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Ordinary and extraordinary cyclotron waves in metals
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Abstract. Dispersion equations for the ordinary and extraordinary cyclotron waves
propagating perpendicular to the magnetic field in metals in the criticalregion where the
wavelength iscomparable to the electron Larmor radius are derived as an infinitebut rapidly
converging power series expansion in 6(= to/f/- M). Numerical studies for the cyclotron
wave propagation near the firstseven resonances are carded out. The non-local behaviour of
those waves in the criticalregion {Yl ~< kR ~ 3~) isstudied.For the ordinary waves the firstfew
resonances show significant dispersion than those near higher resonances which are
dispersion-free. Only one extraordinary wave propagates near the fundamental cyclotron
frequency. For the higher resonances, two modes propagate near each of the resonant
frequencies,of which one mode remains constant for allvalues of kR whereas the second mode
shows significantdispersion. But beyond the fifthresonance both the modes are dispersionfree.

Keyword$. Cyclotron resonance; cyclotron waves in metals; perpendicular propagation;
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1. Introduction
In the presence of a strong magnetic field, a metal or a doped semiconductor can
support a variety of electromagnetic or plasma oscillations. The best known
electromagnetic excitation in a solid state plasma is the helicon, which is a circularlypolarized wave propagating parallel to the magnetic field. Helicons can also propagate
at small angles to the magnetic field and are characterized by the fact that their velocities
are very small, often of the order of the sound wave velocity in solids. This feature
bestows on them an ability to interact strongly with the phonons. Vast literature is at
present available both on the helicons as well as on their interaction with the phonons
(Viswanathan 1975, 1979; Sekhar and Viswanathan 1976; Idiculla and Viswanathan
1980, 1981). The subject has also been reviewed by Kaner and Skobov (1971) and
Platzman and Wolff (1973).
While the helicons have very low frequencies compared to the electron cyclotron
frequency, the solid state plasma can also support a class of high-frequency waves
known as the cyclotron waves. These waves propagate very easily at right angles to the
magnetic field in the neighbourhood of the electron cyclotron frequency or its
harmonics and have velocities which are comparable to the particle velocities in the
metal. Further, the propagation characteristics of the cyclotron waves depend strongly
on the Coulomb interactions among the electrons in the metals and on the non-local
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properties of the conductivity tensor. For these reasons they can be used as probes of
the many-body effects in metals.
Kaner and Skobov (1964) first pointed out the possibility of propagating electromagnetic waves at right angles to the magnetic field in the vicinity of cyclotron
resonances. The cyclotron waves were first experimentally observed in alkali metals by
Walsh and Platzman (1965). As stated earlier, these waves depend sensitively on the
finite-k or non-local properties of the conductivity tensor. The dispersion characteristics of the cyclotron waves were studied by Kaner and Skobov (1971) both in the
long-wavelength (kR ~ 1) and in the short-wavelength (kR ,> 1) limits. A search of the
literature on cyclotron waves suggests that much work remains to be done on the
nature of the waves in the critical region where the wavelength is of the order of the
electron Larmor radius. The solution of the dispersion equations for the ordinary as
well as the extraordinary waves near cyclotron resonance requires much analytical as
well as computational work in this domain. Besides, when the cyclotron waves
propagate obliquely to the magnetic field, though very nearly perpendicular to it, the
Doppler-like term in the denominator (of the conductivity tensor %) introduces finite
regions of Landau damping, magnetic Landau damping and Doppler-shifted cyclotron
damping. Very little is at present known as to how such coilisionless damping acts to
destroy the propagation of the cyclotron waves and it is our aim to address ourselves to
some of these problems. In this paper, we solve the dispersion equations for the
ordinary as well as the extraordinary waves in metals propagating near cyclotron
resonances and study the non-local behaviour of those waves for wavelengths which are
comparable to the electron Larmor radius. Those results are presented in the next two
sections.

2. Ordinary cyclotron wave propagation
We shall choose the z-axis to coincide with the static magnetic field. Then the wellknown dispersion equation for the ordinary wave (for derivation see Appendix A) is
~,, = 0.

