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Abstract. For each of a couple of two-dimensional forms for quark mass matrix, it
is discussed how that form may be realised in a certain gauge scheme (one of them in
the standard model and the other in a scheme based on simple rank two times U(1))
by imposing suitable discrete symmetries and how under a certain small angle approxi-
mation that form may be regarded as the simplest member of a family of higher

dimensionality forms.
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1. Introduction

In the following, some discrete symmetries are imposed in elementary gauge schemes
based on SU(2) (simple rank two) times U(1) as gauge group having four quarks
(four ordinary plus four superheavy quarks, their intermixing being forbidden).
This allows realisation of two specific forms for quark mass matrix, one in the former
case and the other in the latter. The ucds mass matrix being a direct sum of two
2 2 matrices is therefore collectively referred to as a 2x2 form in the following.
The 2x2 form realised in the former (latter) case relates Cabibbo angle 0, to the

quark mass ratio m,/m, as

m
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These forms thus endowed with some physical significance are also observed to have
the following property of some mathematical interest, independently of any further
gauge model considerations. In analogy with a 2X2 form for mixing between two
negatively (and also two positively) charged fermions, one may also envision an nXxXn
form for mixing between n negatively (as well as » positively) charged fermions. With
a specific nxn form it is found that for arbitrary » under a suitable approximation
for 2n fermion masses mj, mZ, ...., m: (which are diagonal entries resulting on
biunitary diagonalisation of the n X n form) there are to leading order of approxima-
tion n-1 Cabibbo-like angles related to fermion mass ratios as,
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for 2<i<n—1. This result suggests that these specific higher-dimensionality forms
may be regarded as different-sized members (obtained when » assumes values 2, 3, 4,
etc.) of a common family. The family for which the former (latter) result holds
includes as its first member (i.e. #=2) the 2X2 form implying 6, ~ (m,/m,) [0.=
(mg/ms)V2 or more precisely, 8, ~ (my/m)2—(m,/m )% and for the validity of
this result the fermion mass approximation required in the two cases is different.
To sum up, the focus of attention here is a pair of 2X2 forms that may each be
rea lised in a certain gauge scheme and in the sense outlined above may each also
be generalised to an nXn form.

The scheme based on SU(2)x U(1) is the well-known standard model (Weinberg
1967; Salam 1968; Glashow et al 1970) with four quarks. The derivation of the 2 x 2
form in this case (see § 2'1) adds little to the spirit of original derivation of Pakvasa
and Sugawara (1978) who were also incidentally led to the same result for 8, i.e.
0, ~ my/m. Since the form realised in § 2.1 is different from what they derived (e.g.,
whereas their form constrains m, to vanish, in the following case a small nonvanish-
ing value for m, may be consistently allowed), elucidation of some of the mathematical
details becomes essential. The permutation group found useful in this context is
discussed in group-theory text-books. The other scheme considered in § 2.2 has
O(5) as the simple rank two group (Soni 1979). In this case, details of derivation
are omitted for the reason that O(5)x U(1) effectively reduces to the left-right sym-
metric gauge group for which Fritzsch (1977) (see also Wilczek and Zee 1977) derived
an identical form modulo some irrelevant phase factors. In addition to these papers
of Fritzsch and others, literature on the subject has grown rapidly in the past two
years. The interested reader may consult the references given in the talk by Illio-
poulos (1979). Finally, § 3 is a discussion of diagonalisation of the two »X n forms.

2. Realisation of the 2x 2 forms

The following is a derivation of the pair of 2X2 forms. On setting the essential
notation they are treated separately, the standard model form in § 2.1 and the O(5)
x U(1) form in §2.2. The negative results summarised in §2.1a originally found by
Gatto and others (for many relevant references, see Iliopoulos 1979) prove instructive
for the partially successful attempt at derivation of the 2X2 form given in § 2.1b.

Grouping quarks of given charge (subscript 4 for positively and negatively charged)
into a column vector, the quark mass term may be written as,

gg?::k = §+LM+Q+R + Q_LM_Q_R + h.c. ()
and on diagonalisation as,
L quark =Ty d g+ LM 4_g T o o

m, are diagonal matrices with quark masses as their entries. Quark states in @ LL(R)
are mixtures of corresponding diagonal states in ¢ L L(RY ie.

