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Abstract. We consider here the problem of the existence ofa quasi-invariant which is linear in
the momenta for Hamiltonians in three degrees of freedom. We show that such quasiinvariants are more constrained in their structure than in the two degrees of freedom case. We
also show that some of these quasi-invariants have to be interpreted as 'pseudo-translations',
i.e., as translations in a non-orthogonal system of coordinates.
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1. Introduction
In a previous paper (Sitaram and Varma 1984) we had shown the connection between
quasi-invariants and generalized Killing vectors using the Jacobi metric. We recollect
here the general definition of a quasi-invariant:

Definition: Let L = L ( x i, ~ ) be the Lagrangian of a conservative classical mechanical
(CM) system with n degrees of freedom. A function l ( x i, fci) is said to be a quasiinvariant of the system at the energy E if dl/dt = 0 on the hypersurface H = E.
Such a quasi-invariant is a special case of what has been called in the literature as a
"configurational invariant" (Sarlet et al 1985). The most natural way of dealing with
quasi-invariants is through the Jacobi metric.
Definition: Let L = air fcifd - V(xi). Then the associated Jacobi metric at the energy E
is defined by
ds2 = oijd x~ dxj,

Oij = ( E - V)aij.

(1)

It is well known that the Euler-Lagrange equations given by L are completely
equivalent to the geodesic equations on the Jacobi metric. In this language, as we have
shown, a quasi-invariant for the CM system is equivalent to a generalized Killing vector
field (generalized in the sense that the Killing vector field depends in general on both the
position, x i, and the velocities, dx~/ds). For the special case ofa quasi-invariant linear in
the velocities, the generalized Killing vector field is just an ordinary Killing vector field.
In this paper, we wish to consider the conditions for the existence ofquasi-invariants
linear in the velocities for the Lagrangian
~2 ~2 ~2
L = -~ + -~ + -~ - V(x, y, z).

(2)
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The corresponding Jacobi metric is go = 06o, g = ( E - V).

2. The Killing equations and their solutions

The Killing equations (Eisenhart 1966) can be readily seen to yield
~lc~g

~+

~2dO ~3~0

0~=0,

Ty+ ~ + g ~

(3a)

00+~2~+~30g+ 0~2
¢, og +¢2 oo+¢3 oo,
0y

0¢1 + 0¢2

d~3

0z * g T z = 0,

0, de' + d¢3

0, 0¢2 + d¢3 = 0,

(3c)

(3d)

where the Killing vector field is assumed to have components (~t, ~2, ~a) and where the
quasi-invariant has the form
~ldx__
ds

I

dy

dz
dss"

It readily follows from the above equations that
c~x

~y

~z

(3e)

From (3d) and (3e), it follows that
02~ 1 c~2~ l
~92~ l d2~ 1
dX2 ~ ~
----"~
+~
= 0.

(3f)

with similar equations for ~2 and ~3.
The most general solution of (3f) is
~ = ./'1 (x + iy + iz) +f2 (x + iy - iz) + f3 (x - iy - iz) +./'4 (x - iy + iz),

where f~, f2, f3 and f4 are arbitrary functions of their arguments. (Strictly speaking, we
should also insist that ~1 is real, which yields conditions relating the f's, but this will not
be necessary for what follows). It is then easy to see, using (3d) that
¢2 = _ i(A +f2 -fa -f4) + Gx (z),

~3 = _ i( A

--A--f3 +fa) + G2 (y),

where we have omitted the arguments of functions f~ . . . f4 and where we have taken
Gt and G2 to be functions respectively ofz and y alone. This choice then easily satisfies
conditions (3e) also. These functions are then determined using the conditions (d~2/dz)
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+ (d~3/dy) = 0 (last of (3d)). This yields

dGt dG2 + 2 [ ~ - ~ + ~ - ~ ]
d--T+

= 0,

(4a)

where the dot stands for differentiation w.r.t, the argument of the functions f ~ . . . J~.
We immediately deduce that

d2Gl + 2 i [ ~ +~ -)~3-~] =0,
dz2

(4b)

d2G2 + 2 i [ ~ - ] 2 - ] 3 +.f43 = 0.
dy 2

(4c)

