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Focussing and defocussing of ballistic phonons in diamond and
Nb3Sn
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Abstract. Theballistic propagation ofphonons in diamond and Nb3Sn at 40 and at 4-2K is
examined.The nature of variation ofthe phonon magnificationfactor has been analysed both
in the wave vector as well as group velocityspaces. Using the Polar Sehmidt-net with Pole at
(n/2, x/2), the mappings of phonon focussingand defocussingare made. It is shown that the
mapping for the rr^ mode for Nb3Sn exhibits islands acting as impenetrable barriers for
phonon propagation.
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1. Introduction

The ballistic propagation of phonons in crystals at very low temperatures has been
verified during the last two decades in a variety of experiments. If a crystal is cooled
below its superconducting critical temperature, thermal transport is dominated by
phonon scattering processes. Further, if the crystal is free from defects, impurity
scattering is reduced to the minimum. Under these circumstances the phonon mean free
path is limited only by the linear dimensions of the crystal and phonons propagate
ballistically.
In their heat pulse experiments, Taylor et al (1969, 1971) reported very large
differences in the intensity of phonons of different polarizations propagating
ballistically in elastically anisotropic crystals such as LiF, KCI and A1203. Their
experiments showed that the energy flow was enhanced along certain directions even
though the original angular distribution of the wave vectors was isotropic. The recent
surge of interest in phonon imaging (Hensel and Dynes 1979; Northrop and Wolfe
1979, 1980; Einsenmenger 1980, 1981; Wolfe et al 1980; Eichele et ai 1982a, b; Every et al
1984)---a technique that employs ballistic phonons to probe the effects of elastic
anisotropy and surface scattering on phonon transport--has brought out the
remarkable directional anisotropy of ballistic phonons and the phonon wind in
elastically anisotropic solids. Measurements of the thermal conductivity of Si and CaF2
in the boundary-scattering regime demonstrated anisotropies of up to 50 % for Si and
40% for CaF2 (McCurdy et al 1970). Striking differences in the boundary-scattered
phonon conductivity and effective phonon mean free path were predicted along the
principal axes of cubic crystals (McCurdy 1982). A behaviour no less complex is to be
expected in many, if not most, crystals.
The above interesting results arise from phonon focussing. In elastically anisotropic
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substances, barring a few symmetry directions, the ray velocity or the group velocity of
the acoustic waves is not parallel to the phase velocity. The angular deviation between
the ray velocity direction and phase velocity direction depends upon the direction of the
wave vector, q, the phonon polarization and the elastic anisotropy. Phonon focussing
occurs when the direction of the group velocity varies more slowly over some small
solid angle with wave vector direction than for an elastically isotropic solid. Since the
energy flow is in the direction of the ray (group) velocity vector, the phonon flux is
enhanced along any strongly focussed directions.
The focussing of phonons in crystals has been studied by several authors in recent
years (Marls 1971; Philip and Viswanathan 1978; Every 1980; Northrop and Wolfe
1980).
According to Marls (1971) the phonon magnification factor (pMF),A, for a particular
polarization is defined as
A = df~/dQs,

(1)

where dQq is the solid angle in the wave vector space and dfl, is the corresponding solid
angle in the group velocity space. Philip and Viswanathan (1978) showed that
A- ' = J (sin 0Jsin 0),

(2)

where
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(3)

is none other than the Jacobian of the transformation relating the polar variables (0~,
4's) of the group velocity vector and (0, 4') of the wave vector.
The direction of the energy flow (0~, 4'~)depends on the group velocity components
which again depend on (0, 4'). So 0~ and 4'~ are functions of. 0 and 4'. Hence analytical
expressions in terms of 0 and 4' can be derived for J and therefore for A also. Further,
the Gaussian curvature K of the slowness surface can be expressed in terms of the
inverse put, the wave vector and the angular deviation between the ray vector and the
wave vector (Lax and Narayanamurti 1980). Thus for any given set of values of 0 and 4',
A and K can be evaluated numerically. But, often, the experimental results relate to the
phonon focussing in the group velocity space. To enable comparison of the
theoretically calculated values of phonon focussing with the experimental results, it is
necessary to evaluate A (0~, 4's)rather than A (0, 4'). However, it is not possible to obtain
analytical expressions for the f u r as a function of the variables 0~and 4',. Nevertheless,
A (0,, 4'~) can be evaluated numerically by first evaluating A (0, 4') for a given set of
values of 0 and 4' and thereafter by sorting the computer output for A (0, 4') in
ascending value for either of the parameters 0, or 4's. This is the procedure for numerical
evaluation adopted in the present paper in which we give the results of the numerical
calculations for diamond and for non-transforming NbsSn.
2. Numerical procedure

