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Abstract. The nonlinear distribution function of Allis, generalised to include the transverse
electromagnetic waves in a plasma, is used to set up the coupled wave equations for the
longitudinal and the transverse modes. These are solved, keeping terms up to the cubic order of
nonlinearity, by using the method of multiple scales. The equations of wave modulation are
derived, which are solved to discuss the nature of the modulational instability and solitary
wave propagation. It is found that the solutions so obtained satisfy conditions which are very
similar to the well known Lighthill criterion for stability, appropriately modified due to the
coupling of the two modes. The role of the average constant current due to any flow of the
resonant and trapped electrons in determining the stability, is also discussed.
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1. Introduction

In an earlier paper (Majumdar 1982), we have used the nonlinear distribution function
of Allis (1968, 1969), to study the modulational stability of the solution of the Vlasov-
Poisson’s system of equations. In this paper, we extend that analysis to the case when a
transverse electromagnetic field is also present, i.e., to the solution of Vlasov-
Maxwell’s system of equations for a plasma.

It is known that in a nonlinear medium, the transverse and the longitudinal modes
are always coupled. This coupling has been studied by Wang and Lojko (1963), Winkles
and Eldridge (1972), Clemow (1975) and by several others. These studies are based on
forms of the distribution functions which do not consider the effect of the particles
trapped in the potential well as well as the resonant particles. Schamel (1972) developed
a non-linear distribution function which includes the particle trapping and used it to
investigate the modulational instability (Schamel 1975) and the effect of trapped
particles in the formation of plasma waves and solitons, in which there is no role of the
transverse field (Schamel 1979).

In this paper, we shall investigate the nonlinear coupling between the longitudinal
and the transverse modes, by using a form of the nonlinear distribution function
developed by us according to the prescription given by Allis (1969). The basic idea in
estimating this nonlinear distribution function is that the longitudinal and the
transverse modes propagate together with the same phase velocity, forming a single
nonlinear mode. The effect of the wave field on the distribution function will be
described in terms of a scalar and a vector potential, and we shall work in the Lorentz
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gauze so that space charge effect will explicitly appear in our model. We shall use this
distribution function to calculate the non-linear expressions for the charge and the
current densities which will be used in the Maxwell’s equations to obtain the wave
equations. The coupled wave equations will then be solved by the method of multiple
scales to obtain the equations of wave modulations. Finally, these modulation
equations will be analysed to obtain the stability conditions and the solitary wave
formation in the plasma.

2. The nonlinear distribution functions

The electron distribution function is governed by the Vlasov equation,

af of e of
a—£+v E;—E(E'FVXB) ‘5;,
where E and B are the electric and magnetic field of the wave in the plasma, and are

described in terms of the scalar and the vector potential ¢ and A:
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The field quantities satisfy the Maxwell’s equations,
v-E=2, vxg=-28
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V-B=0, VxB—?E+uoj, 3)

where p and j are the charge and the current densities. We assume that ¢ and A are
connected by the Lorentz condition

194
=23, =0 @

We seek plane wave solutions of the set of equations (1) to (4) which propagate along
the z-axis with phase velocity u, such that all the quantities are functions of the variable
(z — ut) only. Following the prescription of Allis (1969), we have constructed the non-
linear distribution function which can be taken as the solution of the Vlasov equation
(1). This distribution function is written in terms of the scalar and the vector potentials
as (see appendix A).

V-A+

ﬂ 3/2 e
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where c(z) = w2+vi—(vi_%Al)2_% (¢_qu)a (6)
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is the z component of electron velocity in a frame moving with phase velocity u of the
wave. The subscript 1 denotes the component perpendicular to the z axis, and the
other quantities have their usual meaning. The energy constant ¢, appearing in (5) plays
a very important role in determining the nature of the nonlinear distribution function,
and the trapping of particles in the wave potential. Let us consider the particle motion
in the wave frame, and write

ct=wi—y, (6a)