(1)

The components of the conductivity tensor are well-known and are reproduced in
textbooks or review articles by various authors. In this paper we use the expressions for
those as given by Platzman and Wolff (1973).
For propagation perpendicular to the magnetic field, we have

s.
Here
o~ + i (~)- 1
f~

and

(3)

b = k (v/tl) sin 0,

(4)

N = (3noe2/m*f~)

(5)

1; n : 0
6.o = 0; n 0.

(6)
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In the above equations ~o, ~-1, tl, k, vr, no and m* stand for the frequency of the
electromagnetic wave, the collision frequency of electrons with defects or impurities,
the cyclotron frequency, the magnitudes of the wave vector and the Fermi velocity, the
particle density and the effective mass of the particle respectively. Replacing (vr/[l) by R
(the Larmor radius) we get

b = kR sin 0.

(7)

The expression for the square of the Bessel function is (Watson 1958)

jZ(b) = ~, [

(-1)'(2n+2s),
b2"+2"]
,=o s!(2n+s)! [(n+s)!] 2 " ~ - ~ j "

(8)

Substituting the above expression in (2) and using the formula
f:

[(n+s)']2

sin 2n+2s+ x 0 c~

=

22"+2'+ 1

(2n+2s+l)(2n+2s+3)(2n+2s)!'

(9)

we find that the dispersion equation for ordinary cyclotron wave becomes
9= 0 * = 0 Pas

r

.~ n 2

-- O,

(10)

where
2 ( - 1)" (RR) 2" + 2,

Pm = (1 + 6.o) s ! (2n + s)! (2n + 2s + 1) (2n + 2s + 3)"

(11)

The dispersion equation is in the form of an infinite power series in kR and holds good
for any value of k.
As stated earlier, the cyclotron waves propagate very freely near the cyclotron
resonances. For electrons in a metal at very low temperatures, 9 is of the order of 10-9
to 10- s sec and f~ is of the order of l0 t t rad/see. Thus f ~ ,> I and for this reason we can
safely ignore collisions among the particles (electrons). We shall now investigate how
the non-local effects modify the dispersion of the waves.
Near the Mth resonance, we shall assume
r = Mfl + 6,

(12)

or

o = M+$.

(13)

Here

r = ~o/fl

(14)

and

6 = 6/f~.

(15)

It is presumed that 6 is small compared to unity, or
< 1.
Expanding (10) as a power series in 6, the dispersion equation for the ordinary wave
takes the form
Cj+x 6-/= 0,
./=0

where the coefficients Ci +1 are given in Appendix B.

(16)
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Normally ~ is small so that the infinite series expression in (16) can be truncated with
the first two terms. This gives a linear equation of the form
C1 + C2t~ = 0

(17)

3 = - (cdc2).

(18)

leading to

Occasionally, when ~ becomes comparable to unity though less than one, it is advisable,
in the interest of accuracy to take the third term of (16) also and solve instead the
quadratic equation
C1 + C2~+ C362 = 0.

(19)

Equations (18) and (19) were solved for different values of kR in steps of (~1 in the
interval kR = 0.1 to kR = 3"0 for the first seven resonances using a digital comPuter.
Due to the rapid convergence of the three infinite series in the expression for C~+ 1, we
considered only terms upto the order of 12th power in kR for all the three series. As a
further check we extended our calculations to terms of the order of 26th power in kR
and solved (18) and (19). The result was the reassurance of the correctness of our first
approximation. The computer was instructed to print the values of kR and c~ for each
value of kR in the interval.
In our calculations one of the two real roots of the quadratic equation always
happened to be greater than unity and was therefore discarded.
The calculations using the linear and the quadratic equations gave identical results
for resonances higher than or equal to 2. For the first resonance the quadratic
approximation gave results that agreed better with a direct solution (as elaborated
below) of the dispersion equation (10).
To check the accuracy of the numerical results, we solved the dispersion equation
directly by another independent method. The dispersion equation for the ordinary
wave may also be written in the form

n=0

u.

(~32 Z y/2

=

0

(20)

where
U, = ~.. P,,.

