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Abstract. Two features +f 32S(d,p)33S reaction to the continuum, the parallelism between
the excitation function of the energy differential stripping cross-section d2a/df~dE and the
total neutron 3ESelastic scattering cross-section and the dependence of the ratio (d2a/df~dE)/
atot(n,n) on the transferred angular momentum I are explained by a model in which neutron
stripping to the resonant states is essentially determined by the off-energy shell total
neutron-target cross-section. At low excitation energies of the resonance the off-shell
behaviour of the neutron scattering amplitude is very strong which leads to a big enhancement
of the stripping cross-section relative to the total neutron-target cross-section. The model
provides a good description of the measured (d,p) to (n, n) cross-section ratio corresponding
to l > 0 resonance. However it may not be appropriate for performing the calculations for
s-wave resonances.
Keywords. Off-shell scattering; stripping cross-section; n-target scattering.
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1. Introduction

It has been demonstrated both experimentally and theoretically (Lipperheide 1970;
Fuchs et al 1972; Lipperheide and M o h r i n g 1972, 1973; Baur and T r a u t m a n n 1974;
B o m m e r et al 1976) that there exists a connection between differential cross-sections
for (d, p) transfer reaction to a resonant state and the total neutron cross-section for
the same target. This is reflected in the near parallelism between the excitation
functions of the energy differential cross-sections for the (d,p) reactions to the
continuum and the total neutron target elastic scattering cross-sections. It is also
noticed that the transitions to the resonances of high/-values are strongly enhanced
in (d,p) reaction with respect to the neutron scattering. Hence the ratio of the (d,p)
energy differential cross-section at some fixed angle to the total neutron-target elastic
cross-section depends strongly on the orbital angular m o m e n t u m ! of the transferred
particle. This is an important observation, as it serves to determine the orbital angular
m o m e n t u m of the resonances populated in the (d,p) reaction without necessarily
measuring the cross-sections for all angles.
There has been several methods (Baur and T r a u t m a n n 1974, 1976; H u b y and Mines
1965; H u b y and Kelvin 1975; Schlessinger and P a y n e 1972; Vincent and F o r t u n e
1970, 1973) to calculate the stripping reactions to u n b o u n d states. One class of these
methods employs the distorted wave Born-approximation (DWBA) in a form similar
to that used in the description of stripping to b o u n d states of the residual nucleus.
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Various methods in this class differ by the way they describe the wave functions of
the resonant state (Vincent and Fortune 1970; Schlessinger and Payne 1972; Vincent
and Fortune 1973; Baur and Trautmann 1976; Brinati and Bund 1978; Satchler 1983).
However in all these methods radial integrals involving the DWBA amplitudes are
slowly converging (Cooper et al 1982). Therefore, the numerical calculations involved
in these methods pose some problem (Huby 1985). On the other hand, Lipperheide
(1970), Lipperheide and Mohring (1972) and Fuchs et al (1972) have proposed a
method to calculate the cross-section for stripping reactions to resonant states, where
the convergence difficulties of the DWBA approaches are not present. In this method
the (d,p) stripping cross-section is parametrized in terms of the off-shell scattering
amplitude of the transferred neutron with respect to the target nucleus, which can be
determined, for example through an extension of its corresponding on-shell form via
the R-matrix theory.
Although this model has been used to describe the similarity seen in the (d,p)
spectra and the (n,n) cross-section on the 15N and 24Mg target nuclei rather
successfully, some questions regarding the general applicability of this method are
yet to be answered. For example, one would like to know if this method is applicable
for the resonances seen in these reactions corresponding to all I values. In particular
it would be of some interest to know if this model can also be used reliably to perform
calculation for l = 0 resonances.
In this paper our aim is to study the 32S(d,p)33Sreaction to the continuum
following this method. This reaction has the attractive feature that here the s-wave
resonances show up very clearly along with those of higher/-values, in contrast to
reactions studied earlier (15N (d, p) 16N (unbound) 2'*Mg (d, p) 25Mg(unbound)) where
the s-wave resonances are either not seen or are very weakly seen. Therefore, this
reaction provides a good example for calculating the stripping reaction to the
continuum leading to resonances of all kind.
In the next section we very briefly describe the model. The calculations for
32S(d,p)33S(unbound) reactions are presented in §3 and the results are discussed. The
final section contains our summary and conclusions.

