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successivemeasurements.The lower bound on the overall uncertainty, that is obtained for the
case of successive measurements, is shown to be larger than the recently derived DeutschPartovi lower bound on the overall uncertainty in the case of distinct measurements.
Keywords. Uncertainty;variance; information theoretic entropy; successivemeasurements;
entropic formulation.
PACS No. 03.65

l. Entropic formulation of uncertainty relations
Recent investigations have focussed attention on some of the serious inadequacies of
the usual (text book) formulations of the uncertainty relations inequality (Heisenberg
1927) and its generalisations (Robertson 1929; Schr6dinger 1930)) which employ the
variance of an observable as a measure of'uncertainty'. As is well known, the variance
(APA)2 of an observable A in state p is given by
(a~A) 2 = ( A ~ >~- (A >2

= T r ( o A ' ) - (TrpA) 2,

(1)

and is to some extent a measure of the 'spread' in the probability distribution of A in
state p. For instance, (APA) 2 is non-negative and vanishes only if p is a mixture of
eigenstates of A, all associated with the same eigenvalue. However, the standard
formulation of uncertainty relations in terms of variances, viz,

does not always provide us with an absolute lower bound on the uncertainty in one
variable (say B) given the uncertainty in the other (A). This is because the right side of(2)
depends in general on the state p o f the system. Only when the c o m m u t a t o r IA, B]
becomes a constant multiple of the identity operator (as it happens in the case of
canonically conjugate observables) does the right side o f (2) become independent of/7;
and it is in such cases alone that we have a lower bound on the uncertainty in B given the
uncertainty in A. This basic deficiency of (2) cannot be overcome by taking the infimum
of the right side over all the states p; as this infimum invariably vanishes even when one
of the observables A, B has just one discrete eigenvalue, or equivalently a normalisable
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eigenvector. Thus, except for the case of canonically conjugate observables, the
standard formulation of uncertainty relation seems to be totally ineffeCtive in providing
an estimate of the uncertainty in one observable, given the uncertainty in the other.
Recently Deutsch (1983) highlighted the above and other inadequacies of the
standard formulation (2) of the uncertainty relation. He has further argued that for an
observable with a purely discrete spectrum the variance is not an appropriate measure
of the uncertainty or the 'spread' in its probability distribution. If A is an observable
with a purely discrete spectrum and has the following spectral resolution
A = E a, pA(,,,),

(3)

i

where {ai} are the eigenvalues and {P~(ai)} the associated eigenprojectors, then the
variance given by

( A° A)2 = ~" a~ Tr(p P A(ai)) - { ~ a' Tr(p P ~(aJ))}

(4)

depends also on the eigenvalues {a~} apart from the probability distribution of A in
state p given by
Pr~(a3 = Tr[pPA(a,)].

(5)

Deutsch therefore argued that the appropriate measure of the 'spread' in the
probability distribution such as (5) is not the variance (4) (which depends also on
irrelevant factors such as the eigenvalues) but the well-known information-theoretic
entropy (Khinchin 1957) of the distribution (5), defined by

SP(A) = - ~ Pr~(a,) log Pr~(a,),

(6)

i

where it is always assumed that 0 log0 = 0. As is well known SP(A) is non-negative and
vanishes only if the probability distribution of A in state p reduces to the deterministic
case

Pr~(ai) = t$ij

(7)

for some j, which happens only ifp is a mixture ofeigenstates of A all associated with the
same eigenvalue. In fact it is a basic result of information theory (Khinchin 1957) that
whenever we have a discrete probability distribution, the entropy SP(A) given by (6) is
an appropriate measure of the 'spread' in the probability distribution (5) of A in state p
and thus of the uncertainty in the outcomes of an A-measurement performed on an
ensemble of systems in state p. This (information-theoretic) entropy SP(A) of A in state
p is sometimes referred to as the A-entropy (Ingarden 1976; Grabowski 1978a, b)
perhaps to distinguish it from the more familiar Von Neumann or the thermodynamic
entropy S(p) of state p (Von Neumann 1955; Wehr11978; see also Lindblad 1973) given
by
S(p) = - Tr(p log p).
(8)
As is well known S(p) (as contrasted with SP(A)) is a characteristic of the state p alone,
and is in fact a measure of the extent to which p is 'mixed' or 'chaotic' (Wehrl 1974).
Deutsch has argued that instead of (2) a more appropriate formulation of the
uncertainty relation should be sought in the form

