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Abstract. Classification of all electrovac specetimes permitting the separation of variables in
the Hamilton-Jacobi equation for a charged test particle is carried out. This separation
requires the existence of a complete set consisting of Killing’s vectors and tensors of a special
kind. Every complete set defines its own type of metric and clectromagnetic potential in the
separable coordinate system. There exist seven types of separation of variables for
electromagnetic spaces. For every type an additional classification is carried out by
transformation of coordinates without any disturbance of the separation conditions, the
gradient transformation of electromagnetic potential and the conformal-constant transform-
ation of metric.

The key step in solving the problem is the extraction of an autonomous subsystem which
determines the metric from only the Einstein-Maxwell equations for every type of separation
of variables.

Representatives of all classes of metrics and electromagnetic potential are given for every
type of separation of variables with the exception of the spaces found in the well-known work
by Carter.

The problem is solved in terms of metric formalism. The classes of electrovac spacetimes
obtained are found to be related to Petrov’s classification.
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1. Introduction
We shall call the Riemannian space of a signature (+, —, —, —) as a special Stackel
electrovac spacetime in which the Hamilton-Jacobi equation for a massive charge in an

external electromagnetic field defined by an electromagnetic potential 4;(x),i,j =0, 1,
2,3.

glx)(S,i+ A)(S,;+ 4)—m? =0, )

can be integrated by the complete separation of variables and the metric tensor g/
together with the electromagnetic potential A; satisfy the vacuum (with A-term)
Einstein-Maxwell equations

Rij—gijR/2+Ag;;= 4neT,;, V,F/=0, (¥)]

(we use for a single term the rule of summation with respect to the superscript and the
subscript appearing twice, unless a reservation is made). Here R, is the Ricci tensor; R is
the scalar curvature; V; is the covariant derivative with respect to x‘; F; i=Ai—A
T,; = (g;;F, F* — F,  F})/4n;g,4" = 5{, 6]is the Kronecker symbol;  is an arbitrary
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constant; k,I =0, 1, 2, 3. The term “special” is introduced to distinguish the above
determined spaces from the Stackel spaces in which the eikonal equation, g*/S ;S ; =0,
can be integrated by the method of complete separation of variables.

Interest in special Stackel spaces of electrovacuum is due to the possibility existing in
this case to investigate their global properties on the basis of exact solutions of the
equations of motion for test particles.

The problem of classification of such spaces repeatedly attracted researcher’s
attention (Carter 1968; Walker and Penrose 1970; Boyer et al 1981; Demiansky and
Francaviglia 1981; Bagrov and Obukhov 1982, 1983; Bagrov et al 1983). A detailed
bibliographical review has been given by Bagrov et al (1983). In the present paper this
problem is completely solved in terms of metric formalism.

2. Separation of variables

In this section we give some statements of the theory of separation of variables which
will be needed in the subsequent discussion. A more detailed consideration of the
theory is given by Bagrov et al (1973), Shapovalov (1978, 1979), Benenty (1980),
Benenty and Francaviglia (1979).

The conditions necessary and sufficient for complete separations of variables in a
linear second-order non-parabolic differential equation were first given by Bagrov et al
(1973) in covariant terms of symmetry operator complete sets. Stackel spaces of a
general form are studied by Shapovalov (1978, 1979). Benenty (1980) considered the
theory in terms of structure properties of Riemannian manifold. The metric tensor and
the electromagnetic potential are also found in a general form in separable coordinates
by Bagrov et al (1973), Shapovalov (1978, 1979) and assumed as a basis for our work.

By definition, equation (1) is solvable by complete separation of variables if in any
privileged coordinate system its complete integral can be presented in the form

3
S = .ZO Si(x") +Q(x), (3)

where Q(x) is independent of separation constants. According to general theory (see,
for example, Shapovalov 1978, 1979; Benenty 1980) the necessary condition of variables
complete separation in (1) is the existence of a complete set consisting of pairwise
commuting n(0 < n < 3) Killing’s vector fields Y% (x) (indices of p and q run from 0 to
n—1 through the text) and (3 —n) Killing’s tensor fields Yi/(x) independent of each
other and of g'/ (indices denoted by small Greek letters run from n to 3). We denote
n’ = n-rank (Y, Y,;). In the Riemannian space of a signature (+,—,—,—)n’ can take a
value of 0 or 1 (Shapovalov 1978, theorem 4; 1979, theorem 2). Numbers n and n’
characterize the complete set. We shall take a complete set defined by integers n and n’
as (m,n')-type set. Accordingly, a special Stackel electrovac space with an (n,n’)-type
complete set will be taken as a (n, n’)-type space. The case is possible when a space would
have sets of both (n,n’)- and (ng,n)-types with n > n,. Then we shall relate it to the
(n,n")-type. There are only seven different combinations of integers (n,n’), they are (0-0),
(1-0), (1°1), (2-0), (2-1), (3-0), (3-1). That leads to the seven correspondent types of Stackel
spaces with signature (+, —, —, —).