e2Ar 2
——A, v, .
m

2e

where V= - (p—uAd,)+ 2
The phase orbits of the particles are shown in figure 1 for the simplified case of zero
vector potential and zero transverse energy of the particles. We notice that imc3 = Wis
the total particle energy in the wave frame, and those particles, for which —y, < ¢
< ¥, is satisfied, will be trapped by the wave, ¥, and ¥, being the value of  at the top
and the bottom of the wave. The phase orbits are surfaces of constant ¢,. The surfaces
with ¢2 > y, represent open orbits, while ¢2 < ¥, represents closed orbits, which are
trapped particle orbits. The point or surface ¢3 = y, thus represents a discontinuity
which is really the seperatrix between the open and the closed orbits. Since by
Liouville’s theorem, the distribution function is a constant following a particular orbit,
we see that f is oscillatory in the trapped region. The oscillation period for the inner
orbits, near y, is given by

t_21z m \'/?
L7k \2e9)

which steadily increases for the outer (but within the trapped region) orbits, and
ultimately goes to infinity at the separatrix (see Davidson 1972). Phase-mixing then
transfers the discontinuity atw = 0to ¢, = + (¥;)!/?, making the trapped distribution
a function of ¢}, rather than ¢,. Thus only the symmetric part of f with respect to cg
contributes to the trapped particle distribution.

The electron density and flow in the plasma can be obtained by calculating the

Figure 1. Phase-orbits of the electrons for A, andv, =0.
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velocity moments of the distribution function f,
Density: n_ = | fdy,
Flow: I'=I,+T,
={fv,dv+fv, dv

Using (5) for f, these moments can be evaluated by following Flynn and Allis (1971).
The results obtained are given below:

_m,;(” 2’*(+ - 5 ST oy

!

RN 7
2\k -2 2
I, =noup Z (B ) (n+p?y- _Zo(—lfl“—z(uz)’
i
3 ~Muvioper) ®)
and
I, =e,u(n_ —ny). 9)

The derivations of these results are indicated in appendix B.
In (7) to (9), the quantities n and u stand for the longitudinal and the transverse part
of the potentials,

2¢2
n= mal (¢ —ud,),

eA |

B=—" (10

and M, represents the confluent hypergeometric functions,
Ma = lFl(a; 59 _BuZ)’

which has been referred by Allis (1969) as the plasma dispersion function of the ath
order. In particular,

M, =1, and M, = —}Re[Z'(8**u)],

where Z(x) is the plasma dispersion function defined by Fried and Conte (1961). We
note that the function M, has a zeros, and M, is < 0 for fu? > 0-857.

Equations (7) to (9) are the most general expressions for the charge and current
densities having nonlinearities of all order in the potentials. In fact, they are the small
potential expansions of density and flow. We shall, however, retain nonlinearities up to
the cubic order in the series (7) to (9), thereby obtaining,

n_ =ny(l —Agn+ An+ A u? + Asn® + Aynu?), (1
I =noup(Bo—Bn— Bzﬂz - B3r)2), (12)
I, = e,u(n_ —ny). (13)
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In these expressions, the different coefficients are given by the following expressions:

M.
Ao = —PuMy; A, = ()32

I

Ay —ﬂuz(M, -M,), A= (ﬂ“z)s M6_3

Ay = — (Bu?)* (M, — M;)
By =M,—M,; B, = _ﬁuz(Ml -M;)

M, - M.
B, = pu*(M, —2M; + My); By = — () —2—>. (14)
We notice that
A4 = 2B3:
Az = Bl' (15)

3. The coupled wave equations

It has been pointed out by Allis (1969) that the average electron density (n._ ) in the
plasma need not be equal to the equilibrium density n,, when there exists a d.c. flow
carried by the trapped as well as the resonant electrons. In that case, we write

(n_)=n, =no(1+Cy), (16)

where C, is a constant which represents the d.c. flow of the resonant and the trapped
electrons. The justification for the validity of (16) can be seen in the following way:
When we have a wave form

