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Abstract. The equations of motion for the propagation of finite amplitude elastic waves in
crystals of tetragonal symmetryhave been derivedstarting from the expressionfor the elastic
strain energy. The equations have been solved for a finite amplitude sinusoidal wave
propagating along the pure mode directions which are [100], I-ll0] and [001] for the
tetragonal group TI. The solutions corresponding to longitudinal wave propagation yield
expressions for the amplitudes of the fundamental and generatedsecond harmonic for these
directionsin terms of certain combinationsof second and third order elasticconstants of the
medium. The results will aid the experimenterto determinethese constants using ultrasonic
harmonic generation technique.
Keywords. Elastic nonlinearity; tetragonal symmetry; second harmonic generation; third
order elastic constants; pure modes; longitudinal waves.
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1. Introduction

Many important properties of a solid such as thermal expansion, temperature and
pressure dependence of elastic constants, temperature dependence of lattice specific
heat at high temperatures, ultrasonic attenuation due to phonon viscosity effects etc
can be explained only if we treat the solid as a nonlinear elastic medium. This
nonlinearity arises from the higher order terms in the energy density expansion of the
solid. A finite amplitude elastic wave propagating through such a medium gets
distorted as it progresses and higher harmonic waves are generated (Gedroits and
Krasilnikov 1963; Breazeale and Thompson 1963). Measurement of the amplitudes of
the generated higher harmonic wave offers a unique technique to determine higher
order elastic coefficients (Breazeale and Ford 1965). The method has been used to
determine combinations of third order elastic constants of a number of crystals of cubic
symmetry even down to liquid helium temperatures (Breazeale and Philip 1984).
In an anisotropic medium there are only certain directions along which elastic waves
can propagate as pure modes. The specific directions in which pure modes exist have
been worked out before for all crystal point groups belonging to different classes
(Borgnis 1955; Brugger 1965; Chang 1968). When the nonlinear terms in the strain
energy expression are taken into account, it is found that pure transverse modes do not
exist; they are always accompanied by longitudinal modes (Goldberg 1961). However,
longitudinal waves continue to propagate as pure modes along these directions even
under the nonlinear regime.
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In this paper we have derived the equations of motion for longitudinal waves
propagating along the pure mode directions in crystals of tetragonal symmetry starting
from the strain energy expression including the third order terms in strain. Solution of
these equations leads to second harmonic terms whose coefficients give amplitudes of
the second harmonic of a finite amplitude elastic wave propagating along these
directions. Only third order terms in strain have been retained because they do account
for most of the nonlinear properties. Moreover, inclusion of fourth and higher order
terms make the algebra unwieldy.
Tetragonal crystals have the point group symmetries 4, 7t, 4/m and 422, 4mm, Si2m,
4/mmm belonging to TII and TI Laue groups respectively. It is known that the pure
mode directions for this symmetry are [100], [010], [110], [li0] and [001] (Brugger
1965). The equations of motion for wave propagation along all these directions have
been derived and solved for longitudinal case to determine the second harmonic
amplitudes in terms of appropriate third order elastic constants. Since most of the
experimentally interesting tetragonal crystals belong to the Laue group TI, we have
considered only this group in this work. For this group the [100] and [010] directions
and the [110] and [170] directions are degenerate so that the only directions we need
consider are [100], [001] and [110].

2. Equations of motion along the pure mode directions
In the Lagrangian formulation, elastic strain is described in the undeformed state and
the initial co-ordinates of the material particle are taken as independent variables. The
Lagrangian strain parameters which are components of the finite strain tensor are
given by (Murnaghan 1951)
r/=½(J'J-- J)

(1)

where J is the Jacobian with matrix elements

Jki = 6Xk taai

(2)

and 6 is the unit matrix. If at (a, b, c) are the co-ordinates of a point in the unstrained
state and x~ (x, y, z) are the corresponding co-ordinates in the strained state, the
components of particle displacement are

Ui=xi-ai

(3)

vc]

where U~= U, V, W. In terms of the displacement derivatives J is given by

vo

Ub
l+Vb

Wa

Wb

I l+Ua

J=

(4)

I+W~

where Ua = d U/•a, Vb= ? V/db etc.
If tr is the Cauchy stress tensor, the stress-strain relation can be written as
(Murnaghan 1951)

= (P/Po)J ( ~ / ~ ) J *

(5)
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where Po and p are the undeformed and deformed mass densities respectively and ~bis
the strain energy per unit undeformed volume. Symmetry of the strain components
ensures that

8C~/ 8rlk, = 8 q~/ dthk.

