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Abstract. We consider here a variational method for describingcompositeparticles.We use
equal time anticommutators/commutators,and regard the field operators as arbitrary except
for the constraint from the above.The expectationvalue of the Hamiltonianis extremizedboth
with resp~t to the field operators and with respect to the wave functions, the former
extremization being the new feature here. Comparison with other calculations has been made,
and correspondence with them has also been established. We further show here how an
"effectivemass" can arise from a potential.
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1. Introduction
We had earlier considered a field theoretic model of composite hadrons (Misra 1978).
The basic concept introduced there was that of constituent field operators describing
the composite object at rest, from which hadrons in motion were considered by Lorentz
boosting. The model was used for a wide class of physical problems (Misra 1980; Misra
and Panda 1980). However, it had been applied with an ansatz for the constituent field
operators which was ad hoc. We now suggest a method for the determination of these
constituent field operators. The method introduces some modifications in the earlier
model. It also gives an alternative description for bound states as such. We observe e.g.
that the "constituent" field operators can depend quite significantly on the specific
composite object of which they are constituents compared to what had been proposed
earlier.
The paper is organized as follows. In § 2, we define the notations and discuss the
specific extremum principle for fermionic composites. In § 3 we discuss the same for
bosonic constituents, where some differences in principle are noticed. In § 4, we
illustrate the method with some simple examples, where contact is made with
conventional spectroscopy. In § 5 we discuss how the notion of an "effective mass" can
arise.

2. Fermionic bound states
We shall illustrate the method with the notations for the electron-proton system,
interacting through quantum electrodynamics. This helps to fix our ideas, and,
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generalization to any other fermion-(anti)fermion bound state with an arbitrary
potential and interaction will be straightforward. We shall here discuss the bound state
with zero total momentum, while the constituent particles are relativistic. We start with
the obvious remark that the electron-proton system has a solution infield theory which
will describe the hydrogen atom at rest, and we are attempting here e.g. to find a good
approximation to this solution.
With t = O, we first write the four-component electron field operator as

¢, (x, O) = e(x, O) + ~(x, 0),

(i)

where we write
e(x, 0) = (27r)- 3/2 ~ u I (k)e(k) exp (ik. x) dk

(2)

e(x, 0) ~-- (2/I;)- 3/2 Si)l (k)~(k) exp ( - ik" x) dk.

(3)

and
In the above, the two-component operator e(k) = e~,(k)uj, with el,(k) annihilating an
electron of spin r, and with ul½ = (~) and ul_ ½= (o). Here and henceforward
summation over repeated indices is understood. We take the form of ut (k) as,

u,(k) = ( f ~

(K)k).

\Or (K)."

(4)

Similarly in (3), the two-component positron creation operator is given as 3(k)
= ~1,(k)v1~, where vll= (o3 and vt_! = (~), and,

(g~ (K)tv- k~
v l ( k ) = \ fl(K) ]"

(5)

It was noted in Misra (1978) that the condition that ~e (x, 0) satisfies the usual equal
time anticommutator relation requires that

f2 + g202 _

1.

(6)

We can use (6) more conveniently through the substitution (Yaouanc et al 1985)
f~ (K) = cos½(01 (K)) and Kgt (K) = sin½(0~ (K)), which yields
ul (k) = ~sin½~bla'k,]"

(7)

For a constituent electron in thehydrogen atom, we shall determine ~ (K) through a
variational principle to be stated.
Parallel to (1), we now take for the proton,

¢~,(x, o) = p(x, o)+ ~(x, o)

(8)

/~(x, 0) = (2n)- 312 Sv, (k)/~(k) exp ( - ik. x)dk,

(9)

with
where,

~(k) = fsin½~2~
\ cos½~ "~/
]"

(10)
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/~(k) =/~l,(k)v~, is the two-component creation operator of the proton. For later
convenience, we have expanded the charge conjugate of the proton field operator. We
shall also determine ~b2(K) from the same variational principle.
The effective Hamiltonian for the electron-proton system as is relevant for the
hydrogen atom is
n = J.,~(x, 0)dx

= ~ [ ~ , (x,o) + ~e~ (x,O) + v(x,0)]dx,

(11)

J~'l (x,0) = e + (x, O) (-- i= "V + pml )e(x, O),

(12)

•,~('2 (x, 0) = :if+ (x, 0) ( - lot" V -t-/~m2)p (x, 0):,

(13)

v(x, 0) = J dy: 6(x, 0)7~e(x, 0)/~(y, 0)yv/~(y,0): v~v(x - y).