Qriw = Virw 9+Lry 3)
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where V(g is a unitary matrix. The mass matrix M, @ M_ is diagonalised as,

This biunitary transformation is equivalent to the following pair of unitary trans-
formations,

VMMV, =m}
VIRM{M.V p=m}. (5)

The left-handed charged-current matrice defined through

0,19 ;,= q+L U%q_ 1 is given by,
U* =vhv,. ©

(The superscript on V., stands for hermitian disjoint).

For the well-known 2 x 2 case, this matrix is an orthogonal matrix parametrised by
Cabibbo angle 8. equal to the difference of mixing angles in the left-handed negatively
and positively charged quark sectors.

2.1 The standard model form

In the standard model, the left-handed and right-handed gauge multiplets,
isodoublets and isosinglets respectively, may be grouped into three column vectors
¥, ¥k (see eq. (8)) so that the most general gauge invariant Yukawa interaction

(]
with a Higgs isodoublet ¢ = (:_) may be written as,

YUK = § T @ g+ 4§y T~ 0 Y + he, %)
Here ®° is the charge conjugate of ® and,
¥y = (U D), (CS)y),
U - D
5ol e
Cr Sgr
I'* is a 2x2 matrix with the arbitrary Yukawa coupling constants as entries, e.g.,
—— 0
the first term in (7) is I'f; (U D), (z_) Ug. Denoting the vacuum expectation value

(vev) of p°® as (p°), the mass-matrix is (T*@ ") (p®). In the case of a number
of similar higgs isodoublets,

0
o, = (d"_) i=l1, 2, etc.

i

equation (7) is correspondingly a sum of similar terms, one for each Higgs isodoublet.
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2.1a Summary of negative results. To begin with, consider a single Higgs. Let it
be multiplied by an arbitrary phase factor simultaneously with multiplication of
4 x/;; by arbitrary 2x 2 unitary matrices denoted (upto overall phase factors) by

Sy, S§ each with unit determinant. Under this arbitrary discrete transformation, the

gauge boson interaction with fermions remains invariant because for any gauge
boson (suppressing weak isospin indices) this interaction is simply of form,

2
D b Adp b AT bk g A by
i=1

where the appropriate 2x 2 matrices 4, A* act in weak isospin space. Under this
transformation, the Yukawa coupling matrix becomes

S, THSHI@S, T- (Sp

In arriving at this expression the overail phases multiplying Sy, Sk are adjusted to

absorb the phase factors with which ® and ®° are multiplied. For invariance of
Yukawa couplings,

S; T (Sp = T*.

For a nontrivial solution (i.e. I'* does not vanish identically), S is related to S; by
a similarity transformation. S; may be parametrised as

(cos a exp (inyy) sin a exp (i) )
b
—sin a exp (—ing) ©os a exp (—inyy)

considering separately the following three ranges for values of parameters

(l) a=0, 0< M1 <7

(ii) —7—2r<a<+g(a#=0), 0< g <m 0<mp<m
(iii) a=:}:g,0<nm <m

The resulting nontrivial solution for I'* correspondingly implies constraints on form
of mass matrix and hence on 6,. For case (i) ((iii)), 8, equals 0 (90°) and for case (ii)
6, is indeterminate (i.e. not expressible as a mass-ratio and may lie anywhere between
0 and 90°). Equivalently, in place of requiring invariance of Yukawa coupling
matrix under arbitrary discrete transformations on i, % as done above, the same
result (i.e. Cabibbo mixing is absent, indeterminate or maximal) follows with the
requirement that Yukawa interaction transforms as identity representation of any
discrete group under which ¢, 4% transform as its two-dimensional representations.
The two Higgs case that is now considered proves instructive for the final attempt
with three Higgs discussed in § 2.1b. In this case, Higgs potential V{(®,, ®,) is an



Realisation and generalisation of 2 X 2 forms 575

arbitrary superposition of bilinears @} @; (i, j=1, 2) and biquadratic terms like
(0} 0), (@} 0,) k, [, m,n = 1,2). Its form is constrained by requiring invariance
under following pair of discrete transformations (i) interchange of labels 1 and 2,
®, < @, (ii) multiplication of @, and @, by arbitrary phase factors,