We now use the following: Ca) the second derivative of (4a) w.r.t, x; (b) the derivatives
of (4b) w.r.t, x and y; (c) the derivatives of (4c) w.r.t, x and z. Simple algebra yields

which implies that f ~ . . . f4 are at most quadratic in their arguments and hence that Ct,
~2 and ¢3 are at the most quadratic in x, y, z. It is then easy to show that the most general
solution of (3d) and (3e) is
=

Ot 2 _ y2 _ z2) + f l x y + ):xz + ~ x + ey + # z + ~r'

R
~2 = 2(Y2 _ x 2 _ z 2) + ~ x y + yyz - ex + tSy + vz + ~,

~3

? (z 2 _ x 2 _ y2) + otxy + flyz - p x - vy + 6z + p,

(5)

where ct, fl, y, 6, ~, kt, v, tr and r are arbitrary real parameters.
This result already shows the difference between the n = 2 case and the n = 3 case.
Recall that n = 2, the components ~1 and ~2 of the Killing vector field were just
constrained to be conjugate solutions of Laplace's equations in two dimensions, or
equivalently by the fact that ~1 + i¢2 was an analytical function of x + iy. On the other
hand, here, we have three considerations: (1) ~1+ i¢2 analytic in x + iy, (2) ~1 + i~3
analytic in x + iz and (3) ~2 + i~3 analytic in y + iz. While the first two conditions are
similar to the n = 2 case, the third condition is extremely restrictive and yields the above
solutions as the most general solution. We show below that such restrictions would play
a similar role in the n > 3 case also (cf. §4).
Another result of the restrictive nature of the Killing equations is in the simultaneous
existence of two independent Killing vectors. Assume that one of the Killing vectors,
say, has a quadratic dependence on x, y, z (e.g. ct = 1, all other constants zero in (5)). It
can be shown then, that the other Killing vector, say r/, cannot have a quadratic
dependence on x, y, :. For, if this were so, the commutator of ~ and t?, which should also
be a Killing vector field, would have a cubic dependence on x, y, z, which is not
permitted. This result would also be generalizable to n > 3.
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3. The conditions on g

Having obtained the general solution for ~ = (~1, ¢2, ~a), it is now necessary to solve the
last of the Killing equations,
~l~g ~2(~g ~3~g
(9~1
~x +
~y+
~z+g-~-x =0.

(6)

The easiest way to solve this equation is to first make a coordinate transformation
(x, y, z) --* (X, Y, Z), where iX, Y, Z), are some functions of x, y, z, such that in the new
coordinate system, the vector has coordinates il, 0, 0). Such a step can always be carded
out for any ~ (Eisenhart 1966). In contrast to the n = 2 case, it is not possible to write the
general solution for (X, Y, 2,) in terms of (x, y, z), but the transformation is trivial to
carry out in a few special cases where the transformation generated by the quasiinvariant is easy to interpret physically:
(a) a, ~, p non-zero: generates translations along a straight line in the x, y, z space; g
has to be independent of the coordinate which measures distances along this line.
(b) 5,/l, v non-zero: generates rotations along some axis in x, y, z space; g has to be
independent of an angle coordinate orthogonal to the rotation axis.
(c) ti non-zero: generates uniform scaling along all three axes; g should depend only
on scale independent quantities (e.g. x2/y 2 + g2, y/g, x2/yg, etc.).
Combinations of these cases can be discussed in a like manner. For the general case,
we proceed as follows: The requirement that in the new coordinates, ~ should have the
components (1, 0, 0) leads directly to the differential equations:
~.VX=I,

~.VY=0,

~'VZ=0.

(7)

We can distinguish between two cases: (a) 4" V x ~ = 0 and (b) 4" V x g ~ 0. The
condition ~" V x ~ = 0 can be written in terms of the various parameters appearing
in (5) as
va + ~,e -/~fl = 0; 5v + pfl - T~ = 0; /zti + pa - a), = 0;
tie - aft + z~t = 0;

pe -/~z + av = 0.

(8)

Case (a): When these conditions are satisfied, it is easy to see that the following system
of equations is integrable and defines a solution of (7):
vx=

Vx~
, v Y = iVx~t---~.