S°(A) + S°(B) >1u(A, B),

(9)
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where u(A, B) is a non-negative number independent of the state p. Clearly a relation of
the form (9) would always provide us with a lower bound on the uncertainty (or now the
entropy) of B given the uncertainty (or entropy) of A. Deutsch also stipulated that
u(A, B) should vanish only if the observables A, B are such that both the entropies SP(A)
and SP(B) can be made arbitrarily small at the same time, which happens essentially
only when A and B have a common eigenvector. Deutsch also succeeded in deriving
such an uncertainty relation in the 'entropic form' (9) for the case when the observables
A, B have a purely discrete and non-degenerate spectrum. This was extended by Partovi
(1983) so as to include cases with degeneracies also.
In order to state the Deutsch-Partovi uncertainty relation, let us consider two
observables A, B with purely discrete spectra, and the following spectral resolutions

A = ~, aie~(a~),

(10a)

i

B = ~ b~PB(bj).
J

(10b)

The associated entropies are given by
SP(A) = - ~, Tr(pPA(a,)) log Tr(pPA(a,)),

(I la)

i

SP(B) = - ~ Tr(pPa(bj)) logTr(pPB(b~)).

(lib)

J

Then we have the Deutsch-Partovi uncertainty relation

SP(A) + SP(B) >/2 log

2

sup [1P~(a,)+ P'(bA[ {

(12)

i,j

where II

11denotes the operator

norm. Since,

[[P~(a,)+ P'(b~){[ ~< 2
the right side of (12) is clearly non-negative and vanishes only if
sup IIPA(a3 + Pa(bJ)[I = 2,
i, 1

which happen s essentially only when A, B have a common eigenvcctor. For the
particular case when the spectra of A, B are totally non-degenerate, so that (10a, b)
become

A = ~ a, la, ) (a, l,

(13a)

i

B = ~. bj)b~ ) (bi),

(13b)
J
the uncertainty relation (12) reduces to the following original form derived by Deutsch
2

S°(A) + SP(B)/> 2 log

l +sup](ai[bi)[
i,j

.

(14)
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It is indeed curious to note that while the Deutsch-Partovi relation (12) which has
been recently derived, is valid only for observables with purely discrete spectra, an
entropic formulation of the position-momentum (and even angle-angular momentum)
uncertainty relation is already available in literature--though it has not been generally
taken note of and has thus been overlooked even by Deutsch and Partovi. For a particle
in one-dimension characterised by the wave function ~(x), this entropic form of the
position-momentum (or more correctly the position- wave number) uncertainty
relation is usually written as

/> 1 + l o g n

(15)

where
exp ( - ikx) ~,(x) dx

~(k) =

(16)

oO

so that [~(k)] 2 is the probability density that the particle has wave number k. It has
recently been pointed out by Bialynicki-Birula (1984) that (15) was conjectured by
Everett in his well known thesis of 1957 (Everett 1973) as also by Hirschman (1957) in
the same year. It was proved in 1975 by Beckner (1975b) and independently by Bialynicki-Birula and Mycielski (1975) based on the estimation of the so-called (p, q)-norm
of the Fourier transformation due to Beckner (1975a).
While (15) is mathematically valid, it is not physically meaningful because the
quantities on the left side in (15) have both undefined physical dismensions. This
relatively unsatisfactory feature is in fact a general feature common to all the usual
definitions of entropy associated witla a continuous probability distribution. If a
continuous random quantity X has (physical) dimension D then the associated
probability density p(x) is not a pure number, but has dimension 1/D. Thus the entropy
of X which is usually defined in literature on information theory (McElice 1977) by
S (X)

=

-

j p(x) log p(x) dx

(17)

is not physically meaningful, as it has the inadmissible 'dimension' log D. This
unsatisfactory feature of the entropy of a continuous random variable persists even if
one uses some of the other measures of entropy discussed in literature such as the one
due to R enyi (1961 ). However we can easily arrive at a physically meaningful measure of
the uncertainty of a continuous random variable by considering the exponential of the
entropy S(X). This quantity called the exponential entropy E(X) (Padma 1984), and
given by
E(X) = exp S(X) = exp { - j p(x) log p(x) dx}
(18)
is clearly physically meaningful and has the same physical dimension D as the random
quantity X. Further since E(X)is a monotonic function of S(X), it is thus as good a
measure of the uncertainty in X as S(X) is taken to be. The quantity E(X) can be defined
as the exponential of S(X) for a discrete random variable also, but in this case both S(X)
and E(X) are pure dimensionless numbers. It may also be noted that while we have
E(X)/> 1 for a discrete random variable (because SiX)/> 0), we only have E(X) >10 for
a continuous random variable, since S(X) given by (17) is not non-negative in general.
We are now in a position to give a physically meaningful formulation of the positionmomentum uncertainty relation in the (exponential) ent ropic form. If E p (Q), E p(K) and
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EP(P) are the exponential entropies (in state p) of position, wavenumber and
momentum respectively, which are defined in terms of the appropriate probability
densities as in (18), then from (15) we can clearly deduce that