(14)

where,

and
To illustrate the present method, we shall choose the Coulomb gauge, such that we
have,
Voo( x - y) = (2 n)- 3 IF4n=
~ e x p [iq- ( x - y)]dq,
(15a)
and with, i, j = 1, 2, 3,
%(x-y)=

expEq
i (x - y)]dq.
(2n)- 3 j- l--. '~~-f64inj ~+[l q l 2qiq__2
)

(15b)

The negative sign of the potential will emerge from a reordering in (14).
We shall now first obtain the known result that the variation of the state vector is
equivalent to the eigenvalue equation, and then proceed to modify the principle. For a
bound-state IB ), we define the energy "functional" as
E(IB

),:0 = ( BIHtB ) - ,~(( BIB ) - I).

(16)

Extremum of E with respect to the variations of IB ) and 2 then yields the equations
B I B ) = ;riB)

(17)

( BIB ) = 1.

(18)

and
This shows, as is known, that extremizing E with condition (18) yields (Stanley and
Robson 1980) the eigenvalues of H.
In the present case, H = H(~bl, ~b2)is also a functional of ~bl and ~b2 of (7) and (10)
which are so far undetermined. We shall here take that they are also determined by the
same extremization principle. Thus we define
E(IB),I~I, ~2,/~) = ( B I H ( ~ ) I , f ~ 2 ) ] B ) - , ~ ( ( B I B )

- 1).

(19)

Now, in addition to (17) and (18), we also obtain the equations ~

IBI •H('l,dp2)
6~1 ( k ) [ B ) = 0
l"Yaouanc et

(20)

al(1985) also do a variation in ~(K), but in the context of chirai symmetry breaking,
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and
I

6~2(k)

= 0,

(211

where we have taken ~A(k) = rk~(K),A -- 1, 2. Equations (17), (20) and (21) with the
condition (18) determine in a self-~onsistent manner, the structure of the field operators
and the state vector [B ) corresponding to the eigenvalue L Obviously ~ is the
expectation value of H when the above three equations are satisfied. Variation with
respect to ~, and ~2 as in (20) and (21) is the new feature of the present model. This
yields the bound state eigenvalues as well as the structure of the constituent operators
through 4~, and 4~2.
Let us now consider two states IBI (p)) and IB2 (p)) which are eigenstates of total
momentum and are properly normalized. We then consider the equations
(B, (p)IHIB2 (0)) = a(P)MB, B~ = (2n)36(p) ( B, (0)I~(0)IB2 (0)).

(22)

The last relationship arises from space translational invariance, with ~ ( 0 ) as the
Hamiltonian density at space time origin. This leads to the definition ofthe mass matrix
through
MB,8,

--

( B, IMIB2) = (2n)3 ( BI (0)}~(0)IB2 (0)),

(23)

which will be our basic equation.
We now take in particular a spin singlet state of the electron-proton system given as
[a(0) ) = ~22 Sdk ~(k)e(k)+/~( - k) lvac ),

(24)

where Jz(k) is the wave function of the bound system in momentum space. We ignore any
possible mixing between S = 0 and S = 1 states, and revert to (19). We also choose the
normalization corresponding to (18) as (B(P)IB(0)) = 6 (P). This yields the familiar
condition for the wave function ~(k) as
I~(k)l 2 dk = 1.

(25)

Equation (19) now becomes,
E(~,~b,,~b2,2 ) = tl (]l,~b,)+ t2 (~,(~2)
+ v(h', ~bl, ~b2)-- 2 ($ ]~]2 dk - 1).

(26)

In the above, from (23) and (12) we have, on simplification

t, (~,~,) m (2n)3 ( B(0)I~, (0)IB(0))
= ~ ~(k)* Ira, cos ~, (k) + K sin ~ (k)] ~(k)dk.

(27)

Similarly, from (13) we have
t2 (h', ~b2) - (2n) 3 ( B(0) IX'2 (0)[B(0))
= Jg(k)* [m2 cos ~b2(k) + K sin ~2 (k)] h'(k)dk.

