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Abstract. The radial distribution function (RVF)and thermodynamicpropertiesof a

two-dimensionalhard-disc mixture are calculated by using the perturbation theory.
Numerical results are givenfor the gnF, pr~sure and excess-freeenergyof the binary
mixture of both additive and non-additivehard discs. It is found that the thermodynamicpropertiesof the binary mixtureof non-additivehard discs increasewith A,
the non-additiveparameter.
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1. Introductlen

The calculation of the radial distribution function ( ~ F ) and the thermodynamic
properties of two dimensional systems have been a subject of considerble interest
in recent years (Dash 1975; Steele 1973, 1974, 1976; Lade 1968; Henderson 1975,
1977; Glandt and Fitts 1978; Toxvaerd 1980; Abraham 1980; Barker et al 1981).
This is partly because of the fact that the two-dimensional fluid is often used as a
model substance in the investigation of surface phenomena (Dash 1975; Steele 1973,
1974). Another reason for this interest is to know the extent to which dimensionality of the system affects the nature of the phase transition (melting and vaporization)
(Toxaverd 1980; Abraham 1980; Barker et al 1981; Nelson and Halperin 1979).
Considerable progress has been made in recent years in understanding the structural and thermodynamic properties of the two-dimensional one-component fluid.
However a two-dimensional fluid mixture has not yet been investigated sy~tematicaUy.
The hard sphere mixture holds a central position in the theory of fluid mixture~.
In recent years, many theoretical attempts such as van der Waals one and two-fluid
theories (Leland et al 1968; Henderson and Leonard 1971b); and perturbation theory
(Henderson and Barker 1968; Smith 1971; Henderson and Leonard 1971a; Smith
and Henderson 1972) have been made to understand the structural and thermodynamic properties of a three-dimensional binary mixture of hard spheres. The basis
of the perturbation theory is to expand the properties of e hard-sphere mixture about
that of a one-component fluid of hard spheres of diameter do in power of (d~ -- d~).
It is observed that the first order theory becomes identical to the van der Waals one
fluid vvw 1 theory, when n = 3 (Smith and Henderson 1972; Adam and McDonald
1975). Although the perturbation expansion for the distribution function is success327
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ful only when the hard spheres aie nearly equal in size, it is useful because it is the
only practical scheme available for obtaining the distribution functions for multicomponent mixture of hard spheres. This method can be extended to the twodimensional haiti-disc mixture. For the hard sphere mixture, n=3, which gives the
correct second virial coefficient in the lowest order, gives good results for the
thermodynamic properties (Smith 1971; Henderson and Leonard 1971a)as well
as the distribution functions (Smith and Henderson 1972). For the hard-disc
mixture, however, n = 2 gives the correct second virial coefficient. As for the
three-dimensional hard-sphere mixture, the perturbation theory with n = 2 is expected to provide good results for the two-dimensional hard-disc mixture. We adopt
n = 2 to calculate the properties.
In this paper, we examine the perturbation theory for a two-dimensional binary
mixture of hard-discs and study the RDF and thermodynamic properties of the system.
In §2 we discuss the theory to calculate the ROF and thermodynamic properties for a
binary mixture of hard-discs. The results are discussed in §3. Section 4 gives the
summary of the paper.

2. Perturbation theory
We consider a two-dimensional fluid mixture of N1 hard-disc molecules of species
1 and N~ hard-disc molecules of species 2, such that the total number of molecules
is N=NI + Nz. Further we assume that the constituent molecules differ in size.
The potential energy of the system is assumed to be pair-wise additive. Thus
2

U (1, 2, ..., N ) = ~
~ ua~ (i,j),
a,~=l i <j

(1)

where u ~ (i, j) is the pair potential between particle i of species a and particles j of
species//and is given by

ua~ (i,j) = oo, rlj < da~

(2)
d ~ being the diameter between hard discs of species a and ft. In general, the effective
diameter between hard discs of unlike species is given by (Henderson and Leonard
1971 b)

= ½(all +

(1 + A),

(3)

where d ~ is the diameter of species a and A is the non-additive parameter. A = 0
for additive mixtures and ] A I > 0 for non-additive mixtures.