A computer program was written to evaluate the magnitudes of the group and the
inverse phase velocities, the polar variables 0, and 4', of the group velocity vector, the
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angular deviation A between the ray vector direction and the wave vector direction, the
Gaussian curvature K of the slowness surface and the magnification factor A, for
propagation along any general direction (0, 4) inside the crystal. The computer was
instructed to calculate and print all the above nine parameters in intervals of 5° for both
0 and 4.
As stated earlier the magnification factor A (0s, ~ ) evaluated as a function of the
group velocity variables is more useful for comparison with the available experimental
data rather than A (0, 4). While the values of 0 and ~b are varied uniformly and in
intervals of 5°, the corresponding directions 0~ and ¢,~ are decided by the anisotropic
elastic properties of the crystal. Hence 0~ and ~ do not have a uniform distribution in
group velocity space. Thus we have a non-uniform set of values for the group velocity
variables 0~ and ~s which are densely populated in certain regions and sparsely
distributed in other regions.
The data for A (0, ~b) in increasing order for the variables 0 and ~ was stored in
magnetic tapes. Thereafter data for A (0~, ~), in ascending order for either the variables
0~ or ~ , was also obtained and stored in magnetic tapes by sorting the former data in
magnetic tapes using the built-in Subroutine of a TDC-316 computer. Thus the sorted
output gives the magnification factor A (0~, ~s) for different directions in the group
velocity space. This output can be compared directly with the figures obtained by the
ballistic phonon imaging techniques or other similar methods.
As sin0 and sin0~ are positive throughout, the magnification factor A[ = (j)-i
(sin 0/sin 0s)] takes the sign of the Jacobian J. But only the magnitude of A (i.e. [A D
has physical significance and hence only that is shown in our diagrams. Curves
showing the relation between IA I and 0~, ~b,,0 or ~ are drawn only in the range 0 ° to 90 °
for the angular variables in view of the cubic symmetry.

3. Phonon focussing in diamond
Though diamond has been extensively studied and is regarded as the test ground for
various theories, it still offers scope for further work. The ballistic propagation of
phonons in diamond is but one example. For our numerical calculations we used
the following values of the elastic stiffness constants as given by Auld (1973). They are
cll = 102 x 101° Nm -2, cl2 = 25 x 101°Nm -z and c44 = 49.2 x 101°Nm -z
The computer output shows that diamond does not exhibit any unusual focussing
properties. The PMFis never too large for any direction inside the crystal as compared to
other crystals such as Nb3Sn, Ge, etc. The longitudinal acoustic (L^) mode is nearly
"isotropic" showing neither very high nor very small values for the PMF.Even the slow
transverse acoustic (ST^)and fast transverse acoustic (rr^) modes do not show very large
or very low values for the PMF.
The PMFfor the L^ mode is positive throughout. In figure 1 we show in four curves the
relation between IAI and 0s or 0 in some of the principal meridian planes for the L^
mode. Each of the four curves is symmetric about the [010] direction. Further, the
computer output shows that the phonon focussing for the L^ mode is nearly "isotropic"
with values of A lying in the range (Y40 to 1.65. The minimum (0.40) is along the [001]
and [001] directions and the maximum value (1.65) is along the (111 ) directions--a
fact which is evident from figure 1 also.
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Figure 1. Relation between lAJ and O, or Oin some of the principal meridian planes for the L,
mode in diamond.