The following notation is adopted here. Separable (privileged) coordinate system is
picked up so that Y}, = &}, and will be further designated as (;). Functions of one
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variable will be denoted by small Greek letters with an obligatory singular right
subscript indicating the number of the variable. For example: ¢/ = ¢’/ (u,). In this case
a derivative with respect to the corresponding variable is denoted by a dot. The
quantities squared denoted by small Greek letters ¢, £, { without indices are equal to 1.
Constants are denoted by small Roman letters only (indices are possible), for example:
at ,aj.,a,- ; are constants. Exceptions are metric tensors denoted by g; ,-,g“ , Kronecker’s
symbol 8" = 8% = §;;, x', w;, z = (u, + iu,)/2. Other functions are denoted by capital
letters. In order that one may not confuse the value of a single superscript with the
power we shall put the numerical value of the index in parenthesis, so that a'? = ai,
when i = 2; aZ = (a,)*.

Let there be two special Stackel spaces of electrovacuum ¥ and ¥” being denoted by
the following sets of quantities

gij(u)’ Ai(u)9 l: x, (4)
and
gij(w), Aj(w'), 1', &', )

respectively, ((u), (u’) are privileged coordinate systems). ¥ and V"’ are considered to be
equivalent if quantities (4) and (5) are related by relationships of the form

gi;(W') =a Y (Qu/0u;) (Ou,/0u})gu; (u), Ai(w) = £ 3 (Jup/Ou;) A(w)
k,l k

+0F(u')/0u;, V' =21/a, @ = az,u' =u'(u), det(du'/du) # 0.
(6)
This definition is used only once for establishing the equivalence of (1-0)-type to (20)-

type spaces. In all other cases we employ a narrower concept of equivalence when using
in formulae (6) so-called permissible transformations of coordinates

Up = CRlUg+Cpaal, U, = g (Us(y), @)

where det ¢ # 0, S(v) is a certain permutation of the set (n, ..., 3). Using this
definition, let us write down the conditions of complete separation of variables in the
privileged coordinate system (see, for example, Bagrov et al 1973)

g’ = ¢3ny, t]
A = ¢3gimi, ®)
guA,AJ = ¢§7tv, (10)

where ¢4 = (¢ !)4, ¥ is the Stackel matrix, '/, n} are determined by the expressions:

type (n0): m)/ = 638)+y596,6], ni=din2,
type (1) ni/ = (1—58%)58] +67y8(816) +0,8))+ (1)

+7590,0), mi=35.60n+5ink.

The metrics and electromagnetic potentials in the canonical form are represented here
for all possible seven types of Stackel spaces mentioned above.
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Type (0-0): ds? = 6*'6*/du,du;/ 9%, 4, =0.
Type (1.0): ds? = (dud/Q+ Y dul/e, WA, QA4 = y,w", 4, =0, 12)

Type (1-1): ds? = 2dupduy /e, W —Qdu?/(e; W) +dul/e, WP

+dud/e; WA,
Ao =7, A =(0,W"—QA4)/e, w, A, =A4,=0. (13)

For (Ln')-types A=8,W",Q=0, W*, WV =1, —1,,
WO =1,—7, W=7 -1,
Type (20): ds® = ( Y G, du,du,+ Y (- l)Vduf/tv)A, A,=0,
p.q v
A, =G™(yi+9%), A=56,+083, G, GP9=059,G"=al"+a?.  (14)
Type (21):ds?* = —[(¢,dup +du; —Qdu,)?/G +2dugdu, —y;dul +du?]A,
—G= 0313 +20:103+ &+ &3, Q=073+ 13, A =05,+03,
Ao =03+¢24,, A =(9205-0,Q+(,+(5)/G, (15)
Ay =03-0;73—QA4;, A3=0.
Type 3.n'): gij=gijus), A,=0af, A3=0. (16)
Mn=0, gP*=0. Qn=1 grl=g3=0. 17
All the functions in the above relations can be apparently expressed in terms of the
n, my, @% in (8)~(10).
Let us briefly describe the general scheme.
Expressions comprising complementary information (to (8) and (9)) on the metrics
and potential structure specific for every Stackel space type are extracted from (10).
Functional equations autonomous subsystem comprising only functions ¢* and =’/
is derived from equation (2) by the expressions mentioned above. The autonomous

subsystem integration is reduced to the algebraic equations system solution. The rest
system equations (2) and (8)-(10) are thus integrated.

