fission
are those with high n' and hence especially high amplitude for tunnelling through the
outer barrier. On the other hand, neutron emission amplitudes (for elastic scattering)
to the target ground state, which, to a high approximation, contains only the zerophonon class-I vibration, can only be constructed from components containing ¢~).
The residual forces, described by a Hamiltonian term H .... that mix the model
wavefunctions OZ in the compound states have still to be used to mix the class-II
states with the class-I states. Denoting compound class-I and class-II states by their
quantum numbers 2~, 2., respectively, the mixing matrix elements are
Ha.a. = <2dH,esl2n>.
At energies near or below the inner barrier peak these are clearly very small by virtue
of the overlap integrals Sd/3~°)o(m that are involved in every term of the expansion of
Ha, a.,. When the matrix elements are sufficiently small (average IHI <<D, the average
level spacing, is a sufficient condition) it becomes possible to calculate the fully mixed
compound states, denoted by the quantum number 2 (without a subscript), by
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considering the mixing of each class-II state separately with its class-I neighbours.
At sufficiently low energies the mixing will be described by first-order perturbation
theory with the compound states largely retaining their original class-I or class-II
identity. This is the case of very weak coupling or mixing. The state retaining its classII identity is denoted by 12") and can be expressed

I:," > ~, 12,,> + E
A,EA, - E~,, I~'l>.

(8)

The former are denoted generically by 2' and have the form

H,~.iAii

12') ~ 12,) + ~E------ ~
At Art

-

-

E'At

[An>.

(9)

The eigenvalues also suffer a small shift from their original positions.
It is clear from (9) that if the fission width amplitudes of the class-I states are
negligible (as follows from their definition in terms of class-I vibrations) the fission
widths of the states 12'> are

HAtA,t 1,1/2
2'(f) ~ Ext _ EA" t A l l ( f ) "

rU2

(10)

That of the quasi-level ~-n remains almost A211(f)
r~/2 to the extent that class-II strength is
spread very weakly to class-I states. The neutron width of the original class-II state is
negligible; the quasi-class-lI level picks up neutron width amplitude in accordance
with (8), so that

FI/2

HAta,l

1"1/2

A"(n) "~ ~ E~. - EAt -2,(n)"

(10

This can be very small in the limit of very weak mixing, giving rise to a very weak
resonance in the fission cross-section, as substitution in (6) to obtain the resonance
strength will reveal. The neutron widths of the quasi-class-I levels will be changed very
little from their original values.
Partial radiation widths for transitions to specific final states will be analogous to
the above formulae according to whether the final state has class-I or class-II
character. The quasi-class-II resonance will therefore have a very different neutron
capture 7-ray spectrum from the remaining resonances. Its major component will be a
softer-than average group of 7-rays terminating at the shape isomer. It will also have a
minor but harder component terminating at the .ground state. The relative
magnitudes of the total radiation widths of the two components will depend on the
mechanism for electromagnetic transitions from these compound nucleus states. If the
electric dipole transitions are governed by the damped giant dipole mechanism the
class-II total radiation width will be about one-half of the class-I value (25-30 meV)
for a typical class-II state excitation (relative to the shape isomer) of 2.5-3.0 MeV, and
will rapidly decline in relative magnitude for lower excitation.
A good example of the very weak mixing situation is in fact the 24°Pu(n, f ) reaction.
An enlarged illustration of the cross-section around 800eV is shown in figure 14
(Auchampaugh and Weston 1975). Analysis including the total cross-section data
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Auchampaugh and Weston (1975).
shows that the rather small resonance at 782-4 eV is a quasi-class-II level. Its fission
width is 1-45 eV, very much larger than any of the neighbouring resonances. Its
o
reduced neutron width (neutron width/x/energy ) is very small i.e. Fa,,(,)=
1.3 x 10-4eV; this can be compared with the average (class-I) value of ~ 10-3eV
and with the expectation value calculated from (12), i.e. F°,,(.)= 0.84 × 10-4eV.
This seems typical of the resonance groups in this reaction. One interesting
deviation is the group at 1405 eV. Here two resonances are very close and share most
of the total fission width of 3"5 eV, the neighbouring resonances having fission widths
no greater than 5 meV, This is clearly a case of accidental degeneracy o f a class-I and a
class-II level, and above first-order perturbation theory is not applicable. A proper
treatment of these nearly degenerate levels with perturbation theory applied to the
mixing with the other class-I levels shows that the unmixed class-II and class-I levels
are separated by only 0.9 eV and their matrix element H).13.i
2 I = 9"8 e V 2. Auchampaugh
and Weston's analysis of the detailed cross-section by R-matrix theory shows that the
resonances have a constructive interference term in the cross-section between them,
and this is in agreement with the requirement of the degeneracy treatment.
Another example of very weak mixing is provided in the cross-section of 23sU. The
lowest energy group is at 720eV; this is shown in figure 15 (Difillipo et al 1977). The
resonance at 721-6 eV appears to be the quasi-class-II level. If so, it has a fission width
of about 1 meV, more than one order of magnitude greater than the next largest
fission widths, at 708-3 eV and 730.1 eV. Another hypothesis is that the quasi-class-II
level is none of those observed in figure 15, but is in fact a much broader level with
fission width approaching 500meV and a very small neutron width. A measurement
of the y-ray spectrum or total radiation width could determine this point. The overall
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characteristics of the y-ray spectrum have been measured by Browne (1976), who
concluded that the spectrum is indeed softer than that for the typical resonance in the
238U cross-section, in contradiction to Weigmann et al (1975). More recently, the
very difficult measurement of the total radiation width has been accomplished
(Auchampaugh et al 1986). The result found for the 721.5 eV resonance is F~r = 4.7 +
0.6 meV; this is only about one fifth of the nearly constant value (23"5 meV) that is
well determined for a large sequence of other resonances, and seems to confirm that
this resonance is a quasi-class-II level. The absolute value of the radiation width
indicates that this class-II state lies 2 MeV or less above the shape isomer. The neutron
separation energy of 238U-{- n is 4-86 MeV; this places the isomer energy of 239U at
about 2'8 MeV, a not unreasonable result (cf. 2"56 MeV for 23su). It could in fact be
lower than this because at such a low relative excitation the details of the spectrum
become important in determining the total radiation strength.
2.4b Moderately weak mixing: When the average squared matrix element
(H2,a,,) t> Dr, the average class-I level spacing, the fission strength of the class-II state
is spread over the neighbouring class-I states according to the Lorentzian-type
formula
Di
F~.(/) F~.II(£)
(Fa(:)) = 2rt (E;. n - - E a ) 2 q- W 2 n

(12)
'

where (F~(y)) is to be interpreted as an expectation value for the fission width of a fine
structure resonance 2, Fai,(f) is the class-II state fission width, Fax,(,) is defined as a
coupling width for mixing the class-II state into its class-I neighbours, and
Wa, , ( = Fai,ic)/2 in this case, in which it is assumed that the fission width of the class-ll
state is very much smaller than its coupling width) is the half-width of the Lorentzian
profile.
At this level of mixing the class-II state no longer manifests itself as a single finestructure resonance, but rather as the profile of an intermediate structure resonance.
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The coupling width of the class-II state is not in a physical sense a partial width for
formation or decay, but can be regarded in an analogous way as "decay" of the class-II
state into the background class-I levels. The coupling width is related to the matrix
elements:
ra.(c ) = 2g ( H],a,,)/DI.