O f the three phonon acoustic modes in a crystal, the ray velocity and slowness
surfaces for the STAmode have the most interesting topological properties. Also the PMF
for this mode exhibits interesting variations. As mentioned earlier, we have to rearrange
the data for A (0, ~b)in order to obtain A (0,, ~). It is not possible to show the variation
of IA] against any precise value of the variables 0~ or ~ except along the symmetry
planes. However, experiments on phonon focussing measure the intensity of the
phonon flux over a small solid angle in the group velocity space. So in figure 2 we show
the relation between IA ] and ~ over a small range of 3"3° for the variable 0, (i.e., 2-3 °
~< 0, ~< 5"6°). In other words, we show the propagation of the phonon flux within a
conical region defined by 2"3° ~< 0, ~< 5.6 °. It is seen that the PMF has sharp peaks having
the maximum value of 30 along ~, = 11.3 °, 78.7 °, . . . . and other symmetric directions.
Further, the PMF also shows a secondary maxima (21 "5) along ~, = 27.3 °, 62.7 °, etc. It is
thus evident that even within this small conical region, the ballistic phonons are
focussed only along specific directions. The STAmode for non-transforming Nb3Sn at
4.2 K (figure 9) also has a similar behaviour.
For propagation in a principal symmetry plane, the group velocity vector also lies in
the same plane. Figure 3 shows the relation between IAI and ~ in the (001) plane for the
FrA mode. The eMF does not show very high values for this mode as in the sTAmode. The
maximum value (4.5) of the PMF is along the (100) directions. The minimum value
(1 "96) is along the directions es = 7,1 °, 82.9 °, etc. Along all other directions in this plane
the PMF keeps an almost constant value of 3"2.
Our computer output shows that the Pray for diamond has a maximum value of 57
which is reached for the STA mode for propagation along regions having 0 = 75 ° or
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Figure 2. Relation between tAI and @, in the
conical region defined by 2"3° ~< 0, ~< 5'6 ° for the STA
mode in diamond.

2.5

1.5

o

!
,[

45

~ IN DEGREES

90

Figure 3. Relation between IA Iand ~, in the (001)
plane for the FrA mode in diamond.