Y = Asin(z—ut)— B,

A being the amplitude, and B, a constant, then the zero of the function ¥ does not
coincide with the point of inflexion of the curve . In this case, the average value of ¥,
i.e. {¥ ) does not vanish, and consequently the average electron density (n_. > does not
become equal to ny. Now, referring to figure 1, we notice that the distribution function
Jf becomes exactly Maxwellian, every time the potential goes to zero, i.e., along lines,
similar to that marked 0 in figure 1. If this marked line, which represents the zero of
potential, is situated symmetrically between the top and the bottom of the wave, then
there is no average flux of particles in the trapped region. But if it is placed
asymmetrically, which essentially means that the zero of the potential is at a point
different from the point of inflexion, then due to this unbalance a net flux of particle
arises. This is the origin of the resonant and trapped particle current. As already
explained, {n_ > becomes different from n, when this happens, and we can use (16) for
{n_). Because of space charge neutrality, {(n_ ) is always equal to n,, and it can be
shown that the constant C, is algebraically related to the constant B in the wave form,
measuring the deviation of the zero position of the potential from its point of inflexion.
Taking average of (13), and using (16), we obtain

(L) =To=(n_)—nou =nouC,.
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Thus C; is a measure of the average d.c. flow, due to resonant and trapped particle
current. The possibility of generating wave form in the plasma, which will give rise to
non-zero value of I, is an entirely different question, and will not be discussed here.

Using (11) to (13) and (16) the charge and the current densities can now be written as

p= e("+ —n—) = -enOG("’ ”2)’
i
i, = —enquH(n, 1) p,

—engu G('la I“z)e'n
where,

G, p?)= ~Cy—Agn + An* + A p* + Asn? + Agqp?,
and H(n, u?) = Bo— Byn — B, u* —~ Byn?.

Using these expressions for p and j in the Maxwell’s equations (3) and (4), the following
wave equations for the potentials # and u are obtained:

82 o2
53— 1 = 203G, 4, a7
02 02
S -t = —oi Honwm, (18)
V4
where wi= ichd ,
gom
2
and at= l—c—z.
u

We notice that when C;, = 0, w, reduces to the plasma frequency w, = (n, e?/eom)'/2.
Also, the phase velocity u is always greater than the light velocity for a transverse wave.
So « is always positive and less than unity.

If we put n = 0in (17), it is not satisfied. Hence we conclude that purely transverse
nonlinear waves cannot exist in a plasma, a fact already noted by Wang and Lojko
(1963).

4. Equations for wave modulation

We solve (17) and (18), by the method of multiple scales, following Nayfeh (1973) and
Nayfeh and Mook (1979). Neglecting all nonlinear terms in G and H, the resulting
linear equations admit periodic solutions of the form,

n = n(6,), p = u(6,),
where the phases 6,, 6, are given by,

0,2 =k 22— w,, ,t,
and w,/ky = w,y/k; =u.

The frequencies and the wavenumbers appearing in these solutions satisfy the
following linear dispersion relations:
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wl - zw(z)AO)
wl
w} = a—;’Bo- (19)

When the nonlinear terms in G and H are retained, the wave train will be modulated,
making the amplitude, frequency and wavenumber slowly varying functions of space
and time. If z and t are measured on scales which are typical of the wavelength and
period of the wave, then we assume that the amplitude, frequency and the wavenumber
vary on a scale denoted by

Z=¢z, T=et

where ¢ is a small parameter. Following then the principle of the multiple scales method,
we consider n and g to be functions of both the fast and the slow variables and the
smallness parameter &, in addition to their phases,

n=n0:,Z,T;e), p=p6,,2,T;¢e) (20)

The frequency and the wavenumber are now considered as functions of slow scale
variables,

70
Wy, 2= "#’2, kl,z = 591.2/62, (21
where 6,.=¢"10,,Z7). (22)

We now make the following expansions in powers of the small parameter &:

n=en0,,Z,T;e)+en +e3n+ ..,

p=e1 (0, ZT; o)+ e+ 3+ ..., (23)
AN RN

- "%, , er T

0 i) 0

$=kl'zm+s£+ ey 24

and assume the constant C, to be a small quantity of the order of ¢. Using (23) and (24)
in the wave equations (17) and (18) and keeping terms up to the cubic order, we equate
terms having the same order in e. In this way, we obtain three different equations, of
which the equation of order ¢ is the following:

%, e 1C,

AL T =0,

s0r T+ 4,

*mu

S0t =0 25)

The solutions of (25) are

E_lCZ .
N+ Y P(Z,T)exp (i) +cc.
0

B = Q(Z,T) exp(if;) +cc. (26)
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where P and Q are the complex amplitudes of the longitudinal and transverse modes,
the cc. denotes the complex conjugates.