2.1 Thermodynamicproperties
The thermodynamic properties of the two.dimensional hard-disc mixture can be
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obtained by adopting the extended conformal solution theory (Hendelson and
Barker 1968; Smith 1971 ; Henderson and Leonard 1971), in which the eonfigurational
partition function is expanded about that of a reference pure hard-disc fluid with
diameter do in powers of ( d " # - dg). The first order term is then annulled by
choosing

=

%,

(4)

where X,~ = Na/N is the concentration of the species a. As in the case of the hardsphere mixture, the choice of n is free. However, if we choose to adopt the value
n = 2, the first order approximation becomes identical to the van der Waals one fluid
(VDW 1) theory (Leland et al 1968) of mixture.
In the vow 1 theory of mixture the free energy and pressure of the mixture are
written as

A = Ao+ NkT ~ X In X + second order term,

(5)

P = Po + second order terms,

(6)

where Ao and Po are respectively the free energy and pressure for the pure fluid
containing Nmolecules in volume Vat temperature T. For a hard-disc model having
diameter do given by (4) with n=2, Po and Ao are given by (Henderson 1975)

~Po/P =
and

3Ao_9
N

where

(7)

(1 + 0.125~)/(1 -- %)~
7o

- - [ In (1 - 70),

8 (1 -- 70)

% -----t ~

(8)

8

pd~.

(9)

These equations can be used to calculate the pressure and free energy of a binary
mixture of both additive and non-additive hard-discs.
For the additive hard-discs, (7) and (8) are simplified to

8po

.

p

.

1 + o.125:
.
.
(1--~/)'

l x x. FI +
4

L (I-,/)3 j

x p (dx~ - d~)~ + O(Xz X~)'

and

aAo_9 n _Zln(l_~)_l
+ o (x~ x~) ~

(io)

[(1-;:)]p(a~,_a,,),
(11)
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~ = ¼ zr p* = J~~r p (Xl d~l + Xz d]~).

(12)

For non-additive hard-discs, (7) and (8) can be written as

/3(Po--Pg)
p

¼zt X 1 X 2 9 ( 4 t +d22),[.l +0.125~] A ( 2 + A )
(I=~
+ 0 (X~ X[),

(13)

/3(Ao
N

L ( 1 - n)3 J

+ 0 (X t X~),

(14)

where Pg and Agare respectively the pressure and free energy of a binary mixture of
additive hard-discs and given by (10) and (11). However we prefer to use (7) and (8)
for calculating the pressure and free energy of the binary mixture.
2.2 Radial distribution function
The RDr of a mixture is given by
N
f exp [--/3 V] II d?,
ga# (r12) = vz
i=3
N
f exp [--/3 U] 11 dF,
i=1

(15)

To calculate the RDF g~# (rx~) for a mixture of hard-discs, we adopt the method of
Smith and Henderson (1972) originally developed for a mixture of hard-spheres and
expand Ya# (rl=), which is defined by
r=/3 (rl,) = exp [~u=/3(rt=)] g=/3 (rl~),

(16)

in the form
2

&~(rl,) = ro (rn) +r,~ 1[r° r~(r~,)-ij~=ao
(d"'s - a;),

(17)

where Yo (rj~)is the distribution function of the pure hard-disc reference system of
diameter do defined by (4).
We extend the method of Smith and Henderson (1972) to the hard-disc mixture and
obtain
2
)'----1
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r/~ + l

(r*~,) =r-~2 Yo (r*~) I"o (1)

f

dr3*
[(go (r~a) -- 1)] sint0-'s
'-z

(19)

trY- II
with

cos 0.~3-- r*~'z+ r*~ -- 1,
2

r~; = r,,ldo;

~nd

A d = nL d~

From (18) we obtain expressions for the distribution function for a binary mixture
with ,Y~ = X., = 0.5
Yxt (r*) = Yo (r*) + ½ p d ~ ¢ (r*) [A22 --All],

(21)

YI~ (r*) = Yo (r*),

(22)

Y'2",~(r*) = Yo (r*) -- ~ p d ~ ~ (r*) [A22 - All].