EP(Q)EP(K) >1roe

(19)

and since it can easily be seen that

EPt P) = liEPtK)

(20)

we finally get the required uncertainty relation (Padma 1984):

EP(Q)EP(P) >i~ e .

(21)

Unlike (15), the relations (19)-(21) are all physically meaningful as the quantities EP(Q),
EP(K) and EP(P) have the dimensions of Q, K and P respectively, and both sides of
these equations have meaningful and matching physical dimensions.
Since all that goes into the proof of (21) or of (15) are certain basic results of the
Fourier transform theory, the uncertainty relations (21) can indeed be shown to be valid
for any pair of canonically conjugate observables (satisfying the Weyl form of ccR).
An equally important result, which was demonstrated by Everett in 1957 itself (Everett
1973), is that (21) is stronger than the conventional Heisenberg relation
(APQ)(APP) >_-~/2

(22)

This can be easily seen by considering the inequalities

A'Q >I~

1

EP(Q)

(23a)

A"P >I (~e~i ~ Ea(P)

(23b)

1

which are in fact true of any continuous probability density defined on the whole real
line (McElice 1977). From (23a,b) and (21) we get the inequality

(ApQ)(ApP)t>2~e ~P(Q)E"(P) >t ~/2

(24)

thus showing that the entropic form of the uncertainty relation for canonically
conjugate variables (21), is indeed stronger than the conventional variance form (22).
We thus see that an entropic formulation of the uncertainty relation is available for
any arbitrary pair of observables with discrete spectra and also for canonically
conjugate observables; and in both cases the entropic form of the uncertainty relation is
superior to the standard form involving variances. The problem that still remains is one
of extending the entropic formulation to the case of arbitrary self-adjoint operators,
and this does not appear straightforward. In fact for the case of observables with
continuous spectra, the notion ofentropy itself is easily definable only if the spectrum is
absolutely continuous (Grabowski 1978a). However it must be mentioned that the
entropic formulation appears to be extendable even to those situations where we
cannot characterise an observable by a self-adjoint operator but can still associate a
probability distribution with it, as has been demonstrated by Bialynicki-Birula and
Mycielski 0975) with their formulation of the angle-angular momentum uncertainty
relation.
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2. Uncertainty relation for successive measurements
One important feature which is common to the uncertainty relations in the variance
form (2) and those in the entropic form (9), (12) is that they both refer to distinct
measurements of A, B performed on different (though identically prepared) ensembles
of systems in state p. This is clear from the fact that both the variance (APA)2 and the
entropy S p(A) refer to an experimental situation where an ensemble of systems in state p
is subjected to a measurement of observable A with no other observation carried out
prior to that. In the same way (APB) and SP(B) refer to an experimental situation where
an ensemble of systems in state p is subjected to a B-measurement with no other
observation carried out prior to that.* Thus the uncertainty relations either in the form
(2) or in the form (9), (12) clearly refer to distinct measurements of A, B performed on
different ensembles of systems in state p and hence they are sometimes referred to as the
uncertainty relations for distinct measurements (Gnanapragasam and Srinivas 1979).
In order to give content to the various remarks which are often made in the context of
uncertainty relations concerning the interference of a measurement of one observable A
on the outcomes of another measurement of observable B, one will have to consider an
entirely different experimental situation where the same ensemble of systems is
subjected to successive measurements, that of A followed by that of B. An uncertainty
relation in the variance form, for such successive measurements was derived by
Gnanapragasam and Srinivas (1979)and may be briefly recalled here. If the observables
A, B have pure discrete spectra and the associated spectral resolutions are given by
{10a, b), then the joint probability Pr~.a(a,, bj) that when the sequence of measurements A, B are performed on an ensemble systems in state p, the value a~ results in the
A-measurement and the value bj results in the succeeding B-measurement, is given by
the Wigner formula (Wigner 1963; Srinivas 1975)
PrP B(a~, bj) = Tr(PS(bi) pA(aOppA(a~)PB(b~)).