(13)

An example of an intermediate resonance of this type appears to be the cluster of
resonances around 600eV in the neutron-induced fission cross-section of 234U. The
resonance fission widths, as measured by James et al (1977), are shown in figure 16.
The overall peaking of the widths is apparent, even though their magnitude is shown
on a logarithmic scale and there is a large individual scatter. The latter is a
manifestation of the Porter-Thomas distribution, which is due to the quasirandomness of mixing of any particular configuration into the wavefunctions of very
highly excited compound states; the effect of this distribution (in this case in the
neutron widths for the 24°Pu total cross-section) is also seen in the upper half of
figure 13. A Lorentzian profile fit (12) to the fission widths indicate a class-II fission
width of 85meV and a coupling width of 136eV for a class-II state at 580eV, and
5 meV, 174eV, respectively for a higher class-II state at 1227 eV.
A quite different physical situation can also lead to a fission width profile like that of
(12). This is the situation in which the class-II fission width is much greater than the
class-I level spacing, while the coupling matrix element is small. In this case the
Lorentzian half-width Wx,, ~ Fx,,(:), the factor D~Fa,,(c~/2n on the r.h.s, of(12) is to be
replaced by the individual squared matrix element H],a,,, and the l.h.s, is to be
interpreted as the actual fission width of an individual quasi-class-I resonance 2 - 2,.
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fits for one and two class-II level assumptions.
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Physically this situation is hard to distinguish unambiguously from the previous one,
and no proven case is known. A possible example of it is provided by the neutron
fission cross-section of 237Np. Intermediate resonances are found in this cross-section
at intervals of about 40eV. The lowest structure occurs at 40eV (Paya et al 1969;
Plattard et al 1976). Its width is 1-9eV. If this is the fission width the average squared
matrix element is 10-3 eV 2. Alternatively, the choice that the coupling width is 1-9 eV
and the class-II fission width is 6 meV is an equally valid explanation in the absence of
further experimental information (Lynn and Moses 1980).
2.4c Average fission cross-sections: The area of an intermediate resonance of the
above type is
A~. = 21r2~"2
x[

l"~nl
1"(.) + 1-'~,1l-~n~)l-att~f)

?i/2

n(F(.) + F(,))
(F~,,(<) + F~,,tf))2(F(,) + F(,))n + 2D~F~,,t~)Fx,,(y).j

(14)

"

From this an approximate expression for the average fission cross-section is obtained:

where
+

T~:)~ TA Tn ('ira+ Ts)2(T<,)+ T~,))+ 4Ta TB..] '

(16)

which is valid for intermediate resonance widths much smaller than the class-IIlevel
spacing Dn. It also contains the assumption that the widths are uniform; the real
situation of fluctuating widths leads to a reduction of the average fission cross-section
by a factor which may be as low as ~0"6. The quantities T are transmission
coefficients for crossing physical boundaries in the compound nucleus system; thus
7", = 2n (F~,~)/DI is the coefficient for neutron formation (or elastic decay) of the
compound nucleus, 7", = 2n(F~,))/D~ is the summed transmission coefficient for all
other reaction channels of class-I states of the compound nucleus (excluding fission),
and TI is the transmission coefficient for fission. Equation(15) has the HauserFeshbach (1952) form for statistical decay of the compound nucleus. The quantities
TA, TB, already introduced in (4) and (2), are transmission coefficients for the class-II
states, which can be visualized as excited states confined to the secondary well of the
fission barrier, decaying over the inner barrier A into the much denser sea of class-I
states, or over the outer barrier B into the continuum leading to the scission point;
their relations to the coupling and fission widths are

T/i = 2n (Fnl<)>I D n,

(17)

TB = 2n ( Fnff)) ID n .

(18)

An exact treatment of decay from the primary well through a uniform picket-fence
model of states in the secondary well to the fission continuum (Back et al 1974; Lynn
and Back 1974) gives a formula that differs somewhat from (16) when TA and/or Ta are
close to, or exceed, unity. The asymptotic form of this exact equation for TA and/or
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TB >> 1 (i.e. the class-II intermediate resonances completely overlap) is
(19)

Tt¢ ) = TA TB/(TA + Ts).

This is a formula that can also be obtained from a simple statistical treatment of
"assaults" from a primary well upon the double-humped barrier, statistical
equilibrium being attained each time the system reaches the secondary well from
which it can then proceed either back to the primary well or on towards fission in the
ratio TA to TB. It can be shown that for the sub-barrier situation, TA, TB << 1, the
microscopic (intermediate structure) result, equation (16) is considerably less than the
statistical result (equation (19)).
The failure of the simple statistical formula is even more marked when fission crosssections are averaged within the very weak mixing regime, described in §2.1. In this
regime there is anti-correlation between the neutron width of the quasi-class-II
resonance and fission widths of neighbouring class-I resonances in each intermediate
group. This causes a very steep fall with decreasing excitation energy of the average
prompt ftssion cross-section. This can be arrested when the energy becomes low
enough that the rapidly decreasing fission width of the class-II states falls below the
slowly changing radiative width (as appears to be the case in slow neutron-induced
fission in 2asu, described in §2.1). Then the predominantly observed fission will be
delayed fission from the shape isomer, provided its branching ratio for fission is high
enough. The most favourable reaction for attempting to observe this deep sub-barrier
behaviour in the cross-section is probably photo-fission (Bowman et al 1975), and
there is some evidence for its occurrence, for example in the 23su(y,f) cross-section
(Bowman et al 1975; Zhuchko et al 1978).
The barrier transmission coefficients can be calculated from the number of intrinsic
states v that can be excited within the energy available at the respective barrier, but
with the quantal tunnelling modification of (2)

T~

1

1 + exp[ZTt(Vc + Ev - E)/hogc]

(2O)

C here denotes A or B. The intrinsic motion of the nucleus can be defined as that
involving all degrees of freedom except that of elongation towards fission. At the
lowest level these states will comprise, for an even nucleus, a "ground" state, with zeropoint motion of nucleonic (single-particle) and other collective degrees of freedom,
carrying a rotational band (cf. (5)) with spacing governed by a moment of inertia
dependent on the barrier deformation. The spin-projection on the axis of the
deforming system will be K = 0, and the total angular momentum of the band
members will be the sequence I = 0, 2, 4 . . . . . For an odd-A (or odd-odd) nucleus the
"ground" state will consist of one (or two) quasi-particle motion in the lowest
available Nilsson orbital(s), and again such a state will carry a rotational band with
spins in the sequence I = K, K + 1, K + 2 .... Above these lowest rotational bands
vibrational motion in collective variables such as the ~ degree of freedom (axial
asymmetry), with K = 2 for an even nucleus, and reflection asymmetry (K = 0, odd
parity) can be expected. Assignment of a K-quantum number is only valid if the
nucleus retains axial symmetry. If this is not the case at a barrier then three rotational
axes become available, instead of one, and with them a corresponding increase in the
number of rotational states in the rotational bands built on the band-head states.
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Likewise, if a barrier saddle-point state does not possess reflection symmetry, neardegenerate rotational b a n d systems of opposite parity become possible. At high
excitation energies, m u c h greater than the barrier height, the s u m m a t i o n m a y be
replaced by an integral with the integrand weighted by the density of intrinsic states
appropriate to the nucleus with the deformation of the barrier. (This is discussed
further in §2.4d).
The fission and coupling widths, intermediate resonance areas or average fission
cross-sections in the sub-barrier region can be interpreted with the above relations to
obtain information on the inner and outer barrier properties. Because the actual
a m o u n t of data on intermediate structure p h e n o m e n a are quite limited, the
conclusions that can be reached are rather qualitative, but nevertheless informative.
They are summarized in the table below. In this " C N " denotes c o m p o u n d nucleus,
and S, is the neutron separation energy.
2.4d F i s s i o n c r o s s - s e c t i o n s n e a r t h e barrier: M o s t information on barrier heights has
to be obtained from the overall energy dependence (usually averaged by b r o a d
experimental resolution) of fission cross-sections t h r o u g h the barrier region. These are
fitted using the statistical model formula, (15) of H a u s e r and F e s h b a c h (1952),
weighted and summed over the full range of total angular m o m e n t u m , J, and parity, n,
q u a n t u m numbers available to the reaction system. F o r an even c o m p o u n d nucleus, it
Table 1. Semi-quantitative information on barrier heights deduced from intermediate

structure in neutron fission cross-sections.
CN
235U
237U
239U
23SNp
239pu

24°pu
241Pu
243Pu
24SPu

jr

S,
(McV)

V~
(McV)

V~
(MeV)

Ref.