(23)

Thus, for a binary mixture of hard discs, with X~ = X2 = 0"5, like that of hard
spheres (Smith and Henderson 1972), we have
Ylz (r*) = [ Yxt (r*) + Y2~(r*)]/2.

(24)

The distribution function obtained in this way can be used to calculate the thermodynamic properties of the system. Thus the pressure equation for a hard-disc mixture is given by

1

F---e= 1+ 5 o

x.x

(25)

P

Equations (18) and (19) can be applied to additive as well as nonadditive hard-disc
mixture. We discuss the results for the additive and non-additive mixture in the
following section.

3. Results and discussion
3.1 Binary mixture of additive hard-discs
We have evaluated the distribution function Y/~ (r) for the additive hard-disc mixture for the densities in the range 0.461880 ~< p doz ~ 0.790794 using (18) and (19).
In our calculation we need to know Yo (r*). We have used machine simulation
(Woods 1968, 1970; Chae et al 1969) values of go (r*) for r* >~ I. However, there
P,----5
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are no machine simulation values of Y0 (r*) for r* < 1. Chae et a1(1969) have found
the following expression from the solution of modified Born-Green-Yuon (BGVM)
integral equation.
Yo (r*) = go (1) exp {2 p go (I) [cos -1 (r*/2) - ~ r* (4--r'2) 1I~
-

7,

+

r* <

(26)

The values found from this relation are used to calculate Y~/3(r).
One can calculate Y~/~(r) for the eases n = 1 and 2. The n = 2 is only expected
to provide good results for the hard disc mixture and we calculate the results for the
case n = 2.
The values for Y~(r) for an equimolar binary mixture (X 1 = X~ = 0.5) with
R = d~2/d11 = 1.1 and 3 are obtained from (21) to (23) for n = 2. For r ~ d ~ , the
ROY'S ga/~ (r) are identical to the Y~ (r).

The values of g~# (r) for a binary hard-

disc mixture with X] = X~ == 0.5 and R = 1.1 are shown in figure 1 for p* = 0.75.
We find t h a t g n (du) <g~., (d~2). In figure 2, we have reported the values of g~H (r)
for t)* = 0-51 at X 1 - Xa = 0.5 and R = 3.

In this ease glt (dlt) is large whereas

5,0!
P * = O.t5
R:I.1
4.0

,gtl (rl

3.0

,g~2 ( r }

i,,.

2-0

1.0

o

il
1.0

,
1-5

j
2.0

2.5

r/d~l
Figure 1. Pair distribution function g,p (r) for a binary hard-disc mixture with
X1 = X,, :---0"5 and R = 1"1 for p* = 0.75.

Perturbation theory of hard-disc binary mLvture

333

2.4

~

2.0

~

R=1.1

,, gt4 (rl
glz (rl

1.6

1"2
~t

0.8

0.4

o

!

i

1.0

I

1.5

.

2.0

_

2.5

r/dll
Figure 2. Pair distribution function g=# (r) for a binary hard-disc mixture with
Xx -- X: : 0.5 and R = 3 for p* = 0'51.
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Figure 3. Equation of state ~P/p for a binary hard-disc mixture with 3(1 = X~ = 0.5"
and g = 1.1 and 3. The white and black points give the results obtained from (25)
for R = 1.1 and 3 respectively.