115 °. So in figure 4 we show the relation between IAI and ~b at 0 = 75 ° for the three
acoustic modes of diamond. It is obvious that the maximum value of the eMF is for the
STAmode and that too along ~ = 10 °, 80 °, etc. while along ~b = 45 °, 135 °, etc. the PMr
has the minimum value (0.45). The curve for the STA mode is similar to that shown in
figure 2 wherein we have shown the relation between [A[ and ~, in a small range of
values for 0,. For the mrAmode the PMFhas a maximum (3.25) along ~b = 0 °, 90 °, etc.-the directions along which the STAmode has a local minimum. As is to be expected, the
PMF for the LAmode is small, nearly "isotropic", but is oscillatory. All the three curves
are symmetric about the directions q~ = 45 °, 90 °, etc.
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4. Phonon focussing in non-transforming Nb3Sn
The A-15 compounds have very interesting elastic properties. These compounds are
characterized by high superconducting critical temperatures. In these compounds the
STA mode propagating along the face diagonal or the [-110] direction with [-1i0]
polarization becomes soft at low temperatures. Sections of the ray velocity and
slowness surfaces in the (001) and (110) planes of A-15 compounds have earlier been
studied by Philip and Viswanathan (1977). They have reported that the A-15
compounds exhibit unusually large cuspidal edges for the ray velocity surfaces at
temperatures below superconducting critical temperatures. In this section we report the
results of our study of the phonon magnification for a typical A-15 compound, namely,
non-transforming Nb3Sn at two different temperatures--at 40K, and also at 4.2K
where the relation ct 1 = c12 strictly holds good. For our numerical calculations we
adopted the following values of the elastic stiffness constants as given by Testardi
(1973). They are cl 1 = 17.18 x 101° N m - 2, ct2 = t6.11 x 101° N m - 2 and c44 = 2.717
x 10t°Nm -2 at 40K and cll =c12 = 16.46x 10t°Nm-2 and c4,,= 2"66
x 10t°Nm -2 at 4.2K.
In figure 5 we show the relation between [A [and ~, in the (001) plane for the STAmode
at 40 K. The PMFhas a maximum value of 50 along ~b, = 22.6°, 67-4°, etc. An interesting
feature is that the magnification is almost zero (0.02) in regions defined by 32° ,< ~s
58 ° and other equivalent symmetry regions.
In figure 6 we show the relation between [A[ and ~b,in the (001) plane for the STAmode
at 4.2 K. We find that the PMFhas been reduced and the directions of maxima have also
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Figure 5. Relation between [A I and ¢, in the (001)
plane for the s'rA mode in non-transforming Nb3 Sn
at 40 K. The curve in the range 0 .< ]A[ .< 0.06 is
drawn in a magnified scale for showing the finer
details of the phonon focussing and defocussing
aspects about the [110] direction.
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Figure6. Relation between [A] and @,in the (001)
plane for the STAmode, it, non-transforming Nb3Sn
at 4.2 K. For shov, ing tbe strong defocussing along
the [110] direction where dxe mode becomes soft
and the accompanying strong focussing about both
sides of the [110] direction, the curve in the range
44.83" ~< $, ,< 4Y17 is drawn in a magnified .~:ale.
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been altered. A striking feature is that the PMF is zero along the (110) directions
wherein this mode becomes soft. In contrast to the behaviour of the STA phonons at
40 K, the STAphonons are focussed strongly along gs = 44.98 °, 45-02°, etc. at 4.2 K. As
before the curve is symmetric about the [110] direction.
In figure 7 we show the relation between A (the angular deviation of the ray vector
direction vis-a-vis the wave vector direction) and $ in the (001) plane for the STAmode at
40 K and at 4.2 K. This angular deviation is zero for propagation along the (001) and
(110)directions (pure mode directions), but, can be as high as 59-8° at 40 K and 85 ° at
4.2 K. These curves too are symmetric about the face diagonal.
Figure 8 shows the relation between [A Iand 0, or 0 in the (I 10) plane for the STAmode
at 40 K. From the relation between IAI and 0, it is seen that the phonons are channelled
mainly along 0, = 0 °, 18"8°, 20"8° and the corresponding symmetry directions. There
are virtually no phonons propagating in the range 40°~< 0, ~< 90 ° and in the
corresponding symmetric range 90 ° < 0, ~< 140°. Thus the variation of IAI against 0s
shows sharp peaks accompanied by secondary peaks. The curve depicting IA [ vs 0 has a
totally different pattern showing peaks along 0 = 0°, 20 °, 60 ° and equivalent symmetric
directions.
In figure 9 we show the relation between IAI and $, in the narrow conical region
defined by 43"5° <~ 0, ~< 46"5° for the STAmode at 4.2 K. The PMF is high only for the
regions defined by 0 ° ~< q~, ~< 23"5° and other equivalent regions. In the regions 24 °
$, ~< 66 ° and other equivalent regions, the focussing is zero except along $, = 44-3°,
45"7°, etc. The maximum PMF (24"2) is along ~bs = 0 °, 90 °, etc. for this region.
Unlike the STA phonons the LA phonons do not show any tendency for sharp
focussing or defocussing along any direction. Figure 10 shows the relation between IAI
and 0, or 0 in the (110) and (010) planes at 40 K and also at 4"2 K. As in the LAphonons in
diamond, A for the LAphonons in non-transforming Nb3Sn is positive throughout, for
propagation at both the temperatures considered. The PMF varies continuously from
0.32 to 1-86 at 40 K and from 0.28 to 2"17 at 4.2 K. Just as for diamond the maxima are
along the (111) directions and the minima are along the [001] and [001-]-]directions.
In figure I1 we show the relation between IAI and ~b, in the (001) plane for the rrA
mode both at 40 K and at 4'2 K. Except along the (100) directions where peaks (1-4 at
40 K and 0.52 at 4'2 K) are obtained, the PMF keeps an almost uniform value (0"66 at
40K and 0"46 at 4"2 K) throughout for propagation in the (001) plane. The curves are
also symmetric about the face diagonal.
Nevertheless, the ETA mode at 4.2 K shows high and sharp focussing along certain
regions. An example of that feature is shown in figure 12 where IAt is plotted against ~,
in the conical region defined by 66"79° ~< 0, ~< 67"94°. Similar to the behaviour of the
STAmode at 4.2 K (figure 9) the FTAmode at 4'2 K also shows sharp focussing only along
specific directions, namely, t#, = 22.89 °, 67.11 °, etc.