1/2+
1/2 +
I/2 +
2,3 +
t/2 +
1+
1/2 +
1/2 +
1/2 +

5.31
5"13
4.86
5.49
5-66
6"52
5'24
5-04
4"76

~ 5.5

6.0

1

~<5.8
6'2
6-0
7'0
5"7
5'9
5"7

>t 5.9
6'1
~ 5-6
~ 6"5
5'5
5"6
4'9

2, 3
4,5
6, 7
8
9
10
11

Com.
a

b

References:
1) James et al (1977)
2) Difillipo et al (1980)
3) Auchampaugh et al (1986)
4) Plattard et al (1976)
5) Auchampangh et al (1984)
6) Silbert (1969)
7) Silbert and Berreth (1973)
8) Patrick and James (1968)
9) Auchampaugh and Weston (1975)
10) Weigmann et al (1985)
11) Moore et al (1983)
Comments:
a) No intermediate structure observed; class-II cascade to y-decaying isomer?
b) Barrier parameters refer to J~= 1+ states; these may be up to 1-4 MeV
above 0 ÷.
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is possible to model to some degree the nature of the intrinsic states at the barrier
deformations, as in §2.4c. Often the detailed properties of the states of the residual
nucleus to which elastic and inelastic scattering occurs are known, and a good
estimate of the radiative width is possible so that the reaction transmission coefficient
7", can be estimated with some accuracy. The free barrier parameters that are to be
determined in the fitting are then limited to the inner and outer barrier heights and
penetrability factors V~, VB, hcoA, hcoB, of (20). Further refinement can be introduced
into the fitting by modelling incomplete damping (mixing) of the//-vibrational states
into the clfiss-II compound states, in order to reproduce the vibrational resonances, as
shown in figure 12 for example. The extra parameters required for this will include a
vibrational resonance damping width Fp(a) and vibration spacing hco..
An example of such a fit is shown in figure 17, the data being the fission probability
deduced from the 23aPu(t,pf) reaction as measured by Back etal (1974). The
calculated curves employ the barrier parameters V,4 = 5.55 MeV, h~oA= 1.04MeV,
VB= 5-05 MeV, hco8 = 0-6 MeV, and vibrational resonances with spacing of 0.5 MeV,
damping width of 0.2 MeV (except for the dashed curve, which shows the effect of
reducing the damping width to 0-1 MeV). The full curve is based on the assumption
that there is a simple K ~ = 0 + band of rotational states at barrier A. The other curves
show the effect of relaxing this assumption, allowing full axial asymmetry in the
nuclear shape, with the consequent introduction of extra rotational bands.
For odd-A and odd-odd compound nuclides, and for all types of nuclides at
excitation energies much above the barrier, the full range of parameters,
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Figure 17. The fission probability determined in the 23aPu(t, pf ) reaction (Back et al 1974).
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F i g u r e 18.

F i t t i n g results to the fast n e u t r o n fission c r o s s - s e c t i o n o f 234U.

encompassing many values of spin and parity for such reactions as fast neutroninduced fission and deuteron stripping-induced fission, is usually too numerous to be
determined in detail by fitting the barrier region cross-sections. Parametrization is
done in a statistical sense; thus, a basic barrier height and penetrability parameter is
assigned for each barrier of a given nuclide, and a density function is determined for
the intrinsic states (channels) at each barrier. To further reduce the ambiguity of fitting
it can be assumed that the penetrability parameters only depend on barrier type
(inner A or outer B) and the odd-even character of the nuclide. Likewise, the level
density parameters are confined to a "universal" set with a similar dependence. The
level density function is often assumed to be a simple exponential (constant
temperature) form:

pc(E- Vc,J").~ Cc(2J + l)expl-(E- Vc)/Oc]

(21)

C here represents either A or B.
A calculation of this type is shown as the full curve in figure 18, a representation of
the neutron-induced fission cross-section of 234U. The barrier parameters are
VA=6"15MeV, hcoA=0.8MeV, Vn=5.9MeV, ho~n=0.52MeV. (The neutron
separation energy of 235U is 5"31 MeV). An attempt at a more detailed fit is shown by
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the dashed curve. In this, the barrier A intrinsic spectrum is assumed to start with a
K ~ = 1/2 + rotational band at 5.96MeV, followed by a K ~ = 3 / 2 ÷ band 0-4MeV
higher, and the barrier spectrum is similar starting at 5.71 MeV. It is in fact a general
feature of the detailed spectrum fits of the fission cross-sections of odd-A c o m p o u n d
nuclides that they yield barrier heights about 0.2 MeV lower than the gross parameter
fitting described above.
There is often difficulty when the results of the average cross-section fitting are
matched against those indicate4 by an intermediate structure. A case of particular
interest is that of the neutron fission cross-section of 238U. The intermediate structure
can be interpreted from the data on the lowest class-II resonance to give an inner
barrier channel of a b o u t 5.3 MeV (0.5 MeV neutron energy) for 1/2 + states. Average
cross-section fits strongly indicate both outer and inner barrier to lie at about 1.4 MeV
neutron energy. The 721 eV intermediate resonance does seem to be particularly strong;
examination of the high resolution cross-section measured by Difillipo et al (1980)
shows strong clustering of the fission strength, with wide gaps between 1.3-5-7 keV,
7.8-11.4 keV and 11.4-15.3 keV. It seems likely that the coupling width at 721 eV is at
least an order of magnitude greater than average; this would imply an inner barrier
close to 1"0 MeV. A fit to the fission cross-section up to 1.6 MeV neutron energy is
shown in figure 19 (full curve) using the statistical model with V,4 = 5-85 MeV, hcoa =
0.8 MeV, Vs = 6.15 MeV, hcos = 0.52 MeV (The neutron separation energy of 239U
is 4.86 MeV). This curve fails to fit the data below 0.5 MeV by up to more than three
orders of magnitude. This is because the class-lI fission width indicated by the above
parameters would only be of the order of 2.10-SeV at low neutron energy. The
intermediate structure indicates a width of about 10-3eV. The discrepancy can be
explained by the assumption that the fission observed at these low energies is not
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Figure 19. The neutron fission cross-sectionof 23sU with attempted fits. Dotted and dashed
curves assume low values for the inner barrier.
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Figure 20. Inner barrier heights deduced from near-barrier cross-sections.