(6)

The properties of the crystalline medium enter the theory through the strain energy
term ~b. Deformable media with crystalline structure are, in general, elastically
insensitive to rotations and elastic potential energy is a scalar under rotation so that
¢(R*t/R) = ~bO/),

(7)

where R is the rotation matrix. In general, ¢ can be written as a sum of terms of different
degrees in the elements of ~/as

(8)
in which case the relation

dps~R*~lR) = (aj(~l)

(9)

holds good with j = 0, 1, 2, 3 . . . . . In terms of the elastic moduli, equation (8) can be
written for a general crystal as (Green 1973)

(a = ~bo + K ~Curl u + K 2Cijkl~ijrlk I " J r K 3Cijklrnnllijrlklr[ran"t-

.

.

.

(lO)

where K, is a factor depending on the definition of elastic constants and Cim... are the
elastic constants of proper order. In Voigt notation they take simpler forms. If the
initial energy and deformation of the body are neglected, the first two terms in equation
(10) vanish. This expression takes appropriate form for crystals of different symmetry.
In the case oftetragonal crystals belonging to Laue group TI there are 6 second order
and 12 third order elastic constants (for group TII there are 7 second order and 16 third
order constants). Using Brugger's thermodynamic definition of higher order elastic
constants (Brugger 1964), the strain energy expression for tetragonal crystals with Laue
group TI becomes (Einspruch and Manning 1964)
1
t •=2C1

1
2
l(r]l2 1 --t-~]22) --I-C12r] 12t]22 --]--~C33/'/33

+ c,

+,729

1
_~_2C66r] 212 _t_~C111
(/~31 -~ ~22)
3 q- 6C333~/33
1
3

+

+,1 9
1

+,7 9

2

"1-2C 113~33 (/711 +/'/22) "t- 2C 166t/22(/~ 11 + ~22)
+2C366~33~f2-[-C123~11~22~33
+ 16 C456~]12~]13/123 + 2C~ 44(~/1~r/23+ ~22/123)
-{- 2C344/'/33(Y/f 3 -~-/'/23) -k- 2C 155(?/1 lY/f3 + 1'/22t/~3).

(I 1)
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The principle of conservation of energy along with the definition of J leads to the
relation
IJ[ =po/p=(1 + Ua+ Vb+ W~).

(12)

The equations of motion for an elastic medium are restatements of Newton's second
law. If we introduce the stress tensor T, which is not symmetric, as
(13)

T=Jdc~/dq,

with nine components, we can write the equations of motion as
c3Tjdas= poO i

(14)

in the Lagrangian frame. So we obtain the equations of motion along the a, b, c axes as
pO = c3T 1x/c3a+ c~T12/c3b+ 63T13/63c,

(15a)

p ~'= c3T2~/~3a + ~ T 22/c3b + c3T 23/63c,

(15b)

p l~= 63T 3 i/Oa + OT 32/c9b + OT 33/63c.

(15c)

The components of T can be evaluated from (13).
For plane waves propagating along the a-axis, the displacement components are
U = U(a, t)

v = V(a, t)

(16)

w = W(a, t)
so that the equations of motion (15) for this special case become
Po 0 = 63T 11/63a

Po V= 637"21/63a
poff'=63T3JOa.

(17)

Similar expressions hold good for wave propagation along b and c axes.

3. Longitudinal wave propagation along [100] and [-001] directions
The equations of motion for plane longitudinal waves propagating along [100], [010]
and [00 1] directions of tetragonal crystals TI have been derived as outlined before. For
longitudinal wave along [100] direction, the only nonvanishing displacement component is U. Similarly for [010] and [001] directions, the nonvanishing displacement
components are V and W respectively. The lengthy algebra is avoided to save space.
The equations of motion for all directions are found to be of the form
[9063 2 U i/ 63[ 2 --

0~632 U ,/ 63a2 = 863U i/ 63ai632U i/63a2

(18)
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where
0~---Cll

~=3Ctl +Cx~

(19)

for [100] direction with U~ = U and a~=a. Both 7 and 6 have the same values given by
equation (19) for [010] direction with U~ = V and a~ = b. For the [001] direction,
0~=

C33

3 = 3C33 +

(20)

Ca33

with U~ = W and a~ = c.