(28)
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Evaluation of v (~,~bI, ~ 2 ) is a little more complicated. Here we have, with (14), (15a) and

(15b),
I) (~, (])1, (])2) = (27~) 3 ~ ( k ' l )* F (k 'l, kl,q~l,~b2)(k~ -4n~
_ k, 1)2 /~(kl)dkldk]

(29)

where
F (k'l, k l, ~ 1,4~2) = cos (4~,/2) cos (4~'1/2)cos (q~z/2) cos (~b~/2)
+ sin (q~1/2) sin (q~'1/2)sin (q~2/2) sin(4)~/2)
+ 2 [sin (4~'1/2)sin (4~/2) cos (4~1/2)cos (~z/2)
+ cos (4)'1/2) cos ( ~ / 2 ) sin (4~1/2) sin (4~2/2)
- (~'1 "3)(~1" q) {cos (4~'1/2)cos (4~2/2)sin (4~t/2) sin (q~/2)
+ cos (4~1/2) cos (4~/2) sin(4¢l/2) sin (~2/2)} ]
+ (~'l" ~1 ) {cos (4h/2) cos (~'1/2) sin (4~2/2) sin (q~/2)
+ cos (4~/2) cos (q~z/2) sin (q~,/2) sin (4~'1/2)}.

(30)

In the above, we have substituted 4~A= ~A(K) and ~bA(K') = q~'a,A = 1, 2. We are now
in a position to consider the equations parallel to (17), (20) and (21). Those are,
respectively,

6tl

6t2

6v

6/;(k)* ~ +

6tl
- -

6~l(k)
and

6~--g(-~- = 2~(k),

(31)

6v
-I - -

6~1(k)

~5t2
~v
- + - -

64,~(k) 64~2(k)

=

O,

= O,

(32)

(33)

which determine the three functions h'(k), 4~1(k) and ~2 (k). The eigenvalue ;t is merely
the expectation value oft1 + tz + v for the above set of solutions. We make the obvious
remark that here, as expected ~x,q~2 and h" are inter-related and further that the
equations in ~bl and ~b2 are highly nonlinear. In the next section we shall see that these
equations yield e.g. the conventional relativistic wave equation for the hydrogen atom.
However, we shall discuss equations (31) to (33) a little bit more here.
Equation (33) can be explicitly written as, with (28) and (29),
( - m2 sin ~2 (k) 4- K cos ~b2(k))l~(k)l 2

-., ,. 6F(k~,k1,~l,~b2) -4hoe
+ (2n)- 3"[dk'~dk~h(kx~
~4,2(k)
ik~--~l 2 h'(k~)= 0.

(34)

When we neglect the interaction term in (34), we obtain that
sin gP2/K = cos c~2/m2 = 1/(m~/K2)½.

(35)
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We next assume the proton mass to be large, which yields that ~b2 = 0. In this case (30)
becomes considerably simpler, and we have,
F (k'~, k~, ~bt ,0) = cos (q~/2)cos (q5'~/2)+ (~'1,/~1 )sin (qbi/2) sin (~'l/2). (36)
We then consider (32), drop the interaction term, and obtain as in (35)
sinq~l/K = cosOl/ml = 1/(m~ +K2)½.

(37)

Retaining terms upto order k 2, (31) then yields the familiar nonrelativistic equation
K2

(' - 4ha ~ k'

(mr + 2 ~ + m2)~(k)+ (2n)-3 J ~ h (

'

)dk = 2~(k).

(38)