prompt fission taking place directly from the resonance, but delayed fission from the
shape isomer resulting from radiative de-excitation of the class-lI states. If this effect is
included in the calculations the cross-curve of figure 19 is obtained (Lynn 1984), and
these adequately fit the averaged low energy fission cross-section data.
From analysis of this kind a considerable body of information has been obtained on
barrier heights of the trans-actinium nuclides. This is illustrated in figures 20 and 21. It
should be remarked that the data on the inner barrier of thorium and, possibly,
protoactinium nuclides are too high for reasons of interpretation to be explained in § 3.
Three features stand out on these diagrams. The first is an apparent odd-even effect, at
both inner and outer barrier, of about 0"5 MeV difference in barrier height between
even and odd-A, or odd-A and odd-odd, isotopes of the same element. This appears to
be a consequence of the same shell effects that control the barrier structure; at the
primary and secondary well deformations the single-particle state densities, which
directly affect the magnitude of the pairing gap, are low and at the barrier
deformations they are high. The second feature is the near-constancy (for same oddeven character) of the inner barrier height over the range of nuclides from uranium to
curium. The third feature is the strong fall, over the same nuclidic range, of the outer
barrier height. Both these features are found in the theoretical calculations of
barrier parameters, and in many reliable calculations within Strutinsky theory
the quantitative magnitude of barrier heights is reproduced within better than
1 MeV.

Topography of fission barrier
7"0 ,,

I

63
I

I

Th

i

6'0

=,=

q

=;
n,,

O•"
5"0 _

UJ
I,.,-

/i"

i"

__ Np/'

//

0

T
,V.__._ V_____ V.....O~V"~,

/

pu Y

'

~N~

/.'0

m

I
lt.O

Cf0 _ •
I
I
1/,5
150
NEUTRON NUMBER

155

Figure 21. Outer barrier heights deduced from near-barrier fission cross-sections.

3. Triple-humped modifications for near-thorium nuclides
3.1 Theory
Careful calculations within Strutinsky theory revealed quite early that for thorium
and lower charge nuclides that the inner barrier was considerably lower than the outer
one, while the depth of the secondary well and the outer barrier was not appreciably
different. This immediately led to an apparent conflict with the experimental data on
fission cross-sections, which had been interpreted as indicating that the inner barrier
for thorium isotopes was at least as high and also probably higher than any of the
higher-charge actinides (see figure 20) while the secondary well was rather shallow.
The possible resolution of the problem came with more extended calculations by
M/511er and Nix (1974).
It was pointed in §2.1 that the saddle point at the outer barrier is to be found, for the
actinides, at reflection asymmetric shapes; the potential energy minimum, with respect
to reflection asymmetry, is a few MeV lower than its value for reflection symmetric
shapes. The careful theoretical exploration of the reflection asymmetric valley from
the second minimum revealed that for thorium nuclides there is an undulation in the
potential energy near the saddle, giving rise to a shallow third well.
This feature has been confirmed by later theoretical work. An example is shown in
figure 22, which features a calculation of the energy surface of 232Th by Aberg et al
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(1980). It should be noted how the reflection symmetric potential hill gradually
develops beyond the secondary well. At the first col (which we shall denote by B') on
the outer barrier there is only a low ridge between the mirror-image reflection
asymmetric valleys. At the tertiary well (denoted by III) however the hill is very
strongly developed, with a height of 5 MeV. This strong hill declines as the
deformation passes through the second col (denoted by B").
3.2 Vibrational resonances
The principal experimental data on the near-thorium group of nuclides that require
interpretation are the very marked giant resonances in their fission cross-sections. In
some cases (e.g. 232Th) this structure has been known for a long time (Henkel and
Smith 1956), without its true significance being realized. A particularly marked and
simple example, the neutron fission cross-section of 23°Th, is shown in figure 23. The
scale of this phenomenon should be noted. The resonance feature is over 10 keV wide,
completely unlike the fine structure resonances resolvable at much lower energies,
which are on an eV scale.
After the early work on the double-humped barrier it was at first thought that such
cross-section peaks marked the//-vibrational resonances expected for some limited
range of excitation above the shape isomer (see §2.3). On this interpretation the inner
barrier heights for Th shown on figure 20 were deduced, and on account of the
narrowness of the resonances and the lack of any evidence of more complex class-II
resonance structure within them it was concluded that the secondary well was much
shallower than for the higher charge nuclides; i.e. the available excitation energy is too
small to allow significant damping of the vibrational state. As noted above, this
interpretation was in conflict with the results of potential energy calculations. Within
the theoretical framework introduced by M611er and Nix (1974) the narrow
vibrational resonance phenomenon finds a natural explanation.
This pSenomenon has been found for the following even-fissioning compound
nuclei:

Topography of fission barrier
1"0

I

I

65
I

I

I

I

230 Th (n,f)

t
z
o
I(J
LU
U3

0"1

,,
•I

!

tt

tttt

I

!

I

lilll,

II

I
iI

I

(/1

,

(D
iv,
(J
z
o
m
{/)
t/1

Iii

0 "01

;7,

0-001

I
06

I
08

I

I
1.0

NEUTRON
Figure

23.

I

!
1.2

I

l
1.4

ENERGY(MeV)

Fast neutron fission cross-section of 23°Th. James et al (1972).