(25)

The above expression for joint probability is a direct consequence of the collapse
postulate or the projection postulate due to Von Neumann (1955) and Liiders (1951)
which fixes the state of a system after the measurement of an observable with a purely
discrete spectrum, such as A in (10a). It is the above joint probability (25) which will
have to be employed in evaluating the variances (A°A)~.a and (A°B)~.n of the
A-measurement and the B-measurement respectively, when an ensemble of systems in
state p is subjected to a sequence of measurements A, B in that order• Thus we have
(A°A)~,8 = ~ a~ Pr~..(a~, bj) (APB)~ B = ~ b] Pr~ s(a,. bj) -•

i,j

'

Li,

aiPr.~,.(ai, b~)

(26a)

~ bj Pr~ s(a,, bj)

(26b)

j

'

White the variance (A#a)a,,8 given by (26a) turns out to be the same as (APA)2 given b y
(1), the variance (APB)aa,B is in general different from (APB)a given by
(APB)a = Tr (pB =) - {Tr(pB)} =

(29)

* Here and in what follows we take the observables A, B as being represented in the Heisenberg picture so
that all time evolution, in time intervals where no measurements are made, is carried by the observables
themselves.
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In fact it can easily be seen from (26b) that
(A'B)~,B = Tr [cA(p)B 2] -- [Tr (eA(p)B)] 2

(30)

where the density operator ~ ( p ) is given by

8A(p) = ~.. PA(a,)pPA(a,).

(31)

i

This difference between (APB)~.B and (APB)2 is merely a manifestation of the well
known 'quantum interference of probabilities' (de Broglie 1948; Srinivas 1975) as the
former [(APB)~.s] refers to the variance in the outcomes o f B-measurement when an
ensemble of systems in state p is subjected to the sequence o f measurements A, B, while
the latter [ (APB)2] refers to the variance in the outcomes o f B-measurement performed
on an ensemble o f systems in state p when no other observations are performed prior to
the B-measurement.
The uncertainty relation for successive measurements in the usual variance form can
be derived straightaway by considering the following standard inequality

{~a~P,.e-(~a, po)21x{~bfP,~-(~bjP,J)21

which is valid for any probability distribution* p~ (i.e. satisfying 0 ~< Plj ~ I and
~ . jPij = I). If we now substitute the joint probability (25) in place of Pit in (32) we get
the following uncertainty relation (Gnanapragasam and Srinivas 1979):
2
pB)A,
2 s >~ ] ( AeA(B) )p - ( A )p (eA(B)),l 2
(ApA)A,B(A
(33)
where
cA(B) = ~ P A(a,) BPA(ai).
i

(34)

The above uncertainty relation for successive measurements (33), being formulated
in terms of variances, suffers from the same limitations that were noted in § I in
connection with the standard uncertainty relation for distinct measurements (2).
Further, since we are dealing with only observables with purely discrete spectra, the
inadequacy o f (33) is much more obvious and was noted in the same paper
(Gnanapragasam and Srinivas 1979) where this relation was derived. The main problem
with (33) is again that it does not provide a lower bound on the variance of B given the
variance of A (in the case of successive measurements) as the infinum of the right side o f
(33) taken over all states p, vanishes alwaysas the operators A and e A(B) commute. This
is all the more unfortunate as one would have expected to learn from an uncertainty
relation for successive measurements how a prior measurement of one observable say A
influences the uncertainty in the outcomes of a following measurement of another
observable B. As we shall see, the fault entirely lies with the choice of variance as the
measure of uncertainty in (33);in fact there is an entropic formulation of the uncertainty

* The inequality (32) is nothing but the standard inequality of classical probability theory, variance X
variance Y>I [covariance(X, y)[2, valid for any pair of random variables X, Y.
92
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relation for successive measurements which is free from the above defect and provides a
clear estimate of the interference of one measurement on the uncertainty in the
outcomes of the other.
We now introduce the entropies S~.B(A), S~.8(B ) which give an appropriate measure
of the uncertainty in the outcomes of an A-measurement and a B-measurement when
an ensemble of systems in state p is subjected to the sequence of measurements A, B.
Clearly these entropies (like the variances (26a, b)) have to be evaluated in terms of the
joint probability (25) which is appropriate for the given experimental situation. We
therefore have

S~.B(A)= -~{~Pr~.B(a,,bj)log~Pr~.a(a,,b~) }

(35a)

S~.8(B) = - ~ { ~ i P r ~ . B ( a , , b j ) l o g ~ P r ~ . B ( a , , b j ) } . ,