(21)

s=O

To study the dispersion equation for the nth resonance, we retained the first (n + m)
terms in (20) where m is small. The resulting algebraic equation can be solved directly
with the aid of a computer.
For stud~'ing the first five resonances we retained the first six terms of the dispersion
equation (20). Then (20) reduces to the simplified form
V0 (DI0 "~- V l O 8 "+" V2(D6 "t- V3(~)4-~- V4.(D2 -~- V$ = 0,

(22)

where the coefficients Vo to Vs are given in Appendix B. Here due to the rapid
convergence of the terms of the infinite power series in kR for Un, we retained only
terms upto (kR) l~ for evaluating Uo to U5 and Vo to Vs.
A computer program was written to solve the algebraic equation (22) for different
values of kR in steps of @1 in the interval kR = 0.1 to kR = 3.0.

Ordinary and extraordinary waves in metals

547

7

3

2

0

1

2

5

kR

F~ue 1. Dispersion curves for the ordinary cyclotron waves in metals propagating near the
first seven cyclotron resonances.
The dispersion curves for the propagation of ordinary cyclotron waves near the first
seven resonances are shown in figure 1.
It is found that the linear approximation (dashed line) is inadequate for the first
resonance. Hence for the first resonance we used the other computational methods
described above. For the next six resonances, even the linear approximation agrees with
the solution of the quadratic equation or with the direct numerical method of solution
of the dispersion equation.
The curves in figure 1 show that the frequency generally decreases as kR increases.
This decrease is more pronounced for the first resonance but not so for the higher
resonances.

3. Extraordinary cyclotron wave propagation
We shall next consider propagation of the extraordinary electromagnetic waves with
frequencies close to the cyclotron frequency or its harmonics.
The dispersion equation for the extraordinary wave (for derivation see Appendix A)
is
2 = O.
@xx~yy + axy

(23)

Assuming as before that the wave is propagating perpendicular to the impressed
static magnetic field, the three relevant components of the conductivity tensor, namely,
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axx, %y and axy are given by (Platzman and Wolff 1973)

2

~= 1

tb

(b) sin3 0 dO1,

/

b2

(24)

a , , = i N ( ~ ) . f : J'o2(b)sin3OdO

+,N=,[(coe.e).f:J'.2tb)sinOdO
]

(25)

and

a,,y-- N ~ [
n=O

(~

f "J'(b)J'(b)sin3OdO ].

(fb2 - - n 2 ) (1 + ~so)

0

(26)

b

Using the series expansions for the squares and products of the Bessel functions or
their derivatives in the integrals occurring in (24) to (26) and integrating term by term
we can express the integrals as a power series in the parameter kR. Then the expressions
for axe, a . and axy expressed as power series in kR are

a,,,,=2iN ~ ~ [
. = 1 $=0

n26~(-1)~(kR)2"+2"-2
((D2----~'(2-nn~*~

]

(27,

( ~ t - - ' ~ - S ' F 1) '

=(2iN~~ F (-l)$(kR)2S+2 l
_Jt_iN~l~[((-~ ) s[(2n+s-2)!(2n+2s-l)(2n+2s+l)
(-')$('gffs)(kR)2n+2$-2 ]
= ,=0

-2iN
n=l s

+ iN

(.02--n2

~

-[(o).

2 = ,=o
~

ca2- .2

s!(2n~)s)!~+D-~n~-2s+3)J

1
s!(2n + s + 2) i (2nn~ s s +-~ ~n-+-2s+ 5) J

(28)

and

ao
+ 2 N ~ , , =~o

1

[((.~)2) (- l)L(n.~" S_)_(kR)_2"+
d~2:n 2

l

" s!(2n+s)!(2n+2s+l) J"

(29)

To solve the dispersion equation, we look for solutions for the frequency of the
extraordinary wave lying close to the cyclotron frequency or its harmonics. Writing as
in (12) to (15) and substituting the equation for 6~ in (27) to (29), we find that in the
neighbourhood of cyclotron resonances the three relevant components of the
conductivity tensor can be expressed as a power series in kR. Thus we have,

a~ = iN (~)-1 ~ Aj+I ~j
j=0

(30)
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a y y = i N ( 6 ) -1 ~' B~+x ~ ,

(31)

)=0

and

trxy = N (t~)-t ~, Dr +1 r

(32)

i=0

where the expressions for A~+t, Bj+I and D~+x are given in Appendix B.
Substituting (30) to (32) in the dispersion equation (23) and simplifying, the latter
assumes the form
~6i=0

(33)

j=O

where
j+l

W~= ~ (D~Dj+2_,-A, Bj+2-s).