23°Th from the 231Pa(t, ~f)(Back et al 1974) and 229Th(d, pf) reactions (Blons et al
1988);
232Th from the 23°Th(t, pf) reaction (Back et al 1974) and 232Th(7,f) (BeUia et al
1982);
234Th from the 232Th(t, pf) reaction (Back et al 1974).
There is also some hint of the effect in the fission probability function of 22aRa
(Weber et al 1976), although Egorov et al (1987) believe this cross-section can be
quantitatively analysed without invoking a tertiary well.
The basic configuration of the states underlying these resonances can be assumed to
be that of an intrinsic motion "ground" state coupled to zero or more phonons of
]/-vibration (in the direction of deformation towards fission), on which a rotational
band can be built. Because of the mirror-image nature of the tertiary wells with
respect to the reflection asymmetry variable, odd and even parity bands will be neardegenerate and this has apparently been observed; e.g. 232Th from photo-fission
product angular distributions (Bellia et al 1982). Thus the tertiary well (class-III) states
will have quantum numbers K = 0, I~= 0 +, 2+,4 +.... and 1-, 3-, 5-, .... Normally
the energy resolution of the above particle transfer reactions exceeds 50 keV, but the
best experimental resolution available is of the order of 10keV (Blons et al 1988),
which is sufficient to just resolve the individual rotational band members in
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favourable cases. The structure appears to be consistent, e.g. in the case 23°Th, with a
rotational band constant h2/2~ ~ 2keV. When this is compared with the value
measured for the shape isomer rotational bands of heavier nuclides (h2/2~3 ,~ 3'3 keV;
see §2.3) it is seen as a qualitative indication that the fissioning nucleus is considerably
more elongated in these giant resonance states; this is consistent with the tertiary well
interpretation. The lowest observable resonance in 23°Th is at excitation energy of
about 5-7 MeV. This may be the zero-point fl-phonon excitation. The next strong peak
is at just over 6"0MeV; this may be the one-phonon excitation, in which case it
demonstrates that the fl-vibration in the tertiary well is of considerably lower energy
than in the primary well of normally deformed nuclei, or it may be one phonon of
~,-vibration (again much lower than normal). Since the angular distribution of the
emitted fission products is forward-peaked, indicating low K, the former possibility
seems more likely.
Odd-mass and odd-odd nuclides that have been investigated and found to have
similar structure in their cross-sections comprise:
229Th through the 23°Th(aHe, af ) (Back et al 1974b) and 22STh(n, f ) reaction (James
et al 1984);
231Th through the 23°Th(d, p f ) (Back et al 1974b) and 23°Th(n, f ) reactions (Blons
etal 1984; Sicre etal 1985; Vesser and Muir 1981; James and Grainger 1985;
Boldeman et al 1980);
233Th through the 232Th(d, p f ) (Blons et al 1988) and 232Th(n, f ) reactions (Henkel
and Smith 1956; Blons et al 1984; Becker and Bauer 1986);
231pa through the 2a°Th(3He, dr) reaction (Back et a11974b) and 231Pa(v, f ) reaction
(Soldatov et al 1987);
233pa through the 232Th(aHe, df) reaction (Back et al 1974b);
232Pa through the 23 t Pa(d, p f ) (Back et al 1974b) and 23t Pa(n, f ) reactions (Plattard
et al 1981)
Of these the best studied and analysed is the 23tTh fissioning compound nucleus, and
on this rests most of our quantitative evidence that a tertiary well does exist in the
fission barrier of this and neighbouring nuclides.
The basic structure of the tertiary well state underlying a giant fission resonance in
an odd-mass (or odd-odd) nuclide will be a low-lying single quasi-particle (or two
quasi-particle) intrinsic state coupled to a zero or few phonon fl-vibration, on which
can be built a rotational band. Because of the reflection asymmetry of the tertiary well,
almost degenerate bands of opposite parity may be expected. Thus, if the spin
projection along the nuclear symmetry axis K is that of the quasi-particle motion f~
the allowed band members have I ~ = ~±, f~ + 1 ±, D + 2 ±.... If the fission resonance
has narrow enough fission or coupling width, the rotational structure should appear
as a cluster of close resonances, with cross-section strength depending on the
compound nucleus formation cross-section for the appropriate total angular
momentum and parity J~. The energies of the individual members of the band are
related by
h2
Ej, = EK, + - ~ [ J ( J + 1) - K ( K + 1) + al/26r 1/2(- I)J+ ~/2(j + 1/2)], (22)
where al/2 is the Coriolis decoupting parameter for K = 1/2 bands.
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Assuming that the channel structure over the barrier B" contains a set of states
with similar intrinsic plus rotational properties, the above assigned quantum
numbers, together with the spin quantum numbers J, M of the reaction system, will
control the angular distribution of the fission products. This control is particularly
marked for fast neutron-induced fission of an even target nucleus (I = 0). This system
has especially low total angular momentum projection (M = ___1/2) on the projectile
beam axis; low K, combined with high J (brought in by high orbital angular
momentum), thus corresponds to the nuclear symmetry axis oriented along the beam
direction as the compound nucleus passes through the tertiary well deformation, and
hence to forward-backward peaked fission product angular distributions, and
conversely high K gives rise to sideways peaking. The strength of the peaking
[measured by the ratio tr(O°)/tr(90°)] increases with increasing J. Thus, the changing
of angular distribution as the excitation energy moves through the resonance can be
interpreted to give the K (= t)) and J values of the rotational band.
Application of these principles to the high resolution neutron cross-section
measurements of Blons et al (1984), Vesser and Muir (1981) and angular distribution
data of Boldeman et al (1980), Sicre et al (1985) and James and Grainger (1985) has led
to the conclusion that for 2alTh the 720keV (neutron energy) fission cross-section
resonance is due to single-neutron states with f ~ = 1/2 ± and rotational band with
h2/2~ = 1.75 keV, a~/2 = 0"3 = -a-;/2; the last relationship for the opposite sign of
decoupling parameters of K = 1/2 bands of opposite parity is demanded by the
symmetry of the nucleus (Bohr and Mottelson 1973). The low rotational band
constant is particularly suggestive of an extended tertiary well deformation.
Owing to the natural width of the individual resonance components in the bands,
the rotational structure in the cross-section is barely visible even with the good
experimental resolution that has been used. In this situation the fitting procedure may
be model-dependent, and it is therefore important to consider a variety of models.
Blons et al (1984) did reconsider the original one-parity model (Lynn 1969; James et al
1972; Yuen et al 1971) designed on the assumption that the resonance is due to an
undamped vibration in the secondary well. (It was this assumption that led to the
barrier parameters of figures 20, 21) They found it to be untenable in its pure form.
However, there are physical effects that will cause divergence from the pure model
(in either the secondary or tertiary well). One factor is that the single-particle intrinsic
state only has determinate character at fixed deformation. As the deformation changes
with the vibrational motion (even zero-point motion) a single particle Nilsson orbital
changes its energy and its wavefunction (as a mix of single particle states at fixed
deformation). Over a limited range of deformation this last is normally a relatively
modest change, but occasionally one Nilsson orbital will intersect at given energy and
deformation with another having the same quantum numbers of spin projection and
parity t'l~ (Landau-Zener transition), causing rather dramatic mixing of states with
corresponding effects on fission and coupling widths. Another effect is interaction
between nearby orbitals with one unit difference in f~ through Coriolis coupling; this
causes modification of the angular distribution of the fission products from that
expected in the pure K case. The degree of interaction in this case depends on the total
angular momentum of the interacting states, thus causing distortion of the rotational
bands within the vibrational resonance (Lynn 1983). Another physical factor is the
variation of the potential ridge between the reflection asymmetric valleys and this can
affect the degree of degeneracy between the odd and even parity bands; it can also
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Figure 24. Detailed nuclear structure model fit to the fission cross-section of 23°Th.