2. Stripping cross-section and off-shell scattering amplitude
In the plane wave Born approximation, the differential cross-section for three-body
final state in continuum in terms of the off-shell total cross-section for each partial
wave l is given by (Shapiro 1963; Bell 1964; Lipperheide and Mohring 1972)

d2a ~

2m2 qp

[M(q,~, qp, q)[2

df] dE ]l - (2nh) 3 qa

× q a[°ta~(q,E),

(1)

m

where E = q2/4m- q2p/2m- Ba and q = q a - qp are energy and momentum transfers
in the relative coordinate system and m is the mass per nucleon, q is a function of
the angle of emission of the proton in the centre of mass system. M is the amplitude
for virtual deuteron break-up and is related to the deuteron form factor G(½qa- qp)
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and to the off-energy shell distance (S) as follows:
M(qa, qp, q) = - [(½q,, - qp)2/m + Ba]" G(½qd -- qp),

(2)

q2
S = ~m - E = (½qd - qp)2/rn + Bd,

(3)

where Ba is the deuteron binding energy. By using the optical theorem, one can write
the off-shell total cross-section in terms of the imaginary part of the off-shell forward
scattering amplitude
qa~°tal(q, E) = 4rch Im flet)(ct = 0 °, q, q', E),

(4)

where • is the c.m. angle for off-shell scattered neutron with respect to the target.
To simplify the calculation of the off-shell scattering amplitude, we assume, following
Lipperheide and Mohring (1972), that it can be extracted from the corresponding
on-shell cross-section by multiplying the latter by a smooth function called "off/on"
ratio. We further assume that the relationship between the potential scattering and
the resonant scattering existing in the on-shell total neutron cross-section remains
the same also in the off-shell total neutron cross-section. Therefore the off-shell
cross-section (like their on-shell counterpart) involves narrow resonances superimposed on a background governed by potential scattering. In order to find an
expression for the off-shell scattering amplitude near a resonance in terms of its
on-shell value, we apply Gellmann and Goldberger's two potential theorem (Levin
and Feshbach 1973). The off-shell T-matrix elements are given by

T:, = T:,(P) + Ty,(R).

(5)

The potential scattering matrix elements T:~(P) describe the slowly varying
background amplitude with respect to energy and yields the off-shell hard sphere
terms. The resonance scattering matrix elements T:~(R) on the other h a n d describe
the rapid variation of the off-shell resonance scattering amplitude with respect to the
energy.
Hence the general form of the off-shell scattering amplitude is given as (Lipperheide
and Mohring 1972; Fuchs et al 1972)

-2~h---~2f(oqq, q',E)= <q'lvq¢lq> -~ (q'lv4'allAl)< Al]vq'atlq)
E- E

m

(6)

~+~i F~ff

where ~ is the c.m. angle for off-shell scattered neutron, /)q,q is the single particle
potential (potential scattering) and Vq:I shows coupling between the resonance term
and the potential terms. F] ff is the off-shell neutron partial width and 12l) is the
compound state characterizing the resonance.
The off-shell total cross-section is then given by
qo'~tal(q, E) =

4~h Im f~o(~ = 0 o, q, q,, E)

m F°~ffl(qlvq,)al21)12
- - h ( E - E;.) 2

+ 41(F,].ff)2"

(7)
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Similarly for the on-shell neutron scattering with the condition q2 _ q,2 = k 2 = 2mE,
one can express the total cross-section as
kcr~ta'(E) = 4zch Im f~/)(fl = O, E)
m F°~nl(klVk,Xt[21)l z

(8)

- h (E - Ea) 2 + ¼(r~n) 2'

where fl is the c.m. angle of the scattered neutron and F]" is the on-shell neutron
partial width. Comparing (8) with the single level single channel R-matrix expression for total cross-section (Lane and Thomas 1958) we recognize that the term
](k[Vk,xl]2l)] 2 depends on the hard sphere phase shift exp(2@), inverse of the
momentum k, the reduced width 7 on and the penetration factor Pt(ka/h) for the
R-matrix channel radius r = a. Therefore the magnitudes of the matrix element
](k[Vk,atl21)[ 2 and the on-shell total cross-section can be estimated through the
R-matrix fitting process.
From (7) and (8) we can relate off-shell total (n, n) cross-section to the corresponding
on-shell cross-section (for each 21 resonance) by
total"
~,
qO'al
(q,/z,)
: ~Fal(q,E) kcr~tal(E),