3. (1:0)-type spaces
The electromagnetic potential, correct to equivalence, has the form

Ag=a;, A,=0. (18)
To prove this let us write down (10) in the form

(WY =(@,W)(W"), v,u=123 (19)
Let the variable u, be fixed and introduce the functions

(zvo = (wvo_wl)/Tvo+#l, I“vo = (yVo_YI)/Tvo+ Vi, Evo = (Cvo_Cl )/Tv°+ll9
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T, =(- 1)*(z, —11), here vo = 2, 3. Then one can represent (19) in the form

(rz—r3)2 =(Q; —Q3)(E, — E3) (20)
Q —

. .: )
Vo, Yo? ““vg,vo

Linear combinations (with constant coefficients) of the functions (I"
forms a linear space M, ; moreover dim M, +dim M; < 3.

(1). dim M, > 0, dim M, > 0. Because of the symmetry of (20) with respect to the
permutation of indices 2 and 3, one can take dim M; = 1. It allows us to represent
functional equation (20) as a following system:

Vo, Vo’

Ffo = QVo Evo, 21"2 F3 = Qz 33 +Q3 Ez. (21)
As dim M, # 0, we have
Ao =T,/Q; =T3/Qy =0a,. (22)

(2). Let nowdim M, =0,then I, =Q, =5, =0.
Because of 1, # 0 (otherwise we have (2:0)-type spaces), from here it follows:

Nn=r=o,=0,={={=0 23
which is equivalent to (18). When condition (18) is satisfied,T,, = O (v # p), then
R,=0 (v#p) 24)

All solutions of system (24) were found by Obukhov (1977). This together with
condition (18) makes it possible to completely integrate system (2). We can write the
solutions in the following manner:

ds? = P[dud/oy +dui + (u; —u3) (n2duj —n3dud)],
Ay =0y, A, =0, n,=40ud+bu’+ku,+q).
(1) 2 =1/uus, oy =¢ep}, P} =p(pB}+3r),
@, =2(A/2)}/B,, k=4 q=0. (25)

Q P=¢ 6}= -4coi(po,+el+etza®/2),
a, =af(—¢td3o,)"Yda,, 2er=<¢za’-24. (26)

B) P=01, 3¢i=-2Qip}+6roi+3¢za’p,+pei”),
oy =e@}/pl, oy =2a8(—Eqy)t 27

It is shown that the above mentioned special Stackel electrovac spacetimes are
equivalent, in terms of relations (6), to certain spaces of the (n0)-type, where n > 1. For
this purpose we shall prove that, in addition to Killing’s vector field Y5 = (1,0,0,0)
belonging to the complete set, these spaces permit the existence of another Killing’s
vector field, i.e.Y| = (0,0, 4 (u,,u;), B(u,,u;)) commuting with Y$ and A’. For solving
(25) the field Y; is defined by the formulac: A4 = u, (,73uu3) " H(u, —u3)™!, B=
— 3 (n2n3uyu3)~H(uy —us) ™. In cases (26) and (27) the existence of Y follows from
the following considerations. The Killing’s system is written as
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2A3=D/n,, 2B,= —D/ns, D= D(uy us), (28)

24, = —Any/n; + (B— A)/(uy —uy),

2B, — Bna/ns+ (B— A)/(uy — u3).

Compatibility conditions of this sytem

2D ,n, = 3(B—A)/(u, ““3)2 “B’.Is/ﬂs(“z —-u3)
'D[l/(“z-“a)—ﬁz/ﬂz]/ﬂz,

2D 3ny = 3(B- A)/(uy — “3)2 - A"Iz/ﬂz(“z —u3)
—D[1/(uy —u3)+n3/n31/n3,

with (28) form a completely integrated system of equations which has nontrivial
solutions A, B, D and this is a proof of the existence of the vector field Y. Making
transformation of variables u,,u; which diagonalize Y}, we obtain metrics and
potentials of the special Stackel spaces of electrovacuum of (2:0)- and (3-0)-types in the
privileged coordinate system. Thus, we have constructed the proof of Theorem 1. There
are no special Stackel spaces of electrovacuum of (1-0)-type.

Note: the same is also true for spaces of (0-0)-type (Iwata 1969).