(34)

S=I

For numerical study of the extraordinary wave propagation near cyclotron
resonances we proceeded as follows.
As a first approximation we truncated the dispersion equation (33) with the quadratic
term and solved the equation
Wo+ W,$+ Wfi~ = 0,

(35)

A computer program was written for calculating the terms Ax, A2, A3, BI, B2, B3, DI,
D 3 and hence for Wo, W1 and W2of the quadratic equation (35). Due to the rapid
convergence of the series expansions for Aj+ 1, Bj+ x and Dj+ 1 in the expressions for Wj
we considered only terms upto the order of 12th power in kR.
Equation (35) was solved through the computer for various values of kR in steps of
0-1 in the range kR = 0.1 to kR --- 3-0 for the first seven resonances. This yielded two
real roots for all resonances. However, one of the two real roots for propagation near
the first resonance was discarded as it violated the required condition [6[ < I even from
kR = ~1. It follows that there are two distinct modes propagating near any
subharmonic except near the fundamental resonance frequency where there exists only
D 2 and

o n e WaVe.

For the second and third resonances, one of the two roots violated the condition
[3[ < 1 for kR > 1.5 for the second resonance and kR > 2.9 for the third resonance. So
in order to obtain correct numerical results, we had to proceed to equations of higher
order.
It was seen that for propagation near the second resonance the value of 3 tends to
unity in the range 1-5 < kR <~3-0. As a result, the dispersion equation has a slower
convergence in this region. Therefore an accurate solution of (33) in this region
necessitated the consideration of a fairly large number of terms. In fact we had to solve
an equation of order fourteen in 3 (in which the various terms contained powers of kR
of order 12) for waves propagating near the second resonance to obtain real
roots satisfying the condition 131 < 1 . This was achieved by suitably modifying our
computer program.
Also for propagation near the third resonance we have to solve a dispersion equation
of the third or higher order in 3. So we solved a fourth order equation.
The fact that the solution of the cubic and the fifth order approximations of the
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F i p r e 2. Dispersion curves for the extraordinarycyclotronwaves in metals propagating
near the first seven cyclotron resonances. For the sixth and seventh resonances the frequencies
of both the modes almost coincide. Hence for the two resonances both the modes are shown
together as one continuous line.

dispersion equation (33) for propagation near the fundamental cyclotron frequency
yielded only one real root confirms our earlier finding that only one wave propagates in
the vicinity of the fundamental cyclotron frequency.
In figure 2 we give the dispersion curves for the propagation of extraordinary
cyclotron waves near the first seven harmonics.
Near the first harmonic there exists only a single wave represented by a continuous
line. The frequency of the wave remains almost constant at fl upto kR = 1-5.Thereafter
the frequency of the wave decreases as kR increases.
For the second and higher harmonics, two modes generally propagate near each of
the resonant frequencies. Of these one mode, denoted by a continuous line has a
constant frequency in the range for kR whereas the other mode denoted by a dashed
line shows dispersion: As can be seen from the figure, the dispersion is strongest for the
second mode near the second harmonic. For the third, fourth and fifth harmonics, the
frequency of the second mode almost coincides with that of the first mode upto a
certain value of kR and starts branching off afterwards. For the sixth and seventh
harmonics, the frequency of the two modes almost coincides throughout the entire
range of values of kR that we calculated.
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Appendix A
For a discussion of the dispersion behaviour of the high frequency w a v e s (HFW) we
concentrate on the bulk dielectric properties of the metal (i.e. solid state plasma).
It is well known that for propagation accurately perpendicular to the static magnetic
field, the HFw are undamped if the collisions are neglected. (At low temperatures in pure
samples ~ ~ 10-9-10 -s Sec and fl ~ 1011 rad/sec. This is the range of parameters
where HFW are observed. Thus, in this regime f ~ >> I and collisions are unimportant).
Assuming a perturbing field of the form E = Eo.eX p [ i ( k . r - c o t ) ] , the Maxwelrs
equations yield
k

x

(k

x

(A.I)

Eo) + (o~/c) z 8" E o = 0,

where we have defined the magnetic field B to be parallel to the z-axis and the wave
vector to be parallel to the x-axis

(zllB

and

,,ilk).