(9)

where Fat(q, E)/Fa~(k, E) is the so-called "off/on" coefficient given by

where

Fat(q, E)/Fa,(k, E) = N {I ( q ]Vq,;.,12l )[2/I (kit.) k,2/12/)l 2 },

(lO)

Y']ff (E - Ea) 2 + ~(F,lxon)Z
N = F]" (E - Ea) z + l(]-,~ff)2"

(11)

As remarked earlier, the terms in curly brackets in (10) can be related to the
quantities appearing in the R-matrix theory. Lipperheide and Mohring (1972)
suggested several simple "intuitive" forms for this term. However we found the
following simple form most suitable in the sense that it provides the best fit to the
experimental data for the (d,p) stripping to the continuum.
[[(qlvq.;tl21)[2/[(klVk,a,]2l)l 2] =

\Toni

P,(ka/h)"

In (12) Pt's are the neutron penetrabilities at the channel radius r = a. 7's are the
reduced widths. Implicit in form (12) is the assumption that the penetrability Pt(qa/h)
as used in the R-matrix theory can reproduce the essential features of the q dependence
of the off-shell amplitude. The position and widths of an isolated resonance should
remain unaltered when going from the on-shell to the off-shell description, only the
height and generally the shape of the resonance will change (Lipperheide and Mohring
1972). Hence the value of the constant N in (11) and the ratio (7aoff/Yaon) should be
equal to unity. Therefore we adopt the following PrOcedure to test the suitability of
the present method to describe the (d, p) stripping to continuum states. We calculate
the on-shell reduced width L]n by performing a single-channel multilevel R-matrix fit
to the total neutron elastic scattering data on the particular target nucleus. The
corresponding off-shell reduced width can be derived from the partial width of the
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resonances seen in 32S(d,p) reaction to the continuum on the same target by using
the relation
(~)~ff)2 ~___F~n.p)(OL)/2Pt(qa/h).

(13)

With this one can determine the ratio (?~ff/7~n). For the present model to be applicable
the value of this ratio should be closer to unity.
With the help of equations (9) to (13) the total off-shell cross-section as required
in (1) can be estimated and the cross-section for (d,p) reaction to continuum can be
calculated. Although (1) is derived in the plane-wave Born approximation we have
taken into account the distorted wave effects qualitatively by multiplying the
cross-sections calculated by equation (1) by the ratio o9 = [(dtr/df~)DwBA/(dtr/df~)PWaA]
which has been extracted from the work of Mukherjee et al (1977) and Shyam and
Mukherjee (1976).
In the next section we present our numerical results for the 32S(d,p) reaction.