4. (1-1)-type spaces

Let us consider the functional equation (10). Using expression (13), (10) reduces to the
form

20Wy, —, W'yl —2, W =0, 29)

where 2, = =, /¢,. It should be noted that (29) is symmetric with respect to permutation
of variables u, u, and that the functions which depend only on one of these variables
enter into (29) linearly. The latter means that to obtain a general solution of (29) it is
necessary to exhaust all cases of linear dependence between the functions
0,,%,,0,,T,, a = 2, 3. The existence of the group of equation (29):

0, =0,+at,+bw,+c, &,==&,+a,1,+2b0,+b*w,+c,,
0, =w,+at,+¢y, Y1 =71+b, t,=1,+t (30)

(a,b,c,a,,cq,a,,c,y, t-group parameters)
enables one, without loss of generality, to confine himself to the non-equivalent with
respect to (30) solutions of (29):

(1) Yy =&, = 0=>A0 = 0, Al = BVWV/81 W(l), A2 = A3 =0.
(2) &v=6v=wy=0=>A0='y1, AV=Q=0. (31)

The conditions T,, = 0,v # u are valid in the both cases, hence it follows R,, =0,
v # u. A solution of this system was obtained by Obukhov (1977) and defined the space
linear element in the form
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ds? = ¢[2dupdu, +2dulQ/W+ W (dui/a® +dui/aP)], (32)

where W = 1, — 15, Q = w, — w;. Substituting (32) and (31) into Einstein-Maxwell
equations (2), we obtain a system of functional equations for functions
0,,71,0,,7,,¢. The solutions of this system define all spaces of (1-1)-type. They
are:

L A,=0, Ag=u, RV}, ¢=1 i2=(-1V[a+2nt,+1t2-8413),
Q=0 al=1
IL Ag= A, = A, =0.
(1). 4, =12au,, ¢ = —-3/iui, W=1, Q= (rul+su;+q)/1?
—122za’uf+koud ~ku3, 13=2(k13-r/z}), ¥ =1, 2P =12
(). A; = (auy+r)/ol+(agus +ro)ft?, ¢=W=14=0, Q= (bui+cu,
+1)/o3 + (bou +cous + l)/t2, 6/6,+1,/1, —2bj/at —2by/t%
+&(@/ob+al/r8) =0, aP =0}, aP =12
B AA=F+F, ¢=¢,, W=00FF,, ¢t=-Q2ropi+znio,
+503), Q=re00(FoFo)/A+ POF o+ POF,, 1=1
P=p, k=k 0=20/0z, a}=1.
@) Fo=(kz2+2qz+r)exp(—il), F = (ngFo+ko)exp(il),
P = [[3kro Flexp(il)+p Fo+11dz,
(b) Fo=cexp(iz)+texp(—1iz)+ky, F =0,
@ = =20 ko (c?exp (2112))
—tZexp(—212)— (p+ 3Irokoko)z(F o — ko)
+coexp (12) + toexp (= 112).

5. (2-0)-type spaces

The spaces of this type were systematically studied in the well-known work by Carter
(1968) under some additional restrictions imposed on the metric. We shall make a
classification without these restrictions.

Let us write relationship (10) using formulae (14) and differentiate it with respect to
u,,u3. The equation obtained, after simple transformations can be represented in the
form 7,3 = 0. As g,3 = 0t follows that R, = 0. The latter equality can be written as
[In(A%det G,,)] 35 = 0. By integrating this we obtain

et (G,,) = 1,75. (33)

Thus, equation (33) follows from the separability conditions of Hamilton-Jacobi
equation (1) and is not an additional restriction as it was supposed by Carter (1968). The
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only essential restriction accepted by Carter (1968) is the existence of constants a”? such
that the condition

det(@??+(—1)'a??) =0 (34)

is valid for the functions « 2¢ entering in metric (14). Having considered the metrics
which do not satisfy condition (34) we establish the validity of the following.

Theorem 2. The set of special Stackel spaces of electrovacuum of (2:0)-type can be
divided into the following non equivalent, nonintersecting classes of spaces:

(a) class of Carter’s spaces. Functions «2? in metric (14) can obey the condition (34);

(b) class of plane wave spaces. By means of permissible coordinate transformations
(7) the component gq, of a metric tensor can be made equal to zero. All solutions of this
class enter as special cases into the solutions of section 4;

(c) class of spaces of constant curvature (with no electromagnetic field).