(35b)

From the basic properties of the spectral projectors PA(ai), viz,

P'4(ai)PA(aj) = 6ij pA (ai)

(36a)

PA(a,) = I

(36b)

i

where I is the identity operator, we can easily obtain the relation

S~.8(A ) = SP(A) = S'~P~(A)

(37)

where SP(A) and eA(p) are given by (1 la) and (31) respectively. However, again because
of the quantum interference of probabilities, the entropy S~. 8(B) is in general different
from the entropy S p(B) given by ( 11b), as they refer to different experimental situations.
In fact from (35b) we can easily show that

S~.B(B) = S*A~°)(B)

(38)

so that S~.s(B) and SP(B) will coincide only for those states p which satisfy cA(p) = p.
At this stage, we can employ (37) and (38) together with the Deutsch-Partovi
inequality (12) to obtain
2

S~,a(A ) + S~.B(B) = S*'~P)(A) + S~A~P~(B)>/2 log
sup
i.j

IIeA(a,) + e,(b~)l[

(39)

This shows that the Deutsch-Partovi lower bound for the sum of uncertainties in the
case of distinct measurements, is valid also for the case of successive measurements.
However, while in the case of distinct measurements (of observables with discrete
spectra) the lower bound given by the right side of(l 2) is indeed optimal, it is not so for
the case of successive measurements. This should be obvious from the fact that unlike in
(12), in the left side of (39) only states of the form e A(p) are involved. In fact we shall now
obtain a much stronger inequality than (39) for the case of successive measurements
thus showing that the interference of one measurement on the other does indeed
contribute to an 'overall increase in uncertainty'.
For this purpose we consider the joint entropy S~.8(A, B) of the observables A, B,
when they are successively measured, in that order on an ensemble of systems in state p.
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Clearly S~,B(A, B) should be defined in terms of the joint probability (25) as (Srinivas
1978)

S~,a(A, B) =

- ~ Pr~,s(ai, bj)log Pr~,a(a i, bj)

(40)

I,J

If we now employ the standard inequality

which is valid for any probability distribution* p~j, and if we substitute the joint
probability (25) in place of Pij in (41), then we get the inequality
S~.B(A),+ S~.s(a ) >1 S~,a(A,

B)

(42)

which was noted sometime ago in the context of quantum information theory (Srinivas
1978). Further if we note that
Pr~,.(a,, bj) --

Tr(pPA(a,)PB(b~)PA(a,)) <~]]PA(a,)PB(bj)PA(a,)]]

(43)

which follows from the fact that the density operator is of trace-norm one, then we can
deduce from (41)-(43) the inequality

I

S~,.(A) + S~,.tB) >>.log sup Il P"(a,) P"(bj) P"(a,)ll
~i,j

}'

(44)

Relation (44) is the desired uncertainty relation for successive measurements in the
entropic form. To see that (44) is indeed stronger than (39) let us note the following
inequality
4 II PQP[I <- II e + Q II=
(45)
which is valid for any pair of projection operators** P, Q. w e therefore have
1

log ~

2

>I 2 log

IIP + Q I1

(46)

so that

S~ .(A) + S~,a(B) >~log I
'

1

sup II pA(a,) P'tbj)
,J

e"(a,)ll

2

/> 2 log sup

IlP"(a,)+P'(b,)ll

}

t
(47)

* The inequality (41) is nothing but the standard inequalitty of classical information theory S(X) + S(Y)

>!S(X, Y), which is valid for any pair of discrete random variables X, Y
** To derive (45) we need to proceed as follows:

2 IIPQII = II~'Q + PQII = IIPtQ+PQ)ll
<~IIQ+eQll= I[(g + e)Qll
~< IIP+Qll.

Therefore

411eQell~ 411PQIt2 ~ liP+ Qlt2
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thus showing that inequality (44) is stronger than (39). In the process we have also
clearly shown that the lower bound for the sum of uncertainties is indeed greater for the
case of successive measurements than for the case of distinct measurements. This of
course confirms the conventional wisdom that the interference of one measurement on
the other should contribute to a larger overall uncertainty in the case of successive
measurements. Actually an estimate of the interference caused by an earlier
A-measurement on the uncertainty in the outcome of a later B-measurement can be had
from the following inequality

S~,s(B) >1log I s up I[ 1(e,fbj))ll

)

(48)

k/

where

eA( PS(bj)) = ~, PA(a,)Pa(bj)PA(&).