3. Calculation for

32S(d~p)32S(unbound) and discussion

In this section first we examine the suitability of the present model in describing the
(d, p) reaction to the continuum by following the procedure described in the last
section. We concentrate on the 32S target. As remarked earlier, for the applicability
of this model the ratio of the reduced widths (L]ff/L]n) should turn out to be closer
to unity.
7°" has been determined by performing the single-channel multilevel R-matrix fit
to the total neutron elastic scattering data on 32S target (Peterson et al 1950). Actually
several measurements of 325(n,n)325 reaction at low neutron energies and their
R-matrix analysis have been reported (Halperin et al 1980; Jungmann et al 1982; Das
and Mukherjee 1985). Here however, we chose the data of Peterson et al (1950) to
determine 7~'~ by the R-matrix analysis due to the following reason. Bommer and
coworkers (Bommer 1974; Bommer et al 1976) have used the (n, n) total cross-section
data from this reference to determine the ratio of their measured (d,p) cross-section
to (n,n) total cross-section. In order to have a consistent comparison of this ratio
calculated in our model with those determined experimentally by Bommer et al, we
should also use the data of Peterson et al (1950) for n + 32S elastic scattering into
our analysis. A typical example of the R-matrix fit achieved to the data of Peterson
et al is shown in figure 1. It should be noted that between neutron energies of 0.02
and 1"1 MeV, 15 isolated resonances are clearly seen. These have also been observed
in 328(d,p)335 (unbound) reaction by Bommer et al (1976). The value of X2 for 74
data points is 0-754 giving a ~(2 per datum equal to 0-01. The R-matrix channel radius
is a = 10fm. L~ff is determined from the partial width of the resonances seen in the
reaction 325(d,p)33S (unbound) measured by Bommer et al (1976) at the outgoing
proton angle of 10°.
The results for the 15 resonances which are ordered according to increasing I values
are shown in table 1. It is seen that in general the ratio (~'~ff/7~") is within 20~/o to
unity. However for certain cases particularly for I = 0 resonances, the deviations from
unity are of the order of 30-50~o. Since the uncertainties in the measurement of F~d'P~(0i)
(used in the calculation of ~,~ff) are typically of the order of 10 to 20~o, the large
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Figure 1. Multilevelsingle channel R-matrix fit to the total neutron elastic scattering
cross-section data of Peterson et al (1950) (shape-fitting).

deviations in the values of (~]ff/~)~n) from unity for 1 = 0 resonances are beyond the
experimental uncertainties. Therefore it can be said that application of this model is
more reliable for some l > 0 resonances, at least for the reaction being investigated
in this paper.
One can already see the strong dependence of off-shell effects on l values of the
resonances by looking at the "off/on" ratio shown in table 1 and plotted in figure 2
as a function of off-shell distances (defined by equation (3)) for some resonances. A
plot between S and the angle 0 of the outgoing proton for various excitation energies
of the residual nucleus is shown in figure 3. For larger values of off-shell distance S,
the value of "off/on" coefficient changes by at least one order of magnitude with a
change in the value of I by one unit. Therefore, the orbital angular momentum l is
a decisive quantity in determining the off-shell effects in the low energy region. This
result suggests that the excess momentum imparted to the neutron in the (d, p) reaction

Off-shell scattering of strippin# cross-section

121

Table !. Ratio of the off-shell reduced width and to its on shell value
and "off/on" coefficient.
Ex

E ....

J~

I

(MeV)

(MeV)

(a)

(b)

(b)

(b)

0
0
0
0
1
1
1
1
1
1
1
2
2
2
2

8'752
9'010
9'318
9"607
8'839
8.910
8'926
9'348
9.363
9-539
9"666
9.211
9.400
9'436
9'564

0"108
0'366
0"674
0"963
0"195
0"266
0'282
0.704
0.719
0-895
1"022
0'567
0.756
0'792
0'920

1/2 +
1/2 +
1/2 +
(?)
1/2I/23/21/23/23/21/25/2 +
(l > 1)
5/2*
5/2 +

jr

1/2 +
1/2 +
1/2 +
1/2 +
1/21/23/21/23/23/23/25/2 +
5/2 +
5/2 +
5/2 +

~ff

F~t(q, E)

__
~"

F zl(k, E)

0"45
0'73
0'96
1.00
0"80
0"89
1.00
1'20
1.20
1-14
0'95
0"87
0'88
1.00
0-99

0'15
0'16
0'18
0'22
0'45
0"45
0.45
0"50
0.48
0"53
0.57
2"81
1"89
2"02
1'79

E .... = E - B , , B , = 8.643 MeV; Channel radius = 10F.
(a) Halperin et al (1980); (b) Bommer et al (1976).