Let us outline the proof. Formulae (14) enable one to extract from Einstein-Maxwell
system (2) an autonomous subsystem (containing no functions of electromagnetic
field). Indeed, as it is not difficult to see that

g T, =g"T,, =0, (35)

hence
9"*R,, =g"R,,=24. (36)

Equations (36) together with (33) form the autonomous subsystem to be found. All
nonequivalent solutions of this subsystem not satisfying condition (34) and the equality
doo = O are represented below:

(1) ds? = e(u, —b) (3 + b)du? + e(uy +b) (uy — b)du? — [dul/(44u; — a) (u3 — b?)
+dul/(4Auy+a)ui—>b?)]3(uy + us).
(2) ds® =uy[(apduo +du, ) exp @, + 1, exp (— @,)dud —edud/t, + dul/(—4iui/3

$272)— "]id“z
€Xp @2

i
+enul)], 1, =nui+2quy,+t, a; = J.[(PZ( 2

(3) ds® = 03[ (x3 —ctp;)dud/(a3 — )+ 2stpr dupdu, /(a3 — &)
+{(@a +ctpy)dui/(ad — &) +edud —edui/ty],
pa=puy, a={+{03/1,
(e x+{st*x = £,d(ctx)/dx = —{stx;d(stx)/dx = ctx),
40e3(Ets+003)(2050, — 03 - £p?) = (20368375 — 034;)2.
(4) ds® = E[(A+4a—y3)dud +2y,dugdu, +e(A +4a+y;)dul]/A
+A{du3/(u; +a) (u; +b)— dud/(us + a) (u3 — b)],
A=u,+uy, y3=8ea(u,+a), 73=8a(u;+a), A=0.
(5) ds? = elus[(1/us + el (u3 —3)/2)(dud +edu}) -y, (dud —edu})]/A
+ EA(4dud/(uy —30e)+dud/us) —2Lysdugdu, /A, A= u;+u,,



Special Stdckel electrovac spacetimes 101

4y} = (u;—3e)(u, +60)%, y3=1{(e{~u3)®, 1=0.
6) ds® = [eluuddud + 2(Luy) u, dugduy —euy (2/u; + 1/u,)du]/A
+A(du}/duy +duiju), A=0, A=u,+u;.

(7) dSz = Zgu (us)duiduj.
ivj

The first solution is a space of a constant curvature. The second one is self-consistent on
substitution into system (2) only if A; = 0 and ¢, = In u,. Under these conditions the
above solution also describes a space of a constant curvature. The seventh solution
results in spaces of (3-0)-type. The rest of the solutions, when substituted in sytem (2),
lead to some contradictions. Then the theorem is proved.
Plane-wave solutions are represented below for completeness. They follow from (31)
and (32) in which it should be assumed that Ay = 4, = 4; =0, a} = 1.
(1) A, =2aexp (ru;)cos (ruy), d=1/Wt,, 3= —1,(r*1,+41/3),
W =exp(—ru;), Q= (qexp(—rus)+qo)exp(—rus)+3ri(b—=za®)tii~?!
+2b1,—2bA/3r +f xp fraxs tduy, xp =r*ti+%Ar, 4472
(2) A, =au,+aguy, ¢=—3/Au3, W=1, Q=kud+u})+sou;
—zA(@ +ad)ud/124+fuld +t.
B) A =F|oF o+ F|0F,, A=0, W=00F,F,, Q=aFF+P0F,
+ POF,, 0=0/0z, 1=, p=p, A=n
(@ Fo=3kz22+2qz+r, F =2nkz*+qz>)+3fz+c,
P =an[n(kz’/5+qz*/3)+f 23 +cz2]+2p(kz® +qz*) + 50z +1.

(b) Fo=hexp (Hz)+texp(—Bz)+k, F =nz(Fo—k)+hoexp (Ii2)
+toexp(—1z), 20 P=[n*=hz?+(—n*=h/I} 4+ 2honz= +21ipoh)z
+solexp(B2)+[—n?®tz? + (—n&t/H-2tona +21ipyt)z
+5,] exp (—13z2).

@ A =ai/W, ¢$=1/t,15, 5 =(=1)(1l—4iz,/3),
o, = (=111, [[pr2+kt, +1+ (1) 1> 2 (a2 +a2)r2/9]/1,i4du,.