affect the channel barrier heights causing possibly significant differences between the
coupling and/or fission widths of the two bands (Lynn 1987).
A variety of fits to the 231Th data containing one, more or all of the above factors in
the models have been tried. It has been found that single parity (secondary well)
models are still not satisfactory. Improved fits, especially to the angular distribution
data, can be found for the tertiary well model. An example is shown in figure 24. In
that fit the energy difference between the odd and even parity bands is 15 keV, the
rotational band constant h2ff/23 is I'1 keV, the decoupling constant all2 is - 0.7, the
fission widths of the two bands are equal to about 8.5keV, while the odd-parity
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coupling width is little more than one quarter of the even-parity width at 0.8 keV. The
fitted Coriolis coupling strength is rather large, implying that the unperturbed
rotational band constant may be as large as 5 keV, if the interfering K = 3/2 state lies
200 keV higher, as implied by the cross-section evidence at this higher energy. If the
fission width of this higher state is assumed to be three times that of the 720keV
resonance acceptable fits can be obtained with values of the Coriolis coupling strength
that are consistent with an unperturbed rotational band constant of about 2"5 keV.
It is apparent from detailed fitting of the data in this particular case that it is not
consistent with the concept of a vibrational state in the secondary well, and does lend
support to the concept of a tertiary well with the characteristics of reflection
asymmetry. It is clear, however, that we are still lacking much detailed knowledge of
nuclear structure in this region of deformation.
3.3 Interplay between class-II and class-IlI structure
In the above models it has been implicitly assumed that the cross-section features are
due to direct mixing of the class-I (compound nucleus fine structure) levels with the
class-III levels, the latter being very widely spaced and of relatively simple nature
owing to the very low effective excitation energy available. It is possible, however,
even if the inner barrier A is somewhat lower than the total excitation energy of the
system, that there is some residual class-II structure that could modulate the fission
cross-section energy variation.
A schematic, idealized, diagram of the relation of classes of levels is shown in
figure 25. In the present context the vibrational level is a class-III state located within
the tertiary well. Its coupling matrix elements with the denser and more complex classII states are attenuated by the intermediate B' barrier, giving the class-II states fission
widths with an average Lorentzian profile about the vibrational level energy. The
class-II states are coupled in turn with the dense class-I states across the inner barrier
A. If the latter barrier is high, that coupling is also weak, and will give rise to the
Z
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Figure 25. Illustration of mixing of vibrational resonanceinto class-II states and then into
class-I states.
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well-defined class-lI intermediate structure indicated in figure 25. If barrier A is low,
much of the class-II structure will be washed out but not smoothly so; if, for the spin
and parity quantum numbers concerned, only one or a few channels are open for the
energy available at the barrier there can be large near-random fluctuations in the
coupling widths for individual class-II states about their expected average. Even if
the inner barrier is more than 1 MeV below the total excitation energy, and there are,
therefore, up to 100 channels available, there can still be expected to be a fluctuation
level of 10 to 20~o on the smooth cross-section profile of the vibrational resonance.
This effect appears to be manifested over the large vibrational resonances in the
neutron fission cross-section of 232Th.
There is also evidence for compound class-II structure in a photo-fission crosssection measurement of 232Th made with monoenergetic photons (from (p,~,)
reactions) with energy resolution of a few hundred eV across energy ranges of several
keV (Zhang et a11986). At 5.9 MeV excitation the class-II level spacing ~< 1 keV and at
6.3 MeV it is about one half of this value, indicating that the secondary well is about
2"5MeV above the primary well. The resolution is insufficient to ascertain the
sharpness of these states, and hence the inner barrier height, but the data do indicate
that this height must be at least 5 MeV. This is to be compared with about 6.2 MeV for
the outer barrier.
At energies below the zero-point vibration of the tertiary well, it is possible to
obtain structure in cross-sections purely from the class-II levels. The overall crosssection level is likely to be very small because of the high outer barrier B to be
overcome, but still observable. It is possible at these lower energies that class-ll
vibrational resonances may be observable, again as illustrated in figure 25. In this case
the damping of the vibrational level into the compound class-ll states is not reduced
by barrier tunnelling, and the vibrational level damping width can be expected to be
considerable. Such class-lI vibrational levels, with hypothetical damping widths of
about 100 keV (Lynn 1984), may be responsible for the nearly constant cross-section
(at a level of about 5/~b) of 232Th between 0.1 and 0-6 MeV neutron energy (Perez et al
1983), 1 MeV and more below the outer barrier height. An alternative hypothesis is
that this plateau cross-section is an "isomer shelf" leading by radiative deexcitation,
to delayed fission from the shape isomer (as described in ~2.4a and 2.4c). This faces
the difficulty that the branching ratio of the isomer to fission is likely to be very small
for the thorium nuclides.
Gross resonances also occur in the fission cross-sections of higher charge nuclides
than thorium. An example was shown in figure 12 and discussed as a prominent
example of a damped class-II vibrational resonance. Examples are also to be found in
the following even nuclides:

232U from the 23tpa(3He, df) reaction (Back et al 1974a);
236U from the 234U(t, pf) reaction (Back et al 1974a);
24°U from the 23Su(t, pf) reaction (Back et al 1974a);
23Spu from the 237Np(3He, df ) reaction (Back et al 1974a);
24°pu from the 238pu(t, pf) (Back et al 1974a) and 239pu(d, pf) (Gl/issel et al 1976)
reactions;
242pu from the 24°Pu(t, pf) reaction (Back et al 1974a);
25°Cm from the 24aCm(t, pf) reaction (Back et al 1974a);
and the following odd-A nuclides:
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235tJ from the
2a*u from the
et al 1988).

234U(n,f) reaction (Lamphere
236U(n,f) reaction (Lamphere
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1962; James et al 1977);
1955) and 236U(d,pf) reaction (Blons

It now has to be considered if such resonances could possibly be of the class-III
type, even though dense class-II levels have been found as substructure, as in the
239pu(d, pf ) reaction (Gl~issel et al 1976). Theoretical calculations suggest that a true
tertiary well should not exist for uranium and heavier nuclides, and, therefore, that
most sub-barrier giant resonances should be vibrations centred around the
deformation of the secondary well. Some of the resonance effects at higher excitation
energies could be related to a long plateau-like region of deformation over the outer
barrier; calculations have shown that this can often give rise to a barrier threshold
resonance-like phenomenon in the transmission coefficient.

4. Fission fragment masses; cols and valleys between saddle and scission

4.1 General
One of the early discoveries of uranium fission was that the mass division of the
fissioning nucleus was asymmetric, peaking around fission product masses of about
140 and 96. This is qualitatively different from the expectation of symmetric division
in liquid drop theory. Since that first result the mass yield function has been explored
for a wide range of fissioning nuclides. While asymmetric division is the common
mode of fission for the range of nuclides from uranium to californium, other modes set
in outside this range. Thus the near-actinium nuclides show symmetric division
alongside the asymmetric mode. Symmetric division becomes the predominant mode
for much lighter nuclides towards lead, and also for the heavy fermium and higher
nuclides. It has been found that these various trends can be explained qualitatively
within the shell plus liquid drop theory, even though the dynamics of the fissioning
process, which requires sound knowledge of the deformation inertial tensor as well as
the viscosity, must be followed to explain the scission properties quantitatively, and a
full theory of fission is therefore not yet available. The information from mass division
is thus an excellent check on many features in the theoretical calculation of the
potential energy surface between the saddle and scission points.
An important auxiliary to the information on mass division is the knowledge of the
kinetic energy of the fragments. The total energy of the fissioning compound nucleus is
divided at or near the scission point into the following components: mutual Coulomb
repulsion energy E c of the incipient fragments, their scission point kinetic energy Esx,
their deformation energy Eo, and their internal excitation energy Eint;
Etot -- E c + ESK + E D + Eint.

(23)