over its on-shell momentum enables it to penetrate more easily through the centrifugal
barrier. This effect increases with I i.e. with the height of the barrier.
Now using this "off/on" ratio, the angular distribution for the reaction 32S(d,p)33S
(unbound) leading to several transitions in 33S have been calculated. Some typical
results are shown in figure 4 as a function of the off-shell distance S. The experimental
data have been taken from Liljestrand et al (1975). We see from this figure that as
the value of I increases the agreement between the calculation and experimental data
becomes better, the agreement for l = 0 resonances being the worst, particularly for
larger values of S (i.e. scattering angle). This once again points towards the possible
inadequacy of the present method to describe l = 0 resonances.
From figure 4 one notices a somewhat conspicuous property of the angular
distributions of the (d, p) reaction to unbound states. They are devoid of any structure
and any noticeable/-dependence. They look all very similar for all states and they
convey the impression that no dramatic effects occur in the range of off-shell variable
accessible to a (d, p) experiment. However, some changes do occur in their magnitude
in traversing the distance from S = 0 (on-shell neutron scattering) and the smallest
value of S available to (d,p) reaction. On the other hand, the/-dependence of the
stripping enhancement factor R[ = (da/d~)oJtrtot(n , n)] is very dramatic. By measuring
R it is indeed possible to make unambiguous assignments of l values to the resonances.
We have calculated R by the present method for all the resonances shown in table 1.
In figure 5, this is plotted as a function of (E x - B , ) .
The agreement between R as calculated by us and those measured by Bommer et
al (1976) is reasonable. As discussed earlier the distorted wave effects are included
qualitatively by multiplying our calculated cross-section ratios R by the factor e~. The
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Figure 2. "Off/on" coefficient as a function of the off-shell distance S for different orbital
angular moment I and different neutron energies.

resulting values of cross-section ratios are shown by crosses joined by broken lines
in figure 5. We note that while for resonances corresponding to l = 1 and l = 2, the
inclusion of finite range effects does not alter much the nature of agreement between
experimental data and theory, it has a strong effect on l = 0 resonances. However it
should be noted that the PWBA calculation as performed by Mukherjee et al (1977)
is not reliable for s-wave resonances. Once again, therefore, the situation for s-wave
resonances is rather discouraging.
It would be interesting to compare the stripping enhancement factor R as calculated
by our method with that calculated in the DWBA. In figure 6 we show this comparison.
The DWBA results have been taken from Mukherjee et al (1977). It is very encouraging
that the results of our simple model are very close to those of DWBA where the
numerical computations are very involved and difficult.
Thus the present method can be used reasonably satisfactorily to analyse the data
on (d,p) stripping to unbound states for resonances corresponding to orbital angular
momentum l > 0. However, its applicability for l = 0 resonances is in some doubt, at
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Figure 3. Values of off-shell variable S as a function of the outgoing proton angle 0 for the
reaction 3ZS(d,p)33S for several excitation energies of the residual nucleus.

least, for the reaction studied in this paper. In the present analysis we have used a
simple method to calculate the off-shell total cross-section for neutron target scattering.
Of course better prescriptions to calculate this have been discussed by Lipperheide
and Mohring (1973) and by Mohring and Lipperheide (1975). However the main
conclusions arrived at by these authors are almost the same as those obtained by us
using this simple method. Therefore, our method which is computationaUy simple
has a merit of its own. A note of caution may, however, be added here. For l = 0, the
use of penetrability may not adequately describe the off-shell effects in the resonance.
This is because our formula (12) assume that for I = 0 resonances the/-dependence
of the off-shell amplitude is given solely by (q/k)-3 which may not in general be true.

4. Summary and conclusion
In this work we have studied the reaction 325(d,p)335 (unbound) and its intimate
relationship with the 32S(n,n)32S reaction within a model in which the stripping
cross-section to unbound states is expressed in terms of the off-shell scattering
amplitude for the neutron-target scattering. Thus in this model the problem of the
slow convergence of the radial integrals involved in the standard DWBA description
of such reaction is avoided from the outset.
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The model provides a reasonable description of measured angular distributions
and the (d,p) to (n,n) cross-section ratios. Even the absolute magnitudes for these
cross-sections are reproduced.
Our work confirms that the resonances seen in the n-target elastic scattering and
those in (d, p) reactions essentially come about from the same mechanism, the later
being the off-shell continuation of the former. The success of the simple intuitive form
used by us to calculate the off-shell scattering amplitude may suggest that to a first
approximation the off-shell behaviour of the resonant scattering amplitude could be
described by the penetration factor, except perhaps for the s-wave resonances, where
this model may not be applicable as such.
We have taken into account the distorted wave effect approximately by simply
multiplying the plane-wave expression of the cross-section by the distortion factor
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Figure 5. Cross-section ratios (solid curves) for the on-shell symmetric resonances observed
in 32S(d,p) and 32S(n,n)32S plotted against the excitation energy Ex in 33S minus the
neutron threshold B. = 8-643 MeV. The experimental data are of Bommer et al (1976). The
dotted curves are obtained by the inclusion of distorted wave effects.