Using solutions (26) of the e-order equation in the two other derived equations of
¢2-order and ¢>-order (which we have not written here), we can solve the latter equations
successively. In this procedure of solution, certain secular terms are generated which
must be eliminated. The conditions of eliminating these secular terms yields the
following equations for the amplitude, frequency and wavenumber variation with slow
scales:

e

0 2 2 0 2y ;02 2A1 C 2

aT(“"P }J+c¢ 37z (ky P*) = —diwga 4 P,

0 0 . ,Be'C

37 @0+ 6757 (2 0%) = —iwf ———= 0%, 27

?*P P
oT? -t 0Z? =w§a’P(go + 0, PP* +3,Q - Q*),
2Q ,0Q
h Sre ¢ 55 = 03Q0+6,Q - Q¥ +3; PPY), (28)
whnere
44} 643\ _, .,
0'0—(-;1?'*";4_02‘)3 C3,
204%
gy = +64 ’
17734, 3
84,4, 8A,B, k3
= — . 4A N 29
=4, "B, K—aki @)
A,B, B
So= (2121 L B3 —202
and, 0 (——A?, +A% e “C3,
24,B, A,B, k?
- B
=t o T
2 2
5, = 24;B, 2B} k3 L2B,, (30

A, B, k2—4k:

and * denotes the complex conjugate quantities. Because of the relations given in (15),
we note that

()] =462. (31)

The modulation equations are obtained from (27} and (28) by expressing the complex
amplitude P and Q in terms of a real amplitude and a phase,

P(Z,T) =4no(Z,T) exp[if1(Z,T)]
Q(Z,T) = 4po(2,T) exp[iB.(Z,T)]. (32
In terms of the real amplitudes n, and gy, we can write the wave form given in (26) as,

C
n=——2+acos(@, +B)+ ...,
A,

u=bcos(@,+p)+ ..., (33)
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where,
=¢no and b = gu,.
We now introduce the nonlinear frequency @, , and the nonlinear wavenumber
2

IE,, 2,and we want to describe the wave form in (33) in terms of these quantities, instead
of the linear values wy, ;, k, , and the phases §, ,. Writing

B, 2+B1,2=¢'® ,(Z,T)
oo o
@y,2=— 6}2 kl 2= agz > (34)
we immediately obtain, after using (21) and (22), the following relations:
. )
Wy, 2 =Wy, 2—¢ ngz >
: 081, 9

Finally, we use (32)and (35) together with the linear dispersion relations (19) in (27)and
(28), and eliminate the phase §, ;. In this way, we obtain the following equations, after

some algebra:
#a 52 .
( 2 a)=a[a‘)§-—czkf—a2wo

¢ az?
2 b2
24 _a'la _02
< otgi——, 2 ) (36)
51b2 —5202)]

?b ,0% . ~
<5F" azz)=b|:w§—c2k§—a)§(80+g2— 4 2

0 J -
_(@la2)+czﬁ(klaz) =0,

o . 0 -
"‘(OJZ b2)+02ﬁ(k2b2) =0. (37)
The quantities @; ; and IE,_ » should obey the consistency relations
(38)

ok >
1,2 +5wn,2 =0,

oT 0z
which can be derived from the relations in (34). In (36), the quantities g, g, are given by,

44, <4Af +6A3)C2’

=—1'cC L
Y74, 2\ A3 T Al
Bl AlBl 3
=-1cC it ) Vol 3
g2 A, 2= ( A3 +A(2, 2 (39)

Equations (36) to (38) are the final modulation equations, which we shall analyse in
the remaining sections for the stability of wave form
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5. Monochromatic waves and their stability

For a uniform wave train, the frequency, amplitude and the wave number remain
constant. Putting these constant values

0 — RO 4 — — L
a= a( ), b = b( ), w"z = w(l')z, kl'z = k(l,)27

in the modulation equations (36) to (38), we obtain the following nonlinear dispersion
relations:

(0)2 b2
o2 = w%(ZAo +g, — a,T -0, T)

b(0)2 a9?
) (40)

2 02 _ 2 —_ N —
acw; w0<Bo +gz 61 ) 52 P .