6. (2.1)-type spaces

Similar to the space types considered above we shall write (10), using formulae
(15), in the form A} = —G (26,603 —0%y3 +n2+n3)+. From this it follows that
[(GA1)*)23 = —26,(Fy3+Q 34, + QF3), which, in its turn, can be represented in
the form

63+ @24,)(Fy3+QF 13)+GF,Fi3 =0, 37

or T3 = 0. The latter equation, subject to (2), leads to the condition for the metric R,
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=0« (G ,/G—-22,); =0, where #,=A ,/A. From this equation we obtain by
integrating
= —(8/B285)* (38)

Formulae (15) together with (38) permits one to write system (2) of Einstein-Maxwell
equations in the following form

By =2ips8, (39)
2253+ P3—2B3 P3/B3 — (9:8.83/A)* =0, (40)
P —4B; P3/Bs+ (92 B283/A) = —2=[(F13A/B,B5)
+(y2+ §24,)2/A—44A, (41)

02— 922 P2 =3B2/B2) + Q35 +3B303/Bs -2 2,Q 5

= —2&A[Fy;(6, + ¢, A1)~ F13(F23 +QF 13)1/B3 B3, (42)
V3 +73B3/Bs — (B28:Q,3/A) —zﬁz/lgz - P3+4B, 2,/B,

=2&[(AF12/B283) + (Fu3 +QF 13)*1/A, (43)
(AF3/B2B5),3 + ¢2B2B3(6, + ¢, 4,)/A =0, (44)
[B2B3(F23+QF,3)/A] 3 —[B2B3(62+ ¢ 4,)/A),2 = 0. (45)

Let us put 25 = 0. From (40) it follows that ¢, = 0, equivalent to ¢, = 0, while from
(39) we have B3 = 24B,+p. Equation (38) gives in addition one more of the
conditions (a) §, = d,,(b) B3 = 1.Integrating (44) together with (41) makes it possible
to obtain an expression for potential A,:

Ay =B,[(-363 —2'15%/&)”/33(1“3 +p2]/62

while (37) enables one to express F,3 + QF 3 through A4, if 6, # 0.If 6, = 0, wecan use
this for (45). The rest of the equations can be integrated in quadratures.

Let now 25 # 0. From (39) it follows that 15, = 0, and from (40) and (38) we have
(@2B2)* = 46,. Let us integrate (39) and (40) taking into consideration the above
expressions; then we obtain 82 = 22 = (1/3)[®$+6(6, ®;3)*] + 2k=; +q, 65 = =3.
Since #; # 0 (in the opposite case 25 = 0), one can make the substitution of variables
u’y = ®5(u;), then g;; = —A/B% and the above formula takes the form:

B3 = (A/3)[u5+6(3,u3)* ] +2kus +q, & =uj. (46)
It is supposed below that the substitution of variables is made. Let us consider two cases

(1) @2 = 0. Then (41), (44), (45) can be integrated:
@@ B,=1, 2q= —&p*, G,=pcosa,,

Ay = p(sin ay + pyu3)/us,
Ay 3+QA, 3 =pAld;sina, +usp,tga,]/usfi. 47

b) 6,=9¢=0, A =a,, A2,3=P2A/ﬁ§- (48)
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The unknown functions entering into (47), (48) should be chosen so that (41), (42)
would be self-consistent. Then these equations can be integrated in quadratures.

{2) ¢, # 0. Let us integrate (44) and (45); we obtain
A, = p, sin 2[arctg(u3 /w,) - &, ] — 6293,
B3(A;,3+QA, 3)/A = p{(@2/w; — B2/B2) cos 2[arctg (u3 /wy) + ;]
+2&, sin 2[arctg (u3/w;) + 2,] + (@, cos 2[arctg (u3/w;)
+2,]1)20,} /0w, +0;, 8, = wi. 49)

Substituting (49) into (41) enables us to give concrete expressions to the quantities
entering into (48)

P2 = pﬂl/w29 q= —(}.(0;4‘2&}72), & = b’
0, = po,w; % cos b, (62/92),2 = PPy, w3 % sin 2b. (50)

From (38), by fixing in turn variables u,, u; and taking into account the linear
independence of the functions ¢, and @32 we obtain the following expressions:

Biys =co+2¢103+¢,63, PBixs =bo+2b,0;+b,03,
ﬁ§€3 =ao+2a153+a26§. (51)

Substituting again (51) into (38), collecting coefficients of the linearly independent
functions 85, 83 and equating them to zero we obtain

B3(co@3 +2boo, +ag) = 05 ~r&, B3,

Bilc1p3 +2b1p,+ay) =6, —1&, 3,

B3(c203+2b,0,+a,) = 1—né, B3,

£, [n6%+2105+r—p3]1=0. (52)

The latter equation of system (52) together with the relation between 82 and &, defined
by (46) enables us to come to the conclusion that either &, = 0 or B3 = const. Solutions
of the rest of equations of system (52) together with the conditions 16, = 0, (¢, 8;)?
= 44, gives

@ & =0, Bo=1, @,=06,=u3, Bsys=1, xs=ui/B3, & =u3/B3,
) & =0, B =[allei+ 1]}, ¢F=4c’a(loi+1), b =c,

vs =al(ui+c)/Bl, %3 =0, & =a(ui+c?)/Bs.
© & =03(c203+2b,0,+a;), B3 =1/(c203+2b0,+ay),

02 =Bi(cip3+2b19,+a1), ¢3 =46,/p3.