®, - exp (in) ®, and O, > exp (—in) D,

where 7 can have any value between 0 and #. Since the invariant form for potential
does not depend on the precise value of #, this suggests the following. @, and @,
may be regarded as top and bottom members of the two-dimensional irreducible
representation,

“= (exp ((?ﬂi/n) exp (j2m'/n))’ - ((1) (1))’

of the nonabelian discrete group which is semi-direct product of the n-element cyclic
group C,=(e, a, @, .. .., a"1); a"=e and the reflection group P=(e, b); b®=e. Here
n 2> 3 and, by definition, bg b-1=g~1 for each element g of C,. The action of b is the
transformation (i) above and that of g(3#e) is the one labelled (ii) above with a specific
value of 7, e.g. n=2n/n for action of a. Hence invariance under this group also
results in a form for potential identical to that obtained above. Having seen this
equivalence, the latter viewpoint is adopted henceforth. Without loss of generality
n may be assumed equal to 3. The nonabelian group for this special choice of n
is the familiar permutation group S; which is also the simplest nonabelian group.
Having decided how @, and ®, transform under S, from invariance considerations
of Higgs potential, a variety of S,-invariant forms for Higgs-fermion Yukawa
interaction are permissible depending on representation content of

4
('/‘LI) (‘/‘Rl)
’ +
l)l’L2 ¢'R2
under S,;. Each of these two-component objects may transform according to a repre-
sentation that is equivalent to TV @ [, I @ ['® or I'®. In the following,
‘~’ stands for ‘ transforms according to’ and 'V, T'® and ['® are the identity,

signature and two-dimensional (here, a is diagonal) irreducible representations of S;.
To give a simple illustration, when

by ~ r'® and '/‘1% ~ [ @ )

the Sg-invariant Yukawa interaction is of form,
_ - at 01 "'/3+ (Dl 1/1}1
Wry ¥12)
at O, B+ @, ‘H?Z
a= @ B0 i
+( )( w) |4 e,
a®f B0 \¥r
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where «f, B* are the only nonvanishing Yukawa couplings. The resulting quark
mass matrices involve { pf > and N ». As a consequence of the constrained form
for potential, the extremum conditionson it (i.e. p¥/o®, = o¥/o®] = 0, =1, 2) are
such that for consistency they require |<p‘1’>| = | {py)|- Using this result, it is
found that irrespective of how JiL, §i} are chosen to transform under S, diagonalisa-

tion of M, M} implies 6, is zero, indeterminate or maximal. In the following three
Higgs case, 9;, ®,and @, have definite transformation properties under S; with
which invariance considerations of Higgs potential allow vev of only two of the three
neutral fields to be independent.

2.1b  Partially successful attempt. Let

o,

(Dl ~T® and (0 ) NI‘I(S)

3

As in the previous case of two Higgs, an invariant form for Higgs potential is con-
structed. The following form is invariant under the two-element subgroup (e, b)
of S,.

V(0 0, 05) = V; (0, 0, 0p) + Vi (0,0, 6;)
Vi =a($y $0* + b ol ¢ + ¢ [(4] $0)* + (85 407
+ d (7 $) (7 b5) + € (8} b)) (37 ) + f [4 &,
+ G5 bs] - g BT by (BT by b7 b5) + B (45 41) (87 $0)
+($ ) (6] ¢ +i (87 $9) (85 $a) — ($7 $0) (8] )] + hoc.

=T 18] b5+ by ba) -k by (B2 — o) + [ 4] 61 [$, b5 + ¢y Sd]
+ my b1 (b5 p — ) $3) -+ 1 [$] bo) (B b5) — (b ¢5) (4, $2)]

+ 0 [($] ¢5) (8 #a) — ($] $) (85 )] + £ [(#] ¢5) (45 ¢2)

— (47 $9) (6; $a)] + 9 [6; 4] [8; 62 + 4, ¢5] -+ hoc. )