(9)

Z can then be easily determined to be a solution of the equation
V Z = G(x, y, z)-~ x (V x ~),

(10)

where G is a solution of the equation
(vG) x [~ x iv x ~,)]= - c { v x [~ x iv x ~)]).

01)

An alternative way of proceeding is to use the fact that the surface Y = constant is a
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solution of the equation

dx/~ 1 = dy/~2=dz/~ 3,

(12)

which is the characteristic equation of the equation 6" VY = 0 and then use Jacobi's last
multiplier theorem (Whittaker 1944) to get Z, the other solution of the characteristic
equation. It can be shown that it is possible to choose Z such that VX- VZ = 0, VY. VZ
= 0. Note also that, by construction, VX. VY = 0.
As an example, assume that • = 2, all other parameters = 0 in (5). Then one set of
coordinates (X, Y, Z) which satisfies (7) is given by
x
X =

x2+y2+z2

,

x x + y2 + z 2
Y = (y2+z2)l/2 , Z = y / z .

(13)

Transforming to X, Y, Z coordinates, we get,

H= [(IVxI)(IVYI)(IVZI)] i - ~ + 1 - ~ + 1 - ~

+ v(x,Y,g)

with the corresponding Jacobi metric given by
0tx = 0

IVY I IVZI
IVX] IVZl
IVX] , 022 = 0
IVYI '

(14)
003 = 0

lVXl IVY l
-.
IVZl

(15)

Using the fact that in these coordinates, ~ has components (1, 0, 0) leads to the
conditions
00t____5 = 002__._~z= 0033
-= 0.

OX

OX

(16)

OX

If we define ~ = O (IVXI" IVY I" IVZl), then these equations require
(17)
and hence that

O ln W Xl2 = o ~ ln lVy l2 = O ln IVZI2,

(18)

which can be easily verified to be true. The solution of (17) can then be written as
O = IVXt2"F(Y, Z), where F is an arbitrary function of its arguments and hence,

[vxl
9 = E - V = F(Y,Z) 1VYIIVZI"
It is worthwhile remarking here that using, e.g.,
9 = E - V = F (X, Z ) .

[ VY ]

IVXIIVZl

(19)
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does not lead to a Killing vector field, as the conditions

~InIVX,2 = ~InIVyI2 = ~lnIVZ[ 2
are not satisfied. This is similar to the case of polar coordinates in n = 2, where a
potential independent of r does not lead to an invariant.
case (b): When ~. V × ~ ~ 0, we come across a feature whlcla is not to be found in the n
= 2 case. In general, for case (b), it is not possible to find an orthogonal system of
coordinates X, Y, Z satisfying (7). Take for example the Killing vector defined by

= (x,y+z,z-y).
One choice of coordinates satisfying (7) can be easily seen to be
X = In x, Y = exp (2 tan- 1 y/z)
y2 + z 2

Z = x2/(y 2 + z2).

It is quite straightforward to verify that while VY.VZ = O, V X ' V Y ~ 0 and
VX" VZ ~ 0. It is worth noting here that X is uniquely defined by (7), as is the plane
containing Y and Z. We have the freedom to choose Y, Z to be mutually orthogonal, i.e.
VY. VZ = 0, as has been done above, but there is no way of choosing X to be orthogonal
to the Y - Z plane and still have the property of satisfying (7). In this non-orthogonal
coordinate system defined by (X,Y, Z), the Killing vector generates a "pseudotranslation" along the X-axis. The fact that this transformation is a pseudo-translation
can be seen by considering any transformation acting in a plane orthogonal to the
X-axis, e.g., a rotation around the X-axis. In contrast to the usual case, it is quite clear
that the pseudo-translation fails to commute with the rotation.
4. G e n e r a l i z a t i o n for n > 2

The major results of the previous sections are, firstly, the severe constraints on the form
of the quasi-invariants linear in the momenta, in contrast to the n = 2 case, and,
secondly, the existence of a new class of translations, i.e., the pseudo-translations
considered in the previous section. Both these results generalize to the n = 3 case as
follows:
Let