We have also examined the effect of terms we have neglected, and have found that it is of
order a6, whereas the renormalization effects in (11) give a larger contribution.
A few remarks here may be in order. The variation of the wave function is such that
the extremum in energy is a minimum. However, it may be noted that the extremum for
the variation of qbl and ~2 here is a maximum. This is rather an unexpected feature, but is
obvious when one looks at tl. It appears that the variation of the fermion field operator
is such that it pumps in as much energy as it can to the localized system, and the localized
system through the wave function readjusts itself to make it a minimum. The final
solution becomes a compromise between these two effects. A less esoteric explanation is
that the field operators minimize the action, and hence the Lagrangian density, whereas
the wave function minimizes the energy (Misra and Patnaik 1985).
It is obvious that the above method is applicable to any system of two Dirac particles,
when the effective Hamiltonian is known. It can also be generalized to three particle
bound states, e.g., for the baryons. The constituent field operators taken as an ansatz in
Misra (1978) for the hadrons here get determined from the calculations of the mass
levels. Further, the dynamics of the bound state is closely linked with those constituent
field operators, and the simple ansatz we had taken earlier (Misra 1978) about the
universality of constituent operators is likely to have only limited validity. This
"handicap" however is compensated by the fact that the present method enables us to
systematically calculate these and thus link the dynamics of spectroscopy with that of
even high energy collisions (Misra 1978; Misra 1980; Misra and Panda 1980).

3. Bosonic bound states
We shall consider here the bosonic bound state of a scalar particle and antiparticle
bound by a phenomenological and known potential. The Hamiltonian density parallel
to (11) is taken as

(x) = ~ o (x) + v (x),

(39)

where

~ o (x) = : { (~,~)* (~,~) + (V~)* (Vq,) + m 2 ~ * ~ } :

(4O)

and as an illustration,
v (x, O) = ½S ~* (x, O)0 (x, O) v (x - y)~* (y, O)~ (y, O)d y.

(4 I)
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With only the constraint of equal time commutators, we write the constituent field
operator O(x) in the rest frame of the composite particle as
q~(x) = (2g) -3n

[20-(-k)]½e x p [ - iO(K)t + i k . x ]

+ exp[iO(K)t- i k . x b(k) ÷ },

(42)

where O(K) is an arbitrary function of K -- Ikl, and a(k) + and b(k) + are usual particle
and antiparticle creation operators. As earlier we shall determine the 0(Krs by the
variational method.
We take the state IB(0)) as
IB(0) > = I ~(k)dka(k) + b ( - k ) + [vac ).

(43)

As before the energy functional is

E6,0,2) = t(ri, O)+v(K, 0 ) - , [ ( S IKI2 d k - 1)

(44)

where,
t(~, 0) = (2~) 3 < B(O)l~Cfo(O)IB(O))
-- I~*(k)[0(K)4 K2+m2-1ri-~-~/.., (k) d k

(45)

and,
3f
dk'1dk,
v(1;,0) = (2:0- J40(K', )O(K, ) ~(k~)*tT(k~ - kl )~(k, ).

(46)

W e note that,the 0 variation yields
1 K2 O~
+m2

)/;(k)~(k)+ °v(fi'°)
*

t~0('-----~= 0

(47)

such that, if we neglect the potential above, we get 0 = (K 2 d- m 2 ) ~ ---- t o ( K ) , whichis the
usual solution. Variation of//gives as before the ¢igenvalue equation, with A as the
eigenvalue.
We however note a difference between earlier analysis for fermions and the present
one for the bosons. Earlier, as we had noted, the extremum for ~ variation for a fixed ti
yielded a maximum of the energy. However, we may see that for a "small" potential the
field operator variation in (47) through 0 results now in a minimum of energy. Thus, the
bosonic field operator also tries to minimize energy of the localized solution along with
the wave function, in contrast wtih the fermionic field operator.
We may further note that in both the places for fermions and bosons, we have not
used the equations of motion, but have replaced it by a variational principle. This
includes naturally the effect due to the potential, which is in contrast to the method of
first quantising the system with the free field Hamiltonian, and, then, including
interactions. The obvious technique here is to fully utilize the equal time
commutator/anticommutator algebra to construct the bound state. The advantage of
this variational method for nonperturbative calculations with an arbitrary basis is
obvious.
We next illustrate the method with a few simple examples.
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4. Illustrative examples
4.1 Relativistic hydrogen atom
When the proton is taken as heavy, so that by (35), ~b2 = 0. We take the hydrogen like
state as
iB(0),s ) = ~ e(k) + ~(k)/~s(- k)dklvac ).

(48)

In the above/~(k) is the two-spin component doublet wave function normalized as
S ~(k) + ~(k)dk = 1.

(49)

Equation (28) yields that t2 = m2, and (27) becomes
t~ = S ~(k) ÷ [m~ cos ~b~(K) + K sin ~b~(K)]~(k)dk.