The potential thus written has two parts. Vy is an arbitrary superposition of bilinear
and biquadratic terms each invariant under S; and Fyj that of such terms as are in-
variant only under its {e, b} subgroup. Arguing as in the previous case, the
extremum conditions

o 0L —o (2 <2~
oh o9 \ob, oK
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are consistent if and only if (p3) = — (p?). Thus the above constraints force
vev of ¢ and @ to differ only by a phase difference of #. In contrast, vev
developed by @? is not related to that of 3. If Viy is omitted (i.e. potential is S,-
invariant) and Yukawa interaction is required to transform as identity representation
of Sy, it is found impossible to relate Cabibbo angle to quark mass-ratios, irrespective
of the choice for i, y5 representations. The line of reasoning leading to this
conclusion is essentially that which was outlined in the previous section. With the
inclusion of Py (this maintains the constraint (pJ) = — {p?) that proves
crucial), it is now discussed that the following choice for Yukawa interaction sur-
vives the test of invariance under {e, b} subgroup of S; with a suitable choice for re-
presentation content of iy, ¢}

Yuk a®s BOs\ (YR
A ) +
a®; SO, ¢R2

+ . + h.c. (10)
Y HANT?

Besides its yielding readily the result 6, ~ m;/m,, the following invariance argument
for its justification. leaves much to be desired. Let,

b~ re; by ~ T,

t
(¢Rl) ~T®,
V2
(5)’,\, ® ;v ~ T, (11)

Then the LHR type blocks in (10) have definite transformation properties under S,
as given by

aip) @, '/'}1) T,
By @5 Yk
a g O 0y + B ¥7; @1 gy ~ TP,
Y S—LLI (@; %l'fgl + Q; \Pj—gz) ~TW,
v $rp 0 ¥R
( 2 f“) ~To. 1)
Y ¥ 01 ¥py

Equation (10) being direct sum of these blocks is thus invariant under {e, b}
subgroup of S;. As seen in (11), « and B transform nontrivially under S,.
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However, we cannot say what the implications of this unavoidable choice are.
Replacing neutral fields by their vev, {pj» = — (p3) = x; and {p]) = x, the
result for M, M7 is,

AT Ix |2 Axx, |x |2 O
M, M* = , MME =X

+
hzx;xl )q [ Xg ]2 O ‘xz lz

13)

where X =|a|2+ |82 X% =!a?—|B|? and A =]y |2 Cabibbo mixing
arises solely from mixing in positively charged sector (obtained by diagonalising
M.M D' In terms of quark masses,

2 2\271/2
ANt = [1 . (mumc_ i m;, =+ m:) ]
mgm;  md 4 md

1 tan 26, e _mam, (14
Ay m:—m}

clearly /X7 & 1 and 6, ~ my/m;. Consistent with this result for 6., a small value
of m, is allowed. This completes the discussion of realisation of the 2 X 2 form
given by (13) in the standard model by imposing suitable discrete symmetries.

2.2 The O(5) X U(l) Form

The motivation for this scheme has been given elsewhere. The following salient
features of this scheme may be recalled here for the present discussion. The ordinary
left-handed fermionic pairs (U, D)y, (C, S);, (ve, €); and (v, p);, are placed in
four quartets partnered by the pairs (Uy,3, D.y3); (Coz Slya)y, (v, €y and (v;‘_ ©)ps
respectively of superheavy fermions (their charges are labelled by the subscripts).
The left-handed charged-current interactions between ordinary fermions are mediated
by a single W* associated with generator(s) of an SU(2) subgroup of O(5) under
which the above ordinary (superheavy) fermions transform as doublets (singlets).
Their corresponding right-handed components are also arranged in four quartets
by interchanging their O(5) assignments in going from the left-handed to the
corresponding right-handed quartet of identical weak hypercharge assignment e.g.
for the right-handed quartet of

Ug Dp (Uys Dlya)p
the O(5) assignments tally with
Uiz Dyis)y (U, D)y
respectively of the corresponding left-handed quartet with identical U(1) assignment.