The structure of these dispersion relations is easily understood. The first terms with
Ao and B, give the linear frequencies, the second terms with g, and g, denote the
nonlinear frequency shift due to the d.c. flow of resonant and trapped electrons, and the
last pair of terms with o, 6, and é,, J, indicate the amplitude dependent nonlinear
frequency shift for the longitudinal and the transverse modes. Equations (40) are
coupled through the amplitude dependent terms containing the quantities o, ,, and
d,, 2. Thus the sign of these frequency shifts can be estimated by using (14), (15), (29),
(30), and using the asymptotic expansions for M, for different values of a (Magnus and
Oberhettinger 1949), for the case when Bu? » 1. Since fu?, as given by (6), is the ratio of
the phase velocity to the electron thermal velocity, fu? > 1 occurs either for large u, or
for small 7, or both. In this way, we have estimated the sign of the quantities g, ,, 0, ,,
d,, 2 in the following cases:

Case (i) Only quadratic nonlinearity. fu® » 1.
g1 and g, have the sign of C,,
6,>00,>006,>0,6,>0. 41)

Case (ii): Quadratic and cubic non-linearity both appearing together. fu? » 1.

g, and g, have the sign of C,,
6,<0,0,>08,<0,6,>0. (42)

Using (41) and (42) as well as the magnitudes of the ratio of the two amplitudes a'” and
b9, the sign and magnitude of the nonlinear frequency shifts can be estimated.

We now investigate whether this uniform wave train is stable under small
perturbations. For this we set,

a=a%+a", b=Db?4+b"),
@y,; = 0y + ol ’zn,z = k) + k),
in (36) to (38) and linearise them. The quantities with superscripts 1 denote the

perturbations. The linearized equations so obtained may be solved by assuming
solutions of the form
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o, kP, a'® ~ exp[id, - UPT)],
wgl)’ ksl)9 bV~ <Xp [M'Z (Z - UQO)T)]v

giving rise to the following dispersion relation connecting the modulation wavenum-
bers e, , with the modulation speeds U{",:

(0)2

2 2
c a
[szi.f(cz = UP2) — 42 (—u - U‘,°’) —-a’wio, (c2— U‘lo’z)]

02

2

2 2
x [ez,lg(cz —UP? - 4mg°>2(% - U‘{”) — w36, - U‘2°’2)]

5
= (- U - UPYatos 22 402502, @3)

This equation can be solved approximately by first neglecting the small terms in (43)
containing %42 , and a'2, b'92. This gives

2
c
v =UP .

We use this approximate values of U{”, again in the small terms of (43). After some
rearrangement, we obtain,

(X =G)(Y=-Gy) =D, (44)
X= (ﬁ - U‘,°’)2,
u

2.4 2 (0)2
‘o w§o,a
G, (ezmz_—_—),

where,

40{0? 2
. e 1202 w25, b2
27 402 2a ’
2,64
Calwd 2002
D=_S300 . ;5 6,a9102,
640 9% P2

Let us note here that X >0, Y>0and D > 0.

A plot of X vs Y of (44) is a rectangular hyperbola. If no part of this plot falls with in
the positive quadrant, then stable solutions of (44) cannot be obtained. The condition
under which this can occur is given by,

G, <0,G, <0and GG, > D.
That is,

w}
e2A3c? - 5 6,492 <0

w}
821% 2_ Z;é, b2 < 0
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w? w3
and (szﬂ.fcz - —2° a, a“”z)(ez).g 2_ —2a°2 4, b‘°’2)
w5 (0)21(0)2
> 12 g, 62(2 b . (45)

Inequalities (45) lead at once to the following criterion for modulational instability:
(@ o,>0 and 6,>0.
(b) For zero modulation wavenumber (i.e. 4, = 4, = 0),

0,0, > 0,0,.

(c) Modulation helps to stabilize the solutions.

(d) When Bu? » 1, use of (41) and (42) shows that quadratic nonlinearity alone
produces instability, whereas quadratic and cubic nonlinearity together give a stable
solution.