(50)

We now define a four-component wavefunction ~1 (k) as

= (cos~(k) t
~,(k)

(51)

\ s i n - ~ (o" ~)/~(k)/"

Then we easily see that
t, = j ~,(k) + ( ~ ' k + / ~ m , ) ~ , ( k ) d k .

(52)

Also, with ~b2 = 0 and the above four-component ~t (k), (29) now simplifies to
v = (2n)-3~ ~(k'~) +

--4n___~ ~ ( k l ) d k ' ~ d k t .
Ikl - k ' l l 2

(53)

Thus t l and v both become functionals of the four-component wave function ff~ (k), and
through (51), variation of the wave function/~(k) and the field operator with q51(K) get
absorbed into the variation of i~ (k). The normalization (49) is now equivalent to
.~ ~x (k) + ~t (k)dk = 1.

(54)

Hence the energy functional becomes

E(~,,,~) = t,(~,)+ v ( ~ , ) - ~ (I ~ (kl) + ~l ( k , ) d k I - I),

(55)

with the variational equation (31) as
(u-k,+ml)~,(k,)+m2~,(k,)+(2n)

-3 f

jik - 4 ~

× ~1 (k'~)dk'~ = 2~, (k,).

(56)

In coordinate space, we obviously have here,
t, = ~ ~b, (r) + ( - ia. Y +/}m, )~O~(r)dr

(57)
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and

v=f,,,,,+(

(58)

In the above problem, the only "relativistic" particle is the electron, and hence, as
illustrated, the four component wave function (51) absorbs the variation of the wave
function along with the variation of the field operator, with the normalization
condition (54). This feature, however, is absent when we want to vary the field operators
of two or more relativistic particles, where the principle stated in the last section can be
applied. The above analysis shows that the method suggested in the last section agrees
with the accurate calculations of quantum electrodynamics. The effect of the recoil of
the proton or its size can be easily incorporated in a parallel manner.

4.2 Salpeter equation
We shall now consider two quark flavours with a simple potential. Equations (12), (13)
and (14) become
~1(x)

= q l (x) + ( - i0~"V + flml)ql (x),

~ 2 (X) = : q2 (X) + ( -- icz" V + tim 2)q2 (x):

(59)
(60)

and
v(x) = ~dy:ql (x) + (2a/2)ql (x)~2 (Y) + (2a/2)~2 (y): v(x - y).

(61)

Our objective here is to make contact with Yaouanc et al (1985), and recognize the
differences. We are here effectively taking the nonrelativistic version of (14) as in
Yaouanc et al (1985). We first replace (24) by
[B (0)) = ~

1

S X,~ (k)q], (k) + ~ , ( - k) d k lvac ).

(62)

The colour index 'T' as well as the spin indices above are summed. As before ql (k) + and
qz ( - k) are two component creation operators for the quark ql and the antiquark c~2.
The normalization parallel to (49) is
X*~(k)x,,(k)dk = 1.

(63)

We next define the 4 x 4 matrix given as
u,~ (k)x,~(k)v~# ( - k ) * ,

(64)

where the Greek indices ct, fl are indices for the four-component spinors, with the
constituent spinors given by the earlier equations (4) and (5). Clearly, the inverse of (64)
is given as
X,,(k) = u,~
~l, (k) , X~#(k)v~12, ( - k ) .

(65)

We, however, note that ~ # (k) arises from the 2 x 2 matrix X,~(k), and thus is really a
highly constrained 4 x 4 matrix, which makes it as inequivalent to Yaouanc et al (1985).
We shall however continue to look into the otherwise complete similarity of the two.
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For this purpose we now define the projection operators
A~t)
~1~(k) ,
(+) (k)~p = u,,~1~(k)u,p
.,~2)1 i,~.,~2)~ k)*,

(66)
(67)

which were the basic objects in Yaouanc et al (1985). In the present subsection, when we
write Z (k), we shall understand it as the 4 x 4 matrix of (64). We may note from (64) the
identities *
;~(k) = ,^~t~
~t~
~2)
, ( + ) (k)x(k) = x(k)Al2J)(- k) = A(+~(k)x(k)A(_)(k),