g22(d~2) is low, ~,s in the ease o f the hard sphere mixture (Smith and Henderson 1972).
This shows that even the qualitative feature gz2 (d,z2)~ glt (du) has been lost for R---- 3.
The equation o f state ~P/p for v, binary hard-disc mixture with X] : X2 = 0.5
a n d R : I.l a,nd 3 has been calculated f r o m (7) a n d (25) using n = 2. The results
are demonstrated in figure 3. Tile results for R --= 3 are less than that for R = 1.1,
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From the figure we find that the results obtained from (25) are in good agreement
with that obtained from (7) for R = 1-1. However, the agreement is poor for R = 3;
specially at high densities, where the pressure equation o f the state decrease with the
inorease o f density, so that even the qualitative result has been lost at high density.
Thus for R = 3, the values for the Y ~ (r) give poor results at high denisty whereas
at low density the results are good.
3.2 Binary mixture of non.additive hard-discs
In this section we have evaluated the distribution functions and thermodynamic
propeities for a binary mixture of non-axlditive hard-discs.
The values of the distribution functions for an equimolar binary mixture ( x 1 --- X,,
--: 0.5) with R = dz2/dn = 1.1 are obtained from (21)--(23) for n = 2. The values
of g ~ (r) for a binary mixture o f non-additive hard discs with X1 = X,2 == 0.5 and
R -- 1.1 are shown ijl figures 4 and 5 for p* -- 0-4185 at A = 0.1 and for p* -- 0.5638
at A = -- 0.1 respectively. We find that g n (dll) < gz~ (d~) even for a non-additive
mixture for R ---- 1.1. However, the values of gl~ (dl~) depend on the value of A: gt2
(di2) < git (dn) when A = 0.1 and gl~ (dl~) > g ~ (dis) when A = - 0.1.
In figure 6, the values o f # A/N, obtained from (5) and (8) are reported as a function

2 4

"k'* : 0 . 4 ~ 8 5
R
:1"1
A :0.1

2"0 --

l~g,,(r

I

~.~,.gt,?.( r I
1.6-"Z

O'

'~'2 -

0"8--

ot
1.0

t

I

2-0

3.0

r/dl t
Figure 4. The RDr g.B (r) for a binary mixture of non-additive hard-discs with
3(1 -- X~ = 0.5 and R = 1"1 for p* :: 0.4185 at A = 0"1.
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Figure 5. The ROt g.# (r) for a binary mixture of non-additiv© hard-discs with
Xx = Xa = 0"5 and .~ = 1.1 for p* = 0"5638at A = - 0"1.

of A, the non-additive parameter for p* = 0.4, 0.6 and 0.8 at R = 1. We find that
the free energy increases with A. In figure 7, the values of ~P/p obtained from (7)
are given as a function of A for p* = 0.4, 0.6 and 0.8 at R = 1. We see that the
pressure also increases with A. Further we find that the th©rmodynamio properties
increase with the density.

4. C o n c l u s i o n s

We have applied the perturbation theory to calculate the thermodynamic properties
and RDF for the two-dimensional binary mixture of hard discs. We have caloulated
the results using n ---- 2, which gives the correct second virial coefficient in the lowest
order. As for the hard sphere mixture (Smith 1971; Henderson and Leonard 1971a, b),
the perturbation theory is expected to provide good results for the thermodynamic
properties.
From the study we find that the thermodynamic properties of the binary hard
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Figure 6. The free energy f~A/Nof a binary mixture of non-additive hard-discs as a
function of A for p* = 0.4, 0.6 and 0"8 at X~ = Xa : 0'5 and R = 1.

~6.ol--

R=I.0

12"0

Q~ 8"0
0.6

40

C ~ 4 y

I___

1

-0.50 ±0-~5

I

I

0

0-Z0

0-5

Figure 7. The equation of state~B/p of a binary mixture of ilon-additivehard-discs
as a function of A for p* = 0"4, 0"6 and 0"8 at ,%',= X= ~ 0.5 and R = 1.
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disc mixture, like t h a t o f t h e b i n a r y h a r d sphere mixture, are m a x i m u m at R ----- I and
decrease a s the value o f R goes a w a y from 1.
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