Thus, all the functions entering into g; ;, 4;are determined. System (2) and conditions of
separability (8)-(10) are satisfiable identically. In conclusion, all the solutions obtained
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are listed below.

ds®* = — B3 B3(p2dug +du, —Qdu,)*/A
—AQ2dugdu, —ysdu? +dul/al),
Ao=a,+¢@,4,, A;=0.
L 4802 = 4882 = A[16u% +24(¢, Byus)* — 3(2 B2)* 1 + 48ku, — 962 p?

A =ui+(428,/2)"

(1) ¢, =2¢cuy, B=1, 6,=y;=Q=0, A; =p[2cuscosa

+{c2—ud)sinal/c(ui+c?), A4,=0.

(2 A=0, g,=u}, By=1, 0,=~2pu,sina, Q= (ui+ul)/f3,
Biys=1, A, =2p(uscosa+u,sina)/(ut+ul), A4,=0.

3) A1=0, ¢2=4(rpi+ep,), k=0, 2&p*=—1, @,8,=1, ¢=0,1,
0, = 2ep@,0,sina, Q= @,ul+ 2ro, +e)ud, y3=ul+2rul,
Ay = p[20,uscos a+ (0% —u} —2erp,A—eA)sin al/@, 0, A,

Ay = 0,pr[20,uscosa+ (02 —ud—cA)sinal/A, 0% =r+¢/o,;.

4 9,=0, B,=1, 0,=2pucosa, y3=—-cQ, Q= —cu3/B3,

A, =2puj'sina+cao,, A,=0.

() 92 =0, B;=1, 0,=0, Q= 42-[ "3 (rx + 2cp?) B34 (x)dx,

o

y3=4a’,J‘u, dxp;? (J:){JJr depit (e [4a(rt+20p2)2+2pzczﬂ§t)]3+h},

0 0
Ay =2pfus, A;= ZPJ' 3 [ex?B352(x)+Q(x)x~2]dx.
0

6) 0; =0, B2=rp3+b, 6,=k=p=Q=0, y;=—3Q4Aru+24cu,
—3&)2)%u8, Aj=ay, Ay =3(F-d}/B}1u,,
(@) a; = (a/r)(rB3+b), (b) oy =aui, B, =u,.

uy 4
(M ¢;=0, B,=1, p=0,=0, n=—cL Bi;c(;)“"’
“ dx * 22 2= B(1)]d() }
= — h b A = ’
v L ﬂ;m{ﬁ, B3(0) * 1= %
. v x2dx
Az=(lz—¢§)*j.o FHE)
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(a) o = 0,
®) k=c=0, y;=—=9= +nu;)/24%u},

¥y = QuU,, Az = 3(’2 —az)*/).U3.
IL ¢, =0, a2=p+24p%, A=30,.

®) Br=6,=1, o;,= (—213’)&“2 cosa, P3=u;, = -—c/).u%,

s = (c/Aus)?, A, = (aysina+2cu, cosa)/(-2lz)}, A, =0.

u} —2& \}\dx
Ozl fmt o= Q=J.o ((p+;1x)i—r< 7 ))?

% dx x [n-—r(—2a:(p//1+2t))i]2+2a:r’tdt+h}
7"L x(p+2,zx)*”o 2 (p+2At) ’

ul r A } dx
Al=a3/(—2ﬂ.a3)*, A2=Jo [;—(—2—;) Q](p+2).x)§

(10) A=0, = ﬁz =0, 6,=0,, Ba=uy, Q=c/u3, 7= Cz/“%"'la’lﬂz“a
+blnu;, A, =0, A,= () In u;.

(11) l=a’2=0, ﬁ3=1, Q=Cu3, )’3=ru§+nu3, Al = 3,

Ay = —cayuy, 8,[2B,/Bs+(8:/6,)* +4(B28,)/B26, + (aB2/6,) —2r) 2=
+ (62dz/ﬁ2)2 +Cza% =0,

7. (3-0')-type spaces

The spaces of this type admit a three-parametric Abelian group of motions. In
separable coordinates, a metric tensor and an electromagnetic potential depend on one
variable u;. In the present section, as earlier, constants are denoted by small Roman
letters and by small Greek letters without right subscript. All other letters are used to
denote functions of u;. As before, the exceptions concerning the symbols 8, g, ;, g*/ are
valid.