6. Steady profile solution, Solitary waves

We shall follow Whitham (1974) to find out the conditions under which solitary wave
solution of the set (36) to (38) may exist, which propagates without changing their
shape. To do this, we consider the modulation equations (36) to (38) in a moving frame,
and express all the quantities as functions of the moving coordinates

C1.2=Z—U1.2T1
a=a(Z-U,T), b=b(Z-U,T),
@2 =@1,2(Z=U, T), ki, =k (Z=U,, ,T), (46)

where U, _, are the nonlinear group velocities of the two modes. Using (46), (37) and
(38) can be integrated to give

(cle,-ca,U,)az = R,,
(c*ky —®,U,)b* = Ry, 47N
and @y, 2—ky,2Uy, 2 = 84,2, 48)

where R, , and S, , are integration constants.
Let us consider a solitary wave form for which the amplitudesa — 0,b - Oas{; , —
+ 0. This gives from (47), R; , = 0, so that
Uy, 2 = c*ky, 2/, 2. (49)

Since S, , are constants, (48) together with (49) show that @, , and IE,. 3 remain
constant for this kind of wave form. Under this condition, (36) can be integrated and
combined together to yield the following resuit:

da \? 2 db \?
62[(Uf—c2)<m) +M2(U2_CZ)(E) ]

= a’[@? — %k} - a’ w3 (240 +91)]
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+4a7b*[@} - c*k3 — 0§ (B, +92)]
a’wd

8
Now, the linear group velocities of the two modes are both less than ¢, so that the
nonlinear group velocities U, , can be taken as less than c. Since a? > 0, this means that
the left side of (50) is always negative. On the right side, terms with second power of the

amplitude should dominate the last term with fourth power of the amplitude as a — 0,
b—0at{, , — t co. This gives the following condition:

a[®} — c*hk} ~a’wi (240 +¢1)]
+4a2b2[ @2 — c?k} — wd(Bo +92)] < 0. (51)

At the maximum value of the amplitudes a = a,,, b = b,,, the derivatives on the left side
of (50) vanish. Therefore, the maximum values a,, and b,, of the soliton amplitude is
governed by the following inequality, found by using (51) in (50):

o,a% +20,a2b% +46,b% > 0. (52)

When (52) is satisfied, solitary waves having maximum amplitudes a,, and b,
will propagate. Condition (52) is satisfied for any values of a, and b, if o, > 0,
o, = 49, > 0, and 8, > 0, which is the case when the nonlinearity is quadratic. For
other combinations of 6,, 6, and 4, , relative magnitudes of a,, and b,, will determine
the solitary wave formation.

If we use the nonlinear dispersion relations (40), and the relation (31), we can rewrite
(52) in the following alternative form:

+

(0,a* + 20,a%b* + 45, b*). (50)

2
62 @ - 010, + 4L — 0w, <3 (@hgi +4b2g)  (5Y)

where, we have written 0\?, = w{", at % = a,,, b® = b, and 07 , + 0y, , ® 20, ,,
approximately. Since the functions w], ,(k; ;) have the signs of the linear frequencies
w;  ,, prime representing differentiation with reference to the argument, and since the
quantities (w{", —w,, ;) denote the nonlinear frequency shift at the maximum
amplitude, the two terms on the left side of (53), taken separately with g, = g, =0,
represent the Lighthill (1965) criterion for instability for the longitudinal and
transverse modes. Hence we see that condition (53) is nothing but the modified
Lighthill criterion for instability for the coupled nonlinear mode in the presence of the
resonant and the trapped particle current in the plasma. For small C,, (39) show that
1,2 have the sign of C,. It therefore follows that the presence of d.c. flow generated by
the average motion of the resonant and trapped electrons favours modulational
instability and solitary wave propagation in the plasma.

In conclusion, we may note the all-important role of the dispersion functions M, of
varjous orders of nonlinearity in determining the nature of the wave form and their
stability. These functions depend only on the quantity fu?, which is the ratio of the
phase velocity to the electron thermal velocity.