(49)

l

The inequality (48) follows directly from (38) and reveals the following very important
fact that while the lower bound of SP(B) is always zero (which is attained for eigenstates
of B), the lower bound of S~.s(B) can be strictly non-negative. In other words if
sup [[s~(PS(bj))[ t < 1

(50)

J

then whatever be the initial state p of the system, the outcome of a B-measurement
which follows an A-measurement is always uncertain. The inequality (48) appears to be
the clearest statement of the fact that an earlier A-measurement in itself can induce a
'non-zero uncertainty' in the outcome of a later B-measurement, whatever be the initial
state of the system. We should however note that the lower bound derived for the sum
of uncertainties S,~.,(A) + S~.B(B) in (44), is in general greater than the lower bound
obtained in (48) for S~,e(B ) alone. This follows from the relation

PA(a,)PB(bj)PA(ai) = PX(a,) 8A(PS(bj)) PA(ai)
which gives rise to the inequality

sup
i,j

II PA(a,)PS(bJ)PA(ai)[[ ~

sup II
j

(P'(bj))ll .

(5Z)

Thus the lower bound on the sum of uncertainties S~,a(A ) + S~,a(B ) as given by (44)
does not always arise solely from the interference of the earlier A-measurement.*
We may now note some of the salient features of the uncertainty relation (44). Clearly

* We may however note that when both A and B have a purely non-degenerate spectra as given by (I 3a, b),
then the inequality (51) will reduce to an equality because then

118A(eS(bj)ll

: sup l ( a,lb,)32
i

so that

Ii (P'(bj)ll
j

i,j

I<o, lb, > I

= sup IIP~fa,)es(bj) PA(a,)[[.
hJ
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the right side of(44) is non-negative and vanishes only when the observables A, B are
such that

sup IlPA(a,) Pn(b~) P~(a,)ll --- 1.

(52)

i,j

It is a well-known result (Rehder 1979) that for any two projectors P, Q and any vector
~O, the relation

IIPQP ~bII -- 1
will be satisfied if and only if
q/e Range P c~ Range Q.
From the above it follows that (52) will be satisfied (i.e. the right side of (44) will vanish)
essentially only when the observables A, B have a joint eigenvector. This could have
also been seen directly from the inequality (47) and our remarks concerning the limiting
case of the Deutsch-Partovi relation. Also if observables A, B have a purely nondegenerate spectrum as given by (13a, b), then (44)and (47) reduce to
1

2

S~B(A)+S;n(B),
,
~> log sup i <a, lbj > 12 >_-2 log 1+ sup I<a, lbJ >l"
i,j

(53)

i,j

Another curious feature of the uncertainty relation for successive measurements (44)
follows from the following relation (Rehder 1979)
IIPQPll = IIQPQll

(54)

valid for all projectors P, Q. From (54) it follows that the lower bound on the sum
SPa,n(A) + S~,e(B) is the same as that for the sum S~,A(A) + S~,a(B ). In other words the
lower bound on the sum of uncertainties is the same if the B-measurement immediately
follows the A-measurement or vice-versa.
Finally we may note that many of the results obtained in this section for the case of a
sequence of two measurements can be easily generalised to any arbitrary sequence of
measurements, provided we still restrict ourselves to a consideration of observables
with discrete spectra only. For instance if C is an observable with spectral resolution

C = ~ CKpC(Ck)

(55)

K

and if we consider the sequence of measurements A, B, C performed on an ensemble of
systems originally prepared in state p, then our results (42), (44) and (48) can be
generalised (with obvious extension of the notation) to

S°a.n,c(A) + S°a.e.c(B) + S~.e.c(C) >1S~,e,c(A¢ B, C)
t> log k~t,.,.
sup

llP"(a,)PC(b,)pc (ck)P"(b,)Pa(a,)][ } - '

S~,a,c(C) >1log

(56)

1

sup Ileat Bpc" (Ck) l[
k

(57)
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What however appears to be a formidable problem is the extension of these results on
uncertainties in successive observations to the case of observables with a continuous
spectrum. This is because of the general no-go theorem proved recently (Srinivas 1980)
that any physically meaningful extension of the Von Neumann-Liiders collapse
postulate to the case of observables with a continuous spectrum will have to necessarily
allow measurement transformations which take density-operator states into the class of
'non-normal states', so that the joint probabilities associated with successive measurements will no longer be always a-additive, but only finitely additive. There is very little
chance for notions such as variance or entropy to make sense under such 'pathological'
conditions.
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