In (A.1), k is the wave vector, co the frequency of the HFWand 8 is the dielectric tensor
defined as
e=p (k, co, B) = 6,,p + (41ti/~) o=p (k, co, B).

(A.2)

In (A.2), the first term 6=p is the displacement current and the second term is a complex
tensor contribution due to the magnetized conduction electrons where tT=B(k, o~, B) is
the wave-vector-, frequency-, and field-dependent conductivity tensor.
Equation (A.I) will have a non-trivial solution when the determinant of the
coefficients vanishes, i.e.,
gxx

e,~

s

G, - (kr

~'xz

2

e,,

= 0.

(A.3)
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But in our coordinate system "+11a and x ll k. Then using the symmetry of the
magnetoconductivity tensor, we have ex, = ey, = e+x = e,y = 0. Then (A.3) reduces to

~y~
0

eyy - (kc/co) z
0

0

= 0.

(A.4)

~,, - (kc/co) 2

This yields us the familiar dispersion relation
[e,, - (kc/co) 2 ] [ e ~ e,, + e 2, - ex~ . (kc/co) 2 ] = 0.

(A.5)

The first root,
~,, = (kc/co) 2

(A.6)

is the ordinary wave which is purely transverse in character (E II z). The other root,
2
(ex~ryy + e~y)/e~.~
= (~/co)2

(A.7)

is the extraordinary wave which is not purely transverse in character but has a weak
longitudinal component as well.
Using (A.2) in (A.6) we get the dispersion relation for the ordinary wave as
(kc/co) z = 1 + (4hi/co) a~, (k, co, B).

(A.8)

The experimental conditions under which cyclotron waves are observed lead to a
simplification of (A.8). In the range of parameters where the HFWare observed one has
co~/co2 ~ x01O >> (kc/co)2 ~ l 0 s >> 1

(where co,,, 1011 rad/sec and cop= ( 4 n n e 2 / m * ) l / ~ ~ 1016 rad/sec in the plasma
frequency) and the term (4ni/co).a+, ~ O(%/co) 2 ~ 101~ Therefore one can neglect the
first term on the right hand side of (A.8) coming from the displacement current in
Maxwelrs equations. In other words, because of the extremely high plasma frequency
in metals, the response due to the conduction electrons is dominant, and so one can
neglect the contribution 6~# due to the displacement current in the expression for
~,# [equation (A.2) ]. Thus, for metals, one can define ~,# as
e~# (k, co, B) = (4hi~co).%# (k, co, B).

(A.9)

Again, in the regime where cyclotron waves are observed, (kc/co) 2 ~ l0 s so that
solutions of (A.8) are given to O(kc/cop) 2 ~ 10- s by the zeros of the conductivity,
tr+~ = 0

(A.10)

which is thus the dispersion relation for the ordinary wave.
Similarly using (A.9) in (A.7) we have for the extraordinary wave,
(kc/co) z = [ (tr~ (r,, + a2xy)/ ax~] 9 (4r~i/co).

(A. 11)

Hence solutions of (A.11) are given to O(kc/cop) 2 ~ 10-s by
2
(a~x ay, + o~y)/cr~
= 0.

(A. 12)
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Hence
a

xo. +

= 0

(A.13)

is the dispersion relation for the extraordinary wave.
Appendix B

Vo= 1/3.

(B.1)

(kR)2/15 - (55/3).

(B.2)

)'2= (1023/3)- (18/5) (kR) 2 + (kR)4/35.

(B.3)

(kR)6/63 - (10/7) (kR)4 + (323/5) (kR) 2 - (7645/3).

(B.4)

)I,= (21076/3) - (6676/15) (kR) 2 + (769/35) (kR)4
- (41/63) (kR) 6 + (1/99) (kR) a.

(B.5)

V5 = (1/143) (kR) 1~ -(25/99) (kR) s + (400/63) (kR) 6
- (720/7)(kR) 4 + (960) (k R ) 2 - 4800.