If the scission point kinetic energy and internal excitation are assumed small, this
equation shows that the coulomb repulsion energy, which manifests itself as the
ultimate kinetic energy of the well-separated fragments, allows an estimate of the
deformation energy of the fragments at scission and hence of their deformation.
Realistic estimates of the energy of the (well-separated) fragments as a function of
deformation can be obtained using the methods of Strutinsky theory. Calculations of
the shell contribution to the energy, Esh©lI of equation (1), have been made by Wilkins
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Figure 26. Contours for shell correction energies as a function of quadrupole deformation
and neutron number. From Wilkins et at (1976).
et al (1976). Contour diagrams from their paper, as functions of neutron (and proton)
number and quadrupole deformation, are shown in figure 26 and 27. Clear shell
stabilizing effects are apparent, not only for the spherical magic numbers at N or Z =
50, 82 etc., but also for a number of strongly spheroidal shapes. The most notable
are in the region of N = 66 (fl ~ 0.6), 88 (fl ~ 0.65), 58 (fl ~ 0.37), 60, 80(fl ~ 0.85) and
Z ,,~ 44, 64 (fl ~ 0.55), 38 (fl ,,~ 0.37), 36, 48 (fl ~ 0-75). At the most highly extended of
these shell stabilities (which tend to be close to the shapes of scission-point fragments
in the liquid drop model of uranium and lower charge nuclei) the addition of the liquid
drop energy, E~dm of (1), will raise the total deformation energy considerably above
that of the normal ground state of the relaxed fission product; the total kinetic energy
will therefore not be particularly high, although higher than that of a pure liquid drop
prediction. The spherical shell closures, on the other hand, lend great resistance to
deformation of fragments constituted of those nucleon numbers, and hence are
associated with high total kinetic energy. On the basis of these features, a statistical
model calculation (Wilkins et al 1976), assuming equilibrium amongst the "internal"
collective excitations of the incipient fragments, can be shown to reproduce most of
the qualitative features of mass and total kinetic energy distribution across a wide
range of fissionable nuclides.
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4.2 The near-lead region
The mass-yield functions of nuclides with A, Z a little higher than lead have, to a good
approximation, the symmetric Gaussian shape expected qualitatively of the liquiddrop model. Examination of the far wings (Itkis et al 1984) shows, however, a
deviation towards an excess of very asymmetric divisions. Measurements of the total
kinetic energies of the products also show that these events have higher ErE than the
main group, as well as a greater dispersion in this quantity (figure 28). These very mass
asymmetric events associated with anomalous total kinetic energy seem to be due to
nascent fission products centred around both the spherical shell closures at N = 82,
Z = 50 (and N ~ 44, Z ~ 34 for the complementary deformed light fragment) and the
highly deformed shell at N = 88, (with Z .~ 52) and also deformed complementary
fragment at N ,-, 38, Z ,-~ 32. Typical calculations of the potential energy surface
(Pashkevich 1971; Mustafa et al 1973) for 21°Po show that, while the cols of the
fission barrier are at reflection asymmetric deformations, the main valley leading to
the scission point rapidly becomes reflection symmetric (figure 29). Nevertheless the
valley retains plateau-like shelves, several MeV above the valley floor, for reflection
asymmetry corresponding to an A ~ 132-140, 78-70 division. There is evidence,
however, from measurement of the ratio of symmetric to asymmetric fission of 213At,
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which falls very steeply with energy just above the barrier region, that the
"shelves" (or valleys) may have to be reached by a barrier some 2.5 MeV above that for
symmetric fission (Itkis et al 1987); this is in qualitative agreement with calculations of
Pashkevich (1971).
4.3 The near-radium region
The feature of a minor admixture of asymmetric mass division becomes more
prominent with increasing mass and charge of the fissioning nucleus, until in the
radium region the spectacle of triple humped mass-yield functions is found. With
increasing excitation energy the strength of the symmetric peak increases. This type of
fission, first discovered by Jensen and Fairhall (1958) in the reaction 227Ra(p,f), was
originally explained (Perry and Fairhall 1971) as the superposition of the prevailing
modes of fission (either symmetric or asymmetric) from the different fissioning
nuclides that arise from first-chance I-(x,f) reaction], second-chance [(x, nf)
reaction], etc., fission events. Later work has made it clear that co-existent symmetric
and asymmetric fission arises in the same nucleus. Low energy fission, in which the
excitation energy is insufficient to allow emission of a nucleon and leave the residual
nucleus with appreciable fission probability, is still found to exhibit triple-peaked
mass-yield. Hence this phenomenon is explained in general terms as a bimodal
process. It has been found over the range of nuclides from 226Ra to 23°Th, for which a

75

Topography of fission barrier
2.0

!I /

2.5

3.0

3.5

":.,

,.o II /
~ \

s.s

•

\

/

6.5

-

7.0

-

]/I

.k

~

6.o -

14

<.I-

.14.5

> < t6

E--'£--~
Oo

2tOpo
7.5

,q

2

--

a.o
65
145

I

I

I

t

75

85
t25

95

!05

1',5

105

t35

I
tt5
95

I
125
B5

I
135
75

145
65

FRAGMENT MASSES (ornu}

Figure 29.

Potential energycontoursfor zl°Po. From Mustafaet al (1973).

very weak symmetric peak has been found in the thermal neutron induced fission of
2Z9Th (Asghar et al 1982).
As in the polonium nuclides the evidence from total kinetic energy measurements of
the fragments support the bimodal hypothesis with high kinetic energy associated
with asymmetric division (Konecny and Schmitt 1968; Perry and Fairhall 1971). But
in these cases there is also very clear evidence that there are two separate routes across
the saddle-point; the cross-sections for asymmetric and symmetric fission have been
measured in the 226Ra(3He, pf), 226Ra(aHe, df) reactions (Konecny et al 1973) and
226Ra(t, p f ) reaction (Weber et al 1976) in the barrier energy regions. The first case is
shown in figure 30. It is clear that the barrier for symmetric division is more than
l MeV higher than that for asymmetric splitting.
In this case, the theoretical work on potential energy surface is not very clear in
supporting the interpretation of the data. There is one theoretical paper, by Pauli
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Figure 30. Fission probability for asymmetric and symmetric fission of 227Ac.
(1973), that seems to indicate two distinct saddle points leading to near symmetric and
very asymmetric values of the reflection asymmetry deformation variable, but it is
suggested by the author that the action integral over the symmetric path gives a large
hindrance factor. The analysis of the data from polonium to actinium leads ltkis et al
(1986) to conclude that the main features of mass yields are formed at the saddle point
rather than at scission.
4.4 The trans-thorium region
The nuclides from uranium up to californium exhibit the "classical" form of mass
division--asymmetric mass-yields with no evidence of a central symmetric peak,
although the process gradually becomes symmetric with increasing excitation energy
of the fissioning nucleus. The main feature of the mass-yield curve over this range of
nuclides is that the heavy fragment remains centred at A ~ 140, and with increasing
mass number of the fissioning system the light fragment peak increases in mass.
Figure 26 indicates that the predominant cause of this type of partition is probably the
very deformed shell closures at N = 88 (with Z ~ 52) and to a lesser extent the
spherical shell closures at N = 82, Z = 50. This is confirmed by Strutinsky theory
calculations of the potential surface extended well beyond the barrier. The highly
reflection asymmetric nature of the saddle point at the outer barrier has already been
noted in §2 and 3. The feature that is noted in the calculations over the region towards
the scission point (Mustafa et al 1973) is that the degree of asymmetry becomes
somewhat less in the descending valley(s), and in fact agrees much better with the
experimentally observed fission yields.
The validity of shell concepts at the scission point is well illustrated by the recent
precision experimental work at Grenoble, leading up to "cold fragmentation", in which
the mass yields are studied for narrow ranges of total kinetic energy. For example, in
the fission of 234U by thermal neutrons interacting with 233U, the spherical "magic"
A = 132 peak does not become dominant until the very highest total kinetic energies
are reached. (In contrast, it has been found by Asghar et al 198l, 1982, that the A = 144
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peak remains dominant to maximum kinetic energy for 23°Th and 233U fission). In
fact it has been calculated by Berger et al (1981) that such events are only achieved by
tunnelling through a ridge in the potential energy surface against the hexadecapole
deformation parameter, leading to rapid necking of the nucleus at relatively small
elongations. Not far short of the maximum total kinetic energies, the A ,,~ 140 peak
(now sharply defined with subsidiary fine structure), corresponding to a highly
deformed fragment, is still the major one. It is found to have a major role in other
nuclides in this region e.g. 235U(nth,f) (Asghar et al 1981), 241pu(nth,f) (Caitucoli
etal 1981) and 246Cm(nth,f) (Koczon etal 1987). In the latter case "hot"
fragmentation (at the border of minimum kinetic energy) has also been examined and
found to have the prominent A ~ 140 peak. The light peak associated with this at
A ~ 106 is probably also deformed (figure 26). Apparently no neutron emission
accompanies this hot fragmentation; this may signify a strong barrier separating a
region of super-deformation from the ground state deformation.
4.5 The mass 260 region
In the fermium isotopes the mass yield and total kinetic energy behaviour undergo a
remarkable transformation. The lighter fermium isotopes still show asymmetric mass
division, but now with the broadening peaks separated less than 30 mass units. The
transition starts at about 257Fm. Figure 31 shows contours of fission product yield as
functions of both mass and kinetic energy of single products (Balagna et al 1971). For
spontaneous fission of 256Fm the diagram is the characteristic twin mass-yield peaks
with average kinetic energies totalling about 200MeV, in agreement with the
systematic trend from the lighter actinides. But at 257Fm the existence of a symmetric
mass ridge protruding towards much higher kinetic energy (240MeV) becomes
apparent. This symmetric peak with high total kinetic energy becomes dominant for
fermium isotopes, and higher charge nuclides, with mass greater than 258 (Hulet et al
1986; Hulet 1988). The explanation is clearly the existence of the spherical 50 proton
and 82 neutron shells stabilizing the nascent fission products for heavy fermium
isotopes (see figures 25, 26); for 264Fm this influence should become most pronounced
with the division of the nucleus into two 132Sn fragments.
The very sharp symmetric division of these very heavy nuclides is accompanied by
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weak, broad wings of, apparently, still symmetric fission. The total kinetic energy
distribution of these events indicates that they belong to a separate mode. This is
shown in figure 32, in which the highly skewed kinetic energy function of 26°Md
spontaneous fission can be analysed satisfactorily into two Gaussian peaks, one
centred about very high energy and the weaker about a moderate value.
The theory of this phenomenon has been given by M611er et al (1987, 1989), Cwiok
et al (1987) and Pashkevich et al (1988). Sophisticated calculations based on the
Strutinsky theory have shown that there are two valleys proceedings to the scission
point. Both of these are characterized by the property of reflection symmetry.
Figure 33 (M611er et al 1989) shows the contours of potential energy as a function of a
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fragment deformation parameter and overall elongation of the fissioning system,
which in this case is 25SFm. The two saddle points leading into separate valleys are
apparent. One leads to a system with low incipient fragment deformation,
corresponding to ultimate events of high kinetic energy, while the other leads to
deformed fragments.
4.6 Extremely asymmetric fission; heavy-ion radioactivity
It was discovered by Rose and Jones (1984) that a rare form of radioactivity occurs in
223Ra, the emission of 14C. Since then, radioactive emission of other kinds of heavy
ions from other heavy nuclides has been discovered. The range of particles in this
phenomenon includes isotopes of carbon, neon and magnesium (Price et al 1985;
Price 1988; Hourani et al 1985; Barwick et al 1985, 1986). The common feature in this
process is that the residual nucleus is close to the spherical double-magic nucleus
2Oapb"
The theory to explain this process was already being worked out prior to the initial
experimental discovery. Sandalescu etal (1980), using the two-centre nucleon
potential model, extended the Strutinsky methods to nuclear shapes with extreme
degree of reflection asymmetry, and showed that this special type of cluster with lead
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as the heavy partner could exist. Later more refined calculations (Poenaru et al 1985,
1986, 1988) gave semi-empirical predictions of half-lives for a range of these processes.
In these calculations the energetics were established by the potential energy
calculations and the complementary inertial parameter by fitting to a wide range of
~-particle decay half-lives and to the 14C half-life. Comparison of theory and
measurement is shown in figure 34; the comparative agreement in trends is excellent.
Another interesting diagram from the same theory is figure 35, in which calculated
half-lives over the full range of possible mass division, including cold-fragmentation
fission, are presented for 234U. This illustrates both the representation of heavy-ion
radioactivity as an extreme form of fission and the dominant role of shell effects over a
wide range of phenomena.