The fermions acquire arbitrary masses by Yukawa coupling with 1045 dimensional
Higgs multiplet with null weak hypercharge assignment. An RU type of discrete
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symmetry forbids weak mixing between ordinary and superheavy fermions of equal
charge. Consequently the 8 x 8 quark mass matrix is a direct sum of four 2x2
matrices (two for positively and two for negatively charged sector). Furthermore,
in this case the gauge-boson interaction with fermions is invariant under interchange
of the corresponding left-handed and right-handed quartets provided this is accom-
panied by an appropriate relabelling of the gauge boson indices. In view of the
absence of light-superheavy mixing and this left-right symmetry, the realisation of
the following 2 X 2 form in this case reduces effectively to the derivation of that form
in the SU;(2) X SUR(2) X U(1) scheme considered by Fritzsch (1977).

0 ﬁf)
M, = . (15)
(ﬁf B:

Here the nonvanishing elements are unique only up to multiplication by an arbitrary
phase factor because all these phases are absorbable by redefinition of the phases of
basis states. S and Bf are chosen real and the latter in addition to be positive de-
finite, B > 0. This symmetric (but negative, det M, < 0) form yields the well-
known result,

8. = tan=! (my/m)t® — tan-! (m,/m )2 (16)

Here since M, and M_ have identical structure, the functional dependence of 6.
(i.e. mixing in negatively charged sector) on my/m, is identical with that of 8, on
m,/m,, Cabibbo angle being their difference. 8. ~ (mym)"* — (m,/m) 2. This
outlines how the 2x 2 form given by (15) may be realised in the O(5) x U(1) scheme
by imposing suitable discrete symmetries, one of them being the left-right symmetry
peculiar to this scheme.

3. Generalisation of the 2 x 2 forms

Generalisation of the 2x2 forms is discussed (one in § 3.1 and the other in § 3.2)

by constructing approximate solutions to the exact equations derived in Appendix B
for the nxn case.

3.1 The nXxn form of first kind

When those symmetric nxn forms are examined which all correctly reduce on
putting #=2 to the symmetric 2Xx 2 form given by (15), the following form referred
to as the nXn form of first kind is found such a candidate. In addition to this
form there are a couple of other symmetric forms that also satisfy the same above
requirement. One of them may be obtained from the form of first kind by grouping
all its off-diagonal entries, 65, B.,.. .., B;—; into the corresponding positions of its
first row (column) (i.e. 12 (21) element is B, 13 (31) element is 8;, etc.) and the other
obtains by similarly grouping these Bs in its last row (column). Going to the next
higher case of n = 3, however, makes it manifest on diagonalisation that these two
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alternate forms are unsatisfactory: the former is inconsistent with small angle approxi-

mation and the latter constrains one of the quark masses in either sector to vanish.
For this reason only the form of first kind is discussed at length which is given by,

MtzAn(Bli, 2*9-'--,3;:1)’

0 B 0 0 0 0
B 0 B O 0 0

ABBy .. BI={0 By O B 0 0O (17
0 0 0 O 0 Bua
0 o0 0 O Br-1 Ba

Phases of the nonvanishing entries are absorbable by a redefinition of the phases of
basis vectors. For this reason, all 8s may be chosen real and, for reasons explained
later, B, is also chosen positive definite, 8, > 0

3.1a Hdentification of fermion masses

Characteristic polynomial for A4, is

n
det (4, — AE) = > a(—Ay,
i=0
a, = 1,
al = ﬁm
ay = — 3—1 —"ﬁrz:—z - :—3—""" —“'612’

a; = (_ ﬁn) (_ ﬁf_l) - ﬂn Gy,

a4=(—ﬁ3_1) (_'Ie,?._s - 3_4’“---- —B?)‘Jf"
(=B ) (B —Brs— o —BD+ (= BD(—BD,
a5 = — :Bn ("‘ p’ﬂl_l) (— 3...3 - .B,?_,; T T Bf) + Bnad,

(—Bi) =By ... (—BY(—BD neven
a = a8)
Bn (_ 3_.2 e (— ﬂz) (_ i) n odd.