(B.6)

M2 ( - 1)s (kR) 2u§ ~-2
AI = s=o s! (2M + s)! (2M + 2s+ 1)"
B1

( - 1)" (M + s) (kg) 2u§
,=o/" 2 s ! ( 2 M - ( - s ~
~s---O(~

(B.7)

+ Es+'l)

(kR) 2u§
-,=~o s! (2M+s)! ( 2 M + 2 s + l ) ( 2 M + 2 s + 3 )
|

( - 1) ~ ( M + s)

|

( - 1) ~ ( M + s + 2) ( k R ) 2 ~ § 2 4 7

+ ,=o
~ 2s .)(2M + s + 2) ! (2M + 2s + 3) (2M + 2s + 5)'
|

(a.8)

( - 1) ~ ( k R ) 2M+~"

C1 = ~=o
~' s!(2M +s)!(2M + 2s+ 1) (2M+2s+3)"
DI = ~ ( - I)mM(M + s) (kR)2M+2s-2
~=o s!(2M +s)!(2M + 2s+ I)
D 2 = ~'

(B.9)
(B.10)

2M2(-l)'(n+s)(kR) z"+2"-2

. = 1 s = O ( M2

--

n2)s! (2n + s)! (2n + 2s + 1) '

oo

23-2

+ ~oV~ (-D's(kR)s,~sv.~ + 1"5 ~ ( - 1)~( M + s ) (kR)~U+~-:
,=oS!(2M+s)[(2M+2s+l)

(B.I 1)

where X', stands for the summation over all values of n ~ M. For j I> 0,

zj= ( _ 1)J/M~+ 1,
QJ= ( _ I)~/(2M)J+ i,

(B.12)

(B.13)
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Q] = ( - l)J-l/(2 J+' M J)

(B.14)

L (_l)~Mj+l-2,n2,(j+l)!
GJ = 2 , E= o (M2_.~)~§ (j + 1 - 2r)! (2r)I'

(B.15)

and

where L is the integer part of the positive real number (j + 1)/2. For j >I 1,
Aj+ 1 =

(_l)~n2 (kR)2,+2,-2

~' |

[~o
+

$

(-lrM2(kR)2U+2~-2 I
sl(2M+s)!(2M+2s+l) Q~-~'

I |

2(-1)~(kR)2'+2

B,§ = , ~ o S ~ ( ~ ~ - ( ~ ; +

(B.16)

1

5)j z'''

+ ,~'1 ,=o:2s!(En+s-E)!(En+2s-1)(2n+2s+1)
:

-

(-1)S(n+s)(kR)2~+2~

s = o s! (2n + s) ! (2n + 2s + 1) (2n + 2s + 3)

|
(_l),(n+s+2)(kR)Z,+2,+2
]}
+,~o2Sl(2n+s+ 2)[(2n+ 2s+ 3)(2n+ 2s+
G~-I

{I

+

:0
s=

(-l)~(M+s)(kR)2U+~'-~
2s!(2M+s-2)!(2M+2s-1)(2M+2s+l)
( - 1)~(M + s) (kR)~u+2~

s[ (2M + s)[ (2M + 2s + 1) (2M + 2s + 3)

(-1)~(M+s+2)(kR)2M+~+2

]}Qj_I,

(B.17)

2s ! (2M + s + 2) [ (2M + 2s + 3) (2M + 2s + 5)

§

[ t-lr~R:' ]z,_,

C~+1 = ~ o L(s[) ~ (2s+ 1) (2s+ 3)

s=oLS!(2M+s)!(2M+2s+l)(2M+2s+3)
+

~'

Qi-I

( - 1)~ (kR) 2"+2~

n=~=oS!(2n+s)!(2n+2s+l)(2n+2s+3 ) G)_~, (B.18)
_

Dj+2-

I

y:

(-1)~(n+s)(kR)2'+2~-2

n=l,=o sl(2n+s)[(2n+2s+l)

G]
| (-1) ~ (M+s) (kR)2M+2s-21 r~2

+ ~o ~(2---M-+~-*~_]
and

1

G~ = (G~)M + G~_:.

~'

(B.19)
(B.20)