(68)

which we shall frequently use. Now with A -- 1, 2; A ~+)(k) are bermitian, and, A ~+)(k)
+ A ~_)( - k) = I and A ~+)(k)A (i)( _ k) = 0, with A not summed.
We now try to simplify, t t = (21t)3 ( B (0) [af (~°)IB (0) >. With a little algebra, we then
obtain that
tt = tr [Z (k) + (~" k +/~mt )Z (k)],

(69)

where in particular (65) and (68) have been used. We also further obtain, with (59)
and (68),
t 2 =--- (2n) a ( B(0)l#t~2°~lB2 (0))
-- - tr IX (k) + X(k) (0~. k + l/m2)].

(70)

The neoative sign above along with a change of order may be noted.
We next consider (61), and obtain using (65) along with some simplifications, that

v = (2n) 3 (B(O)[v(O)IB(O) )
---- (2~) -3 S tr[x(k) + x(k')] (-~}) V ( k - k ' ) d k d k '

(71)

-= (270 -3 ~ tr[;c(k) + ( x ( k ' ) A ~ ) ( - k ) - A ~ ' ( - k)x(k'))]
x ( - ~ ) P ( k - k ' ) d k dk'.

(72)

In (72) we recognize that with (68) x(k) is a constrained 4 x 4 matrix. We further note
that the normalization here from (63) is
tr[x(k) + ;~(k)i d k = 1.

(73)

Hence, taking the functional parallel to (26) and using (69), (70), (72) and (73) we get
here the eigenvalue equation,
(a. k +//mr )X (k) - X(k) (~,- k +//m2)
+ (2n)- 3 j" (x(k,)A~2)(_ k ) - A ~ ' ( - k)x(k')) ( - ~ ) F" ( k - k ' ) d k '
= / l X(k),

(74)

which is the Salpeter equation (Yaouanc et al 1985). As an example of interlinking

1"We note that A_ ( - k) of Yaouanc et al (1985) = A (k) here.

Field theory of composite particles

533

the above with the results of §2, let us note that for a spin sinolet state as (24),
1
X,~(k) = ~ u~v~,~(k), such that from (64)
,/2

1

/

¢'

'

[ - cos ~ - sm -~- • ,

co,cos? )
• ¢1
sin T c o s T

\ - sin ~ sin --~-,

"

(75)

With the above, we can easily verify that (69) and (80) yield in fact the same results as (27)
and (28). Further, with v as in (61),. we get from (71) and (75) that
v = (2rt)-3 S ~(k')" [ ( ~ ' ~ ' ) ( c ° s - ~ c°s ~-L sin ~ sin tk~2
+ sin -~- sin -~- cos -~- cos

+

sin

sin -~- sin

sin

+ cos ~ cos ~ cos ~ cos ~ ) ] ( - ~) ~ ( k - k')h'(k) d k ' d k

(76)

= (2n) -3 S ~(k')* ½ [1 +cos ~ cos ~b' +sin tp sin ~b' (~" ~')]
x ( - ~ ) ~" (k' - k)/~(k)dk' dk.

(77)

In (77), we have taken the masses to be the same, so that we will have from symmetry
~b~ = q~2 = ~ and ~'1 = ~b~ = q~'.
In particular, we may take e.g. in (61) the harmonic oscillator potential as
-~ V(x-y)=

Vo3lx-yl 2.

(78)

We note that the Fourier transform of (78) does not really exist, and therefore gives
rise to ill-defined quantities when we substitute it in (77) and evaluate. We circumvent
this difficulty by regularizing the potential as below• We evaluate
1

v = lim Voa (21r) -3 2n(n/a) 3/2 x -2 /~(K'I)* [1 +cos ~bl cos ~b'l
a~0
L
q" sin KtK'sin
l~bl q~'l

K2 - ~ -

/~(K1) 2-a 4a 2

¢k2)K2dK~Zd~(cos O)
x exp - 4aa

(79)

where we have changed the variables as ~b = Iql = [ k ' l - k l 1, K = ½(k'l +kl). The
above corresponds to the regularization procedure V ( r ) = V30r2 exp(-ar2), with
a ~ 0, which in momentum space becomes with qb = Iq I,
- 34 ~,(q)= Jim V °3/n-~3/2
ka )