Here E, denotes identity matrix of dimension #n. This may be verified by induction
on using the identity,

det (4, By, By - - - -» Bw) — AE,) = (—2) det (4y-1 (BasBss - - - -5 Br)—AE,-y)
+("’B§) det (An—-z (ﬁza 33,- ) Bn) —AEn—z)' (19)
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Let the eigenvalues of symmetric form denoted by A, A,....A, be ordered as
M| > [Aeer | > [Mema ] > > M ] > [N
It may alsp be verified inductively that if

(for |1<i K m) X, = (=Y~ m,

where m; > 0, then the signs of coefficients of the different powers of A in the

n
expansion of II (A—A,) match correctly the signs of coefficients of corresponding
i=1
powers of A in equation (18), remembering that 8, is chosen positive. Thus the
characteristic equation for 4, may be taken as,

det (4, — AE,) =‘Inl (=r"m — A (m>0, 1<i<n) (20)

=

This equation also shows that each B, is uniquely expressible (apart from sign ambi-
guity that is inconsequential) in terms of the n positive definite quantities m; intro-
duced above, e.g.,

— 2 __ Q3 — Gy
Br=ay, B, =—"—, ¢t

a,

where a; is coefficient of (—A)*~* on the right-hand side of this equation. Clearly
My> Myy > My g > ... > My >m;. When the symmetric matrix 4, is diagonalised
by an orthogonal matrix V, i.e. V™1 4, V is a diagonal, the diagonal elements are
A Ags - ..., A, (the order in which they are arranged on the diagonal becomes clear
later when an explicit form for V is given). However, if the orthogonal transforma-
tion acting on right of 4 is taken ¥, = ¥ where K is a diagonal matrix such that

K? =E, then K may be chosen such that diagonal elements of V! 4, V are m;, m,,

..., m, This is nothing but biunitary diagonalisation of 4, to a positive definite
diagonal form. For this reason, mf, m3, .. .., mi are identified with fermion masses
in the picture when M, describes mixing of # positively charged (» negatively charged)
fermions among themselves.

3.1b Small angle approximation. This paragraph is a discussion of what is referred
to as small angle approximation under which the following results for 4, hold, for
I<ig<n—1,

(@) ‘ 9, | ~| ﬂt/ﬂi+11,

() By ~my, |Bi| ~ (my my )12,

© | 8| ~ (my/my 1)1, 21

where 8y, 0, ...., 6,, are the only angles of the diagonalising orthogonal matrix
that are nonvanishing to leading order of this approximation.
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The diagonalising orthogonal matrix ¥ is the product ¥V, ¥,75,. ..., ¥,-, of ortho-
gonal matrices where the orthogonal matrix ¥, ; is parametrised by n—1 angles
denoted by 8, 0,, ... ., 0,4, V,_o by n—2 angles denoted by 8,, 0,11, Opia, - - -,
0543, etc. Under small angle approximation, it will become clear that each of V,_,,
Vi-g---.» V3, Vo, V; reduces simply to the identity matrix. The first » — 1 angles
are in turn related to elements of the symmetric matrix being diagonalised through
r—1 coupled equations of the form,

tan01=aN1/ao'2<i<n—~l (22)

9D;/08,

The details may be found in appendices A and B.

To motivate small angle approximation, let 8,=0. This also constraints m, and 6,
to vanish. In this special case, the following obvious looking recursion relations
may be verified inductively using equations (22) and (20). (i) 0,—1, 0,—5,.. .., 03, 8,
associated with diagonalisation of the nx#n form 4, (8,=0, 8,, Bs,.. .., B,) are given
respectively by 0,5, Op—a, ...... , 0, of the n—1 X n—1 form 4,3 (By, Bs,----» Bu)-
(ii) The expressions for B, Bs,. . . ., By of the nxXn form A4,(8;=0, B,, ..., B,) in terms of
(m;=0), my m,. . . .m, are identical with corresponding expressions for §;, 8,,. .. .fs1
of n—1xn—1form A,_,(By, Bas-..... , Bu—1) in terms of m’s with m; replaced by m,.; i.e.
m, is replaced by m,, m, by ms, etc. In the case when B; does not vanish identically,
but |8, | < [B;] for 2 <i<n these recursion relations hold approximately and the
small value of 8; (B,) in this case may be obtained by substituting the values of 8, 0. .
8,-1 (BsBs. -Bu-1) into the first (last) equation of the set of equations (22) and (18).
Next beginning with n =2 and following the inductive route, the recursions relations,
equations (22) and (18) may be used repeatedly to establish (a), (b), and (c) under
[B1] <|Bs| <|Bs] €..- By or, equivalently, m; K my<my < ... <m,. With &’s thus
related to m’s through (c), ¥, diagonalises the symmetric matrix and it is seen that
the subscript 7 (on m or A) corresponds to ii th position on diagonal. This means
that all angles except the first n—1 angles are negligible.