4. Longitudinal wave propagation along [-110] direction
In order to derive the equations of motion for the propagation of plane longitudinal
waves along the [110] pure mode direction, the strain energy expression given by
equation (11) is to be derived with the frame of reference rotated about the 1-001]
direction by zt/4. This can be accomplished with the help of equation (7) with

F

01

for the directions of interest. If primed quantities represent the rotated frame, the
modified expression for the strain energy becomes
I

1

P

+ 1 (',

,

2

1

~--'33r]33 + ~ C 1 2 [ n l l

,

--J-n22)2-(n22-~nv12) 2]

+ C1 a~/g3(r/] 1 + r/~2) + 2C4,(r/'t 32 +

~232)

+ 12C66[-(n,11 --~22)
' 2 + 2/~12~22]
' '

+¼C1~ 1[(t/'l ~ + ~/~2)3+ 3r/'~EE(4r/'l1 + 3r/~2) ]
,

p

i

-J-C333/~333+1CI12.(/~'11 +-/~22)[(/~11 q-/~22)
1

t

2

p 2
--4r/12
]

t

+ 2C113/~33[(/'] 11 + ~/22) 2 + 4~Pl 22 ]
+ C133~(332 (/(11 +/722)
, + 4C166(/111
1
, -{'-~/22)(F]'11 -- Y]22)2
1

,

t

~

2

1

~

~

-'J-4C366~/33(/~11 --~22) +4C123~]33[(/~11 +/122)
1

t

,

v

2

l

2

t

p

2

~ 2
--4r/12
]

2

-~-2C4.56(t711--~22)(~]13 --/123 )+C344~]33(/~13 +~232)
1
l
_[_~.C 144r (/~ 11 _~_~]~2) (~(132 WrY2, 3 2 )--4~12~13/~23
, ,
-]

+ ½C155 [(r/'~~ + ~/~2)(r/'~32 + t/~ 32) + 4r/'~2r/'~3~/~3].

(22)

The corresponding equations of motion have been derived as before. It is found that
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they have the same form as given by equation (18). For the [110] direction with Ui= U
and a i - - a,
Ct= 1 (611 + C 1 2 + 2666)
= 3 (611 _~ 612 + 2666 jl 16111 + 1 6 1 1 2 "1-26166).

(23)

About the axis of rotation i.e. the [001] direction in the original frame, the equation and
coefficients remain unaltered, given by (20), as expected.

5. Solution of the equations of motion
It is found that for all the directions of!nterest, the equations of motion for longitudinal
wave propagation have the form given by equation (18) which can be rewritten as
Po/J - ~ U.. = 6 U. U...

(24)

In order to solve this equation, a perttLrbation approach is usually adopted. The
standard trial solution is
U = U1 + U2

(25)

where U1 and U2 are approximate solutions of first and second order. Substituting this
in (24) and assuming that U2 ~ U1, one arrives at the solutions after applying proper
boundary conditions. The solution is found to be of the form
U(a, t) = A 1sin(ka- cot) - [6(kA 1)2/8poC2o]aCos 2(ka - cot).

(26)

In this equation Co is the phase velocity of the wave given by Co = (ct/p) t/2 and k is the
propagation constant given by k = co/C o.
In equation (26) we find that the first term on the right hand side is the solution to the
linear wave equation so that it represents the fundamental wave with amplitude A1.
The second term contains the 260 factor and represents the second harmonic
component that is generated due to the nonlinearity that has been built into the
formulation. It follows that the amplitude of the generated second harmonic is given by
A2 = A2~k2 a6/8poC 2.

(27)

It is customary to write
~=K 2

and

6 = 3K 2 + K 3,

(28)

where K 2 and K 3 are combinations of second and third order elastic constants
tabulated in table 1 for different directions. One can define the nonlinearity parameter
as
fl = -- c~/~ = -- (3K 2 + Ka)/K 2.

(29)
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Table 1. Parameters ~tand ~ for longitudinal wave propagation
along pure mode directions in tetragonal crystals.

Direction of
wave
propagation

0~=K 2

6=3K2+K 3

[100]

Cll

3C11 + C111

[001]
[110]

C33
I(C11 + C12--I-2C66 )

3C33 ,-~C333

~2(C11-1-C12q-2C66
1 11 +2C112
1
+ 2C166)
+gCa

In terms of the amplitudes of the fundamental and second harmonic, the nonlinearity
parameter is given by

[3= 8( a 2/ a ~)O /k~ a).

(30)

6. Conclusion
Table I predicts the relative magnitudes of the amplitudes of the second harmonic wave
generated when longitudinal waves propagate along the pure mode directions in
tetragonal crystals. As expected, the K2 and g 3 parameters for [100] and [010]
directions are the same for the group we have considered. So is the case with [110] and
[ l i 0 ] directions. The derived expressions are the ones necessary for an experimenter
who intends to determine the combinations of third order elastic constants listed as K3
parameters in table 1 by ultrasonic harmonic generation technique. What one needs to
do is to launch longitudinal ultrasonic waves of known frequency in. the specific
direction and measure the amplitudes of the fundamental and generated second
harmonic after they have travelled through a known distance in the sample and use
equation (30) and table 1.
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