2a 4a 2 exp -4-aa "

(80)
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We have mentioned the above regularization process since here basically expectation
values and hence integrals are involved. The equations for spectroscopy here are nonperturbative, but become highly nonlinear and cannot be easily solved.
We now note a few differences in the context of Yaouanc et al (1985). We note that
here q~is not determined through chiral symmetry breaking of the vacuum but enters
nontrivially in the equations of the bound state as a whole, and, determines the
constituent field operators. The interlinking of the form of four-component constituent
operators with spectroscopy is the new feature of the present variational model, which
can be exploited for many applications of quark model elsewhere.
5. Effective m a s s

In the last section we had considered the quark-antiquark system. We shall here show in
this framework a possible origin of an "effective mass" in Schr6dinger's equation in a
trivial approximation with a harmonic oscillator potential.
As observed in Yaouanc et al (1985), a simple non-relativistic approximation for
(K) becomes
c~(K) = CK.

(81)

We shall now work with this approximation, and thus replace ~b variation by the
variation of the parameter C. Further, we shall take

f R2K2)

f R 2 x~3/4
~(k) = ~--n-;
exp~

2

= x/4rc Uoo(K),

(82)

and, replace h(k) variation by the variation with respect to R. Our objective here is to
test how the effective mass can arise.
From (69) and (70), we now obtain, with the approximations (81) and (82) that
t = S 2[m cos ~b+ K sin ~b] It~oo(K)I 2 K 2 dK
-~ .~ [2m + K 2 (2C - mC2)] laoo (K)I 2 K 2 dK.

(83)

We next consider the regularized potential (79). We note that this arose from (16) which
was the zeroth component only corresponding to a vector exchange. We generalize this
to the relativistic expression corresponding to (14).'The calculation is a little lengthy,
and the final result is being written here. We thus obtain, with (81) and (82) the
expression for v as,
_

cos

•

sin
+ ~2R2
-sin
Vao

C

sin2

2CK 1 [~oo(K)12K2dk

R'K2-~R

C

-1--0C 2 laoo(K)12K2dK.

(84)
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In (83) and (84) we have retained only terms upto K 2. The first term on the right hand
side of (84) corresponds to the nonrelativistic potential, and, second term contributes to
an "effective mass" for the kinetic term, which we now define as
1

9

= ( 2 C - m C 2 ) - - ~ R2C 2 V3o.

meff

(85)

3

On the right hand side of (85), we have to substitute the values of R and C after
minimization oft + v with respect to R and C. Further, we may interpret - ~ Vo3 C 2 as a
correction to the rest mass 2m. The above statements are derived from the identification
that (83) and '(84) correspond to the Schr6dinger equation,
k2

.

(2m-gv~c2+-m-~cn.)Uoo(k)+(2~)-3~dk'x
~" (k - k') Uoo (k') = AUoo (k),

(86)

where ~" (k - k') is evaluated with (80), and, men,is given by (85). We may further note
that the corrections to mass for harmonic oscillator potential become positive and are
also generally dependent on the state. Such statements are obviously meaningful only if
the system is nonrelativistic. For a relativistic system, in any case an "effective mass" is
not well defined. Also, for potentials other than harmonic oscillator potential, we may
not generally have a clean dependence on K 2 as in (85) and thus the correction through
effective mass may only be approximate.

6. Discussion

We note that in the present analysis we have taken equal time anticommutators/commutators of the interacting field operators as our starting point.
Such anticommutators/commutators impose a constraint on the field operators, which
are taken as otherwise arbitrary. We next define a bound state with some (unknown)
wave function and evaluate the expectation value of an effective Hamiltonian. Then we
determine the field operators as well as of the wave function by a variational principle.
Thus we do not use the equations of motion of the field operators; this is replaced by a
variation of the same to get an extremum for energy. We may contrast this with the
usual approach of first considering the quantized free fields and then introducing the
interaction term. Here the fields are never free and the solutions for these fields become
closely interlinked with both the interaction as well as the specific bound state under
consideration.
We also note that the present method also generates the conventional results such as
the relativistic equation for the electron in a central potential or, the Salpeter equation
for quark antiquark systems, with the advantage that it is basically nonperturbative.
Further work to utilize this aspect is in progress.
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