which is the ratio of DWBA to PWBA cross-sections at the stripping angle of interest.
These cross-sections have been taken from the literature. Obviously, it would be
desirable to take into account the distorted wave effects in a better way than what
is done here. This can be done by folding the off-shell elastic amplitude with distorted
waves. This, however, will inevitably bring in the problem of the slow convergence
of the integrals which we wanted to avoid at the first place. Nevertheless, it is quite
likely that the off-shell effects of (d, p) reaction to the continuum established here may
not be quenched out due to distortion effects.
An interesting open problem is to use this model to study the proton transfer
reaction into the resonant states and its relation to the corresponding elastic scattering.
Although the on-shell proton cross-section diverges, it remains finite in a single partial
wave.
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F i g u r e 6. Comparison of the stripping enhancement factor (R) as calculated in this work
with that calculated in DWBA by Mukherjee et al (1977).

Acknowledgements
The author would like to thank Prof. Suprokash Mukherjee for his keen interest in
these investigations and for kindly providing hospitality at the Saha Institute of
Nuclear Physics. She also wishes to thank the CSIR, New Delhi for financial support
in form of a pool officership.

References
Baur G and Trautmann D 1974 Z. Phys. 267 103
Baur G and Trautmann D 1976 Phys. Rep. C25 294
Bell J S 1964 Phys. Ret,. Lett. 13 57
Bommer J 1974 Ph.D. thesis, Frei Universitat Berlin, Fachbereich Physik (unpublished)
Bommer J, Ekpo M, Fuchs H, Grabisch R and Kulge H 1976 Nucl. Phys. A263 93
Brinati J R and Bund G W 1978 Nucl. Phys. A306 139
Cooper S G, Huby R and Mines J R 1982 J. Phys. G8559
Das R and Mukherjee S N 1985 Pramdna- J. Ph3.s. 24 715
Fuchs H, Homeyer H, Oeschler H, Lipperheide R and M6hring K 1972 Nucl. Phys. A196 286
Halperin J, Johnson C H, Winters R R and Macklin R L 1980 Phys. Rev. C21 545
Huby R 1985 J. Phys. G l l 921
Huby R and Kelvin D 1975 J. Phys. GI 203
Huby R and Mines J 1965 Ret,. Mod. Phys. 37 406
Jungmann C R, Weigmann H, Mewissen L, Poortmans F, Cornelis E and Theobald J P 1982 Nucl. Phys.
A386 287

Off-shell scattering o f stripping cross-section

127

Lane A M and Thomas R G 1958 Rev. Mod Phys. 30 257
Levin F S and Feshbach H 1973 Reaction dynamics (New York: Gordon and Breach)
Liljestrand R, Mclntyre J, Blanpied G, Lynch J, Ray L, Coper W R and Hoffman G W 1975 Phys. Rev.
C l l 1570
Lipperheide R 1970 Phys. Lett. B32 555
Lippcrheide R and Mohring K 1972 Phys, Lett. B39 323
Lippcrheide R and Mohring K 1973 Nucl. Phys. A211 125
Mohring K and Lipperheide R 1973 Nucl. Phys. A211 136
Mohring K, Lippcrheide R and Cole B J 1975 Nucl. Phys. A293 365
Mukherjee S N, Shyam R, Pal S and Ganguly N K 1977 Phys. Rev. C15 1238
Peterson R E, Barschall H H and Bockelman C K 1950 Phys. Rev. 79 593
Satehler G R 1983 Direct nuclear reactions (New York: Oxford University Press)
Sehlessinger L and Payne G L 1972 Phys. Rev. C6 2047
Shapiro I S 1963 Selected topics in nuclear theory (Vienna: IAEA)
Shyam R and Mukherjee S 1976 Phys. Rev. C13 2079
Vincent C M and Fortune H T 1970 Phys. Rev. C2 782
Vincent C M and Fortune H T 1973 Phys. Reo. C8 1084