7.1. (3.0)-type spaces

The metric, in correspondence with (16), has the form

ds* = A ¥ G, du,du, — A*dul/Q?G, (53)
p:q

where
G = 1/det(G,,), GP?G,, =45, p,q=0,1,2
Integrating Maxwell equations we have

“ip =G,,c'/Q (54)
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Using permissible coordinate transformations

u,=afu, u,=a%u, (afa% =3ad), (55)
we turn ¢V and ¢? to zero. This condition is invariant about (55) if we demand for
a®=ag%9 =0, a=1,2. (56)

Let us denote J£ = G??G ;,, # = A/A then system (12) can be represented in the form

(QJ2) = {82 [2c2AGGoy — 24A% + (QP)' QG — 22c¢*AGG,,62}/QG, 7

3QP) —(GQ/G) - Q[3P* —22G/G + GG, /2] = (@c2AGGoo +24A%)/QG.

(58)
Integrating (57) under with p = a = 1,2, we obtain
QU = 1:85+K5, (59)
where y; is a certain function. In addition, from (57) it also follows that
A =Q[3(QJP) ~(QG/G) ]/2c*®Gyp. (60)

The rest of the equations can be reduced to the form
(QIP) Goo + [(QJP) — () 1Go, =0,
(QIP) Gor — () Goy =0,
(92G74G,,) ~2(QG/G) QGoo/Goo +2(QI V) Q(G/G + 3600/600)(=6 ?;
23Q2 -QG/G) +(QG/G)? +3Q2G*G,, + 12(2c*AG Gy,
—21A%)/G = 0. (62)

System (61) is a differential-algebraic consequence system (59), (60), (62). Multiplying
(59) by GP? and summing over p, we obtain the system

QGP* = 7;,GP* + k2G. (63)

Let us eliminate y; from (63) and integrate the subsystem obtained. By transformations
(55), (56) we turn matrix kJ to one of the two possible canonical forms

0 0 k

Lkjy= 0 n 0

. k=l

o ol

Discarding the solutions leading to special cases of (2.0)- and (2.1)-type spaces we
obtain three nonequivalent classes of the solutions G,,, which are represented as

quadric quantics G(x,x) = Y, G, X,X,, X, are parameters:
p.q

(1) G(x,%) = {x3 —203x0%; + (0:Q +0%)x} +2(us8; — 03)x0x;
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—2[u3 Q83 + 03 (4305 — 03)1x, x, + [Q0:8; + (u3 0,
-03)71x3}/6,97,
where 6, = Q+u3.
(2) G(x,x) = {QxF+a03x} ~2u30,x,x, +0,x3}/0,Q, Q=a—ul.
(3) G(x,x) = {(8~b%u3)x3 +2a0;x0x; +2b03x0x, +a0;(0; —u;03)x3
+2b03(05 —u303)x, x, — 0303 x3 }/u3 03[ (b*u; — a)b; — b20,],
93 = Q/u3.
Every of these equations includes an arbitrary function 6,, defined from (62). All the
rest of the equations of system (57), (58) are satisfied identically.
7.2. (3.1)-type spaces
According to (17) the metric of the space has the form
ds? = Z g:; du,du;, 9P =g"2=0,g"=p5, P =1
isJ
From system (2) it follows that Q" = gV = 0. Indeed,
qu = _Bglﬁg'gpp’gqq' = gpq(T+l)’ where T= ZR&(ﬂng3)2,
hence  (B§g'* —BYg%!) = —gg'! (T +2),
(B9 g% — BP g = —gg°° (T +4),
(Bg" — B g"") (B g% ~ B g°°) = — gg° (T + 1), where g = det(g; ;).

Since g # 0, we have T+ 4 =0, B0 g1 — BPg%! = 0, BPg%! — Bg%° = 0. There is,
up to equivalence, the only solution of this system:

B = B =2 =T=0,2(g/g) +§"'g,, +22g"* 4,4, =0, A,=0,

which is solvable by a quadrature.

8. Conclusion

In conclusion, it should be noted since the problem is solved in terms of metric
formalism it is desirable to obtain the Petrov classification of the solutions obtained.
Additional analysis has shown that (2.0)- and (3.0)-type spaces belong to Petrov type 1,
(2.1)-type spaces are mainly of Petrov type II; and that (3.1), (1.1)-types belong to the
confluent Petrov type II.
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