5. Conclusion
In this paper I have attempted to illustrate the effect of nuclear shell structure on the
fission process by mapping, through evidence from theory and experiment, the
features of the potential energy surface as a function of deformation and the nucleon
numbers of the fissioning nucleus. Shell stabilities found near special sets of nucleon
numbers at certain nuclear deformations are comparable in magnitude with the liquid
drop energy differences due to the changes in deformation that can occur before the
nucleus finally splits. In consequence they have a major effect on the rates and
resultant properties of the fission process.
The review in this paper has been confined to nuclei heavier than lead, and to fission
induced by light projectiles or by spontaneous fission. Within these confines shell
effects are everywhere pervasive. At first sight they are least in evidence for the
nuclides near lead, which have the fission characteristics closest to those expected for
the liquid drop model. Even here a small amount of asymmetric fission is found, which
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can clearly be associated with both spherical and deformed major shell stability in the
nascent fragments. There is also evidence that these incipient shell effects are felt even
at the deformation of the barrier, with separate thresholds for symmetric and
asymmetric division.
Evidence for nuclides between polonium and astatine, on the one hand, and radium
and actinium, on the other, is sparse, but apparently the strength of asymmetric
division increases as the mass of the fissioning nucleus increases, so that in the radium
isotopes triple-humped mass yields, with symmetric and asymmetric division of
comparable magnitude, are apparent. The triple peaks themselves suggest separate
barriers for the two modes of division and this is confirmed by the energy behaviour of
the cross-sections. Above radium and actinium, symmetric fission rapidly reduces in
strength, becoming very weak although still observable as a separate peak in the low
energy fission of 23OTh" This demonstrates the stability of reflection asymmetric forms
at the saddle point and beyond towards scission.
These reflection asymmetric cols through the saddle point also become metastable
in the elongation direction for the thorium and, possibly, the protoactinium nuclides.
The potential well thus developed at the peak of the fission barrier is shallow and
causes giant vibrational resonances in fission cross-sections. In the thorium region too
the first effects of an inner peak in the track through the potential surface seem to
become apparent in sub-barrier cross-sections.
In the uranium nuclides, this inner peak becomes comparable with what has
hitherto been the main fission barrier peak in lighter nuclides. This effect is due to a
major shell effect for spheroids with 2:1 axis ratio occurring in the actinides and
coinciding with their liquid drop saddle-point shape. The double-humped barrier thus
formed is responsible for a new realm of nuclear spectroscopy in these nuclides,
encompassing meta-stable shape isomers at the "ground" level of systems of rotational
bands, quasi-particle excitations, vibrational states and ultimately very complex
"compound nucleus" states, all of which have fission as a principal decay mode. Above
uranium the outer peak sinks relative to the inner one, but the valleys descending to
the scission point retain their reflection asymmetric shape as a result of the dominance
of shell effects in the incipient fragments. "Cold" fragmentation measurements show
that these are not simply the spherical shell closures associated with 132Sn, but also,
especially as the mass of the fissioning nucleus increases, the highly deformed shell
closure at 88 neutrons.
In the heavy fermium isotopes and heavier nuclides the ~32Sn spherical shell effect,
in the short valley beyond the saddle point, becomes almost completely dominant, the
fission of such nuclides being characterized by symmetric yields with high total kinetic
energy. Yet here again there is complexity at the barrier peak with at least two saddlepoints, both being at reflection symmetric shapes but associated with very different
potential fragment deformation and, therefore, ultimate kinetic energy.
Finally, it can be seen how the shell model connects the phenomena of fission and
heavy-ion radioactivity. In the latter case, the incipient "fragment" that is shellstabilized is 2°Spb. This allows the enhancement of ~ emission from 212p0, of t4C
from very light radium nuclides, of Ne ions from thorium and light uranium nuclides
and 2SMg from at least one case, 234U. The current theory for explanation of this
phenomenon is the extension of the liquid-drop plus shell-model methods for mapping
the fission barrier to extreme ranges of mass asymmetry.
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