L =

~ 1 ~- -) 2f - - V (x 1, . . . , x~).
i=1

It is straightforward to show that the Killing equations imply the following set of
equations:

d~

~J

~xJ + ax---7 =
dx j = ~

O, i q:j,
(no summation),

¢ v o + ne (v. ~) = o,

(20a)

(20b)

(2Oc)
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where O = ( E - V). Equations (20a, b), for any triple i, j, k (i # j # k) coincide with
(3d)-(3e) and hence the analysis following equations (3) applies, mutatis mutandis, to the
above equations, leading to the conclusion that each component of ~ is at the most
quadratic in each of the x ~.It is also possible to write down the most general solutions of
equations (20a, b) as follows, where the summation convention has been temporarily
dropped:

~i

Gti

= ~- [(x~)~ - 27 (x~)~] + x~,'~jx j + 13x~+ 8ox~ + 6',

where % fl, % = - %, J are arbitrary constants, and where Y~'stands for a summation
over j, with the j = i term dropped.
Given such a g, we now investigate the conditions 'under which there exists an
orthogonal coordinate system (X i) such that the components ofg become (1, 0 , . . . , 0).
This condition is easily seen to be VX z = g/[~[2. If we define a 1-form ~/on the space
defined by the (X i) by ~/= (~idxi, then this condition can be written as dX' = ~//[~12
which implies that dO = ~/^ d (In I~ 12) and hence that ~/A d~/= 0. This last condition is
not always satisfied by g, as for example for t / = xidxi+ xadx 2 - x2dx a, for which
~lA do = 2xidx ~^ dx 2 ^ dx a ¢ 0, showing the existence of pseudo-translations for all n
> 2. Note that this analysis is valid for all n; for n = 2, ~/A d~/is always 0, while for n = 3,
the condition r/^ dr/= 0 is equivalent to the condition g'(V x ~) -- 0.

5. Conclusions

As noted in our earlier work (Sitaram and Varma 1984), CM systems, while being nonintegrable in the sense of absence of sufficient number of integrals of motion, could still
be quasi-integrable in the sense that for a given set of initial conditions (e.g., those
defined by a given value of the energy), the equations of motion are integrable (i.e.
reducible to quadrature). A change in the set of initial conditions, (e.g. a change in the
energy) however, could result in the destruction of the quasi-invariants, leading to the
possibility of chaos. This leads us to a picture of transition to chaos in CM systems as
being a series of energies where the system is quasi-integrable, followed by regions of
chaos due to the destruction of the quasi-invariants. As shown in our earlier work, it is
easy to construct examples of the CM systems which are quasi-integrable for some
energy in the case n = 2 degrees of freedom. For n > 2, it is rather difficult to show
quasi-integrability except in special cases, as in general, it is necessary to construct n - 1
quasi-invariants. However, the existence of even a single quasi-invariant for n > 2 is
likely to make a qualitative change in the dynamics, as the allowed phase space is smaller
than in the general case. Note that in the general case (i.e. where there do not exist any
quasi-invariants), the allowed phase space is 2n - I dimensional, while the existence of a
m quasi-invariants brings down the allowed phase space dimension to 2n - rn - 1. For
m = n, a theorem due to Sarlet et al (1985) shows that the allowed phase space
dimension is in fact one-dimensional.
It is possible, in principle, to extend our analysis to the case of quasi-invariants of
order > 1 in the momenta for n > 1. (The case of second order invariants for n = 2 has
already been discussed in our earlier paper). We see two problems with such an
extension:
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(a) The equations become rapidly intractable. (Note, however, in this connection the
work of Holt (1982) and Kaushal et al (1985), where some invariants of order 3 are
discussed. Both the works confine themselves to the case of invariants and do not
discuss quasi-invariants).
(b) For studying quasi-invariants of order >/2, it is advantageous to use a method
which allows the full use of canonical transformations to simplify the equations. In fact,
we know that while the first order quasi-invariants generate coordinate transformations, higher order invariants generate non-trivial canonical transformations (nontrivial in the sense that the transformations mix up coordinates and momenta). Our
approach, being essentially Lagrangian in nature, does not permit the natural use of
such canonical transformations and hence it is not possible to simplify the quasiinvariants sufficiently so as to solve the generalized Killing equations.
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