5. Mapping of phonon focussing and defocussing
The PMF shows very high values for certain directions and similarly is almost zero in
certain other regions. The phenomenon of focussing itself depends on two factors.
First, the distribution of the polar variables of the group velocity vector (0s, ~b,)may be
densely populated around certains directions. Secondly, the PMF exhibits unusually
high values of the order of 103 or 104 for some directions. These are to be attributed to
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Figure 7. Relation between A (lhe angular deviation of the ray vector direction vis-a-vis the wave
vector direction) and ~bin the (001) plane for the ST^
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Film'e 12. Relation between IAI and ~. in the
conical region defined by 66"79° ~< 0, ~< 67-94° for
the FTA mode in non-transforming Nb3 Sn at 4"2 K.

the shape of the ray velocity surface or the curvature of the slowness surface. The
curvature tends to be very small along the directions showing large values for the PMF.
The experimental results on phonon imaging can be best understood if we plot the
distribution of the angles 0, and 0, relating to the group velocity vectors as in a
Lambert's zenithal equal-area projection of the world in hemispheres onto a circle
(Steers 1970) or as in a Polar Schmidt-net with Pole at (7:/2, n/2) meant for studying the
distributions of directions on a unit sphere (Selby 1964; Mardia 1972). Here the Pole is
both the centre of the circular Polar Schmidt-net and also the point of contact between
the sphere and the plane of projection.
Our numerical calculations described in §§3 and 4 provide us with a uniform
distribution of 2628 points in the wave vector space and a corresponding number of
points (0s, 0,) in the group velocity space. Polar Schmidt-nets with Pole at (n/2, 1t/2)
were then drawn for each of the three types of acoustic modes for diamond and for nontransforming Nb3Sn at 40K and 4.2K. Thus our Polar Schnfidt-nets show the distribution of points in the group velocity space falling within the range 0 ° ~ 0s ~ 180°
and 0 ° 4 ~ ~ 180°. Apart from showing the density distribution of points in the
group velocity space, our graphs give an idea of the magnitude of A also. Directions for
which IAI lies between 0 and 1 are marked by a dot. The marks 8 , ®, 9 and x stand for
directions for which 10 -4 ~< IAI < 10-3, 10-2 ~ IA I < 10-1, 1 ~< [A I < 10 and 10
~< IAI < 102 respectively. Thus the figures give an idea of both the focussing of phonons
as well as the magnitude of A. All these figures show the four fold symmetry of the
crystal.
In this section we show only three Polar Schmidt-nets, one for each of the three
acoustic modes, due to lack of space.
Figure 13 shows the Polar Schmidt-net for the LA phonons in non-transforming
Nb3Sn at 4.2 K. The figure shows an almost uniform distribution of points as is to be
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Figure13. PolarSchmidt-net with Pole at (n/2, x/2) for the L^ phonons in non-transforming
Nb3Sn at 4.2 K. An explanationof the differenttypesof markings shownin this and the two
succeedingfiguresare givenin §5. Further, in all the threefigures,the grid linesof the net are
drawn at intervalsof 30° for both the variables 0, and ~.

expected for the LAmodes. An interesting feature revealed for the first time is that in real
space the LA phonons are focussed more or less in the regions defined by
(i)

[m'90° + 30 °] ~< 0s < [ ( m + 1).90°-30°]; ~ taking any value

and
(ii) 60 ° ~ 0s ~< 120°; (n'90 ° + 30°) ~ ~b, ~ (n-90° + 60 °)
where m = 0 and 1 and n = 0, l, 2 and 3.
In figure 14 the Polar Schmidt-net for the STAmode of diamond is shown. It shows
that the density is non-uniformly distributed in space, being high along the diagonal
directions and the edges of the squares and low elsewhere. However, the intensity of
focussing is, relatively higher about the [001] and [00-[] directions.
Figure 15 is the Polar Schmidt-net for the FTAmode in non-transforming Nb3Sn at
40 K. This figure is most interesting, not so much for the distribution of points, but for
the complete absence of points in certain regions. The plot shows regions or "islands"
that are empty, that is, without any group velocity vectors. This defocussing is, in fact, as
much important a phenomenon as the focussing itself. This figure shows for the first
time that there exist "islands" which act as impenetrable barriers for the propagation of
ballistic phonons. Such regions are more often found for the ETA mode than for the
other two modes.
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