Appendix A

Verification of (5).
We seek a plane wave solution of (1) and (2) of the form
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S=fvz—ut), ¢ =¢(z—ut), A=Az —u). (A1)
Introducing the wave-frame coordinate
Z=z-ut,

we obtain from (1) and (2), the following:

of e d ) of  dA, of
z" m[dZ @—ud=v, A ) et |
. of _ d of
ie., Z- "%z (®- uA,)EZ; , (A2)
where
& =im@? +w?) (A3)
is the kinetic energy in the wave-frame.
Now, linearizing (A2), by writing
J(@Z, V) =nofo(M+m2)i(M+ ...,
and then integrating w.r.t. Z, we obtain
i)
mfi = —eng($—ud) 22
Hence, the total distribution function is given by
)
f=no[ﬁ,—-e(¢—uA,)a—’§+ ] (Ad)

The right side of (A4) is nothing but the first two terms of the Taylor expansion of the
function

J(E) = f[& —e(p —ud,))]. (AS)
Hence the nonlinear distribution function in the wave frame can be taken as
(BN o _E
f= "o(;) expl — =) (A6)
where E=&—e(¢ —uA,) (A7)

is the total energy in the wave-frame. Transforming the wave-frame energy E to the
laboratory frame energy E', we get

E = E+uP, +{mu?, (A8)
where the relations
P} P*
E= 2m + 2m ’
and P, =mv, —eA , (A9)

have been used. Using (A8) and (A9) in (A6), we obtain (5).
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Appendix B

Derivation of (7), (8) and (9).
The electron density is given by the moment of the distribution function (5):

jfdv = Jdv f
3j2 e
=n, (;) Idvl exp[ B(v, - A )2]

x J " aw § exp(~ Be)[exp(~ Bu — 2Buce)

- ®

+exp(— pu? + 2puc,) ). (B1)

Now, using the standard series expansions of Hermite and Laguerre polynomials, one
can write (Magnus and Oberhettinger 1949),

exp (— Bu? — 2Buco) + exp (— Bu? + 2uc,)

1 & 22n
=3 Z (2,,),( Bu?y L '/2(Bcd), (B2)

where L, !/? is the Laguerrer polynomial of argument fcZ. The quantity c? is given by
(6). By using (10), this can be expressed as

Bed = Bw? — But(n +u?)+2Bup v . (B3)
We next use the sum rule for the Laguerre polynomial
-y y)‘

Li(x+y) =exp(y) Z Li**(x), (B4)

and the relation (B3) to express L, !/2 (ﬂc%) in terms of L3(fw?). In this way, the right
side of (B2), becomes

2 2 5

2

(Zill'lv_) L] 124kt (gy?) (BS)

() -r(i)()

Using (BS5) for the right side of (B2), and the standard integral

FrMrd+a+n—y)
nrC(l+a—y)

Jx dxexp(—x)x*"'Li(x) =
0

in the right side of (B1), one can carry out the integrals in wand v, in successive order.
Then carrying out the summation over the integer n, using the result
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o (k+D), (—puy

0,

where M, =,F (k+1 4 —Bu?)

=My,

is the confluent hypergeometric function, we obtain the result given in (7).
Equation (8) can be similarly obtained with only a slight, but otherwise straightfor-
ward, modification of the v, -integral.
Equation (9) needs a comment which we explain here. Writing the distribution
function (5) as

f=no (2) exp(-B(v, —=A,FIF,
where

ﬂ 1/2
F= (;) exp[— B(u+co)’], (B6)
we get for the z component of flow I,

I,= va, dv

- Jdvl no(g)exp[—ﬂ<vl —%Al )2] JM Fv, du,. (B7)

Next we write

+ ® +
f Fv,dv,=f F(u+w)dw

- ® -®

+ + o0
= uf Fdw+j Fwdw. (BS)

— @ — ®

The first integral on the right side of (B8) can be evaluated as outlined above. When used
in (B7), this gives the value n_ u. To evaluate the second integral of (B8), we use (6a) to
change the integration variable from w to c,. In doing so, we note that in the trapped
region, F has a discontinuity at w = 0, which gives rise to a branch point singularity at

Co = i (’l’l)”z’

by phase mixing of the trapped particle orbits, i, being the top of the potential well.
This is already explained in §2. Using this fact, we can write

+ oo + 00 +¢}/z
J‘ FWdW=J‘ I’T(:odCo—Jv FCodCO.
2

—® —w "y

The second integral on the right side above represents the phase-mixed current, which
we shall neglect here, as this produces only initial damping of the wave. The first integral
[} f: Fcq deg can be easily evaluated, which together with (B7) and (B8) yield the result
given in (9). .
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