The result (¢) holds for M, under fermion mass hierarchy

mE>» mi > mi,... > mf

The n—1 Cabibbo like angles which appear in the charged current matrix U*¢ (equa-
tion (6)) are given by the differences

0, = 67 — 07, | 6F| ~ (mf] mis )
There is ambiguity in the sign of 8%. If they are all assumed positive
0, ~ (mi | m7 )M — (my [ m M2,
This result suggests that the higher dimensionality forms given by equation an

may be regarded as members of a single family that includes the 2x2 form given by
equation (15) as its first member.
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3.2 nXn form of second kind

For this form,

M_M! = A_diag (| %)% |x|% .. [ %D
(M ]x |2 Xexfx,  Mxfxy .. Mxix,
Nxixr Al Axixs .. Mxix,
Mo MY = | Mxfx; dx$xs  N|xl® ... Axix,
(23)
AaXp Xy AgXpiXa MXpaXs ... AXE X,
LA Xy X1 MXy Xy AgXixy ... A Ix,,|2 J

Here A, Ay, .., A, are nreal parameters and x;, X,, ..., X, are n complex parameters.
From equation (5), eigenvalues of M, M7} are (m;)?, (m;)? (m3)2. These 2n (mass)
terms involve the above 2n independent parameters. To us equation (23) seems the
only obvious candidate for an #Xn form of 2n parameters that correctly reduces to
the 2x2 form given by equation (13) on taking n=2. This form is diagonalised
under the following small angle approximation. M, M7 reduces to a real sym-
metric matrix because the arrangement of x’s is such that their phases are absorbable
by a mere redefinition of phases of the bases vectors. Hence the results given in
appendix B may be used. The orthogonal matrix ¥+ diagonalizing M, M is the
product

4 — PP H )
v = ptp | ppe)

of orthogonal matrices. ¥}*) involves the first n—1 angles 67, 85,...,0; , and V¥
the next n—2 angles

g, 6., ..., 6"

n? “niyl? 2n-3

and so on. It is straightforward to show the following exact results in the special
case when A, = A, ie. We simply have (M, M1),; = A(x,x;)

(a) of the n masses m; all except m; vanish.

(b) All except the first n—1 angles 67, 67, ..., 6+ ; vanish. For these angles,

17 T2° n
5 = pXy,

Clcz = uXy

Ci8:Cy = pxg,
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C1s2sa voo Spg C -3 = [ Xp_g,
C15555 .o+ Spmg Coq = B Xy,
Ci5285 -+ Sn-g Sn-1 = o X @9

where p is an undetermined parameter, C; = cos 0, and 5; = sin 6;. This exact
result suggests the following approximation. Let A; & A; 2< i < n). This means
that m is the dominant mass in positively charged sector and the set of expressions
(24) hold to a good approximation. Furthermore, if m; € m; and m; > m; > m; >
..>m; (or equivalently |x;|<[x,], |xi|_> | xi41| for 2 <i < n—1), the angles
6f, 6%,..., 0%_; are given by,

—OF ~xy/x,,
0F ~ xipqfx; 2 <i<n—l. (25)

The n—1 Cabibbo-like angles that appear in U are simply 6,=—8] because the
negatively charged sector is already diagonal. There is ambiguity in the sign of 6.
Assuming that all the mixing angles have the same sign as 67 (which is taken positive),
it follows that to a leading order in this small angle approximation, the n—1 Cabibbo
like angles are related to mass ratios as

0y ~my[my, b ~mIm; 2 <i<n—1

This observation makes it plausible that the higher-dimensionality forms in equation
(23) form a single family of whose simplest member is the 2 x 2 form given by equation
(13). Note that the fermion mass hierarchy underlying the small angle approxima-
tion in this case is entirely different from that involved in § 3.1.

4. Conclusions

The above discussion has many loose ends. For each of a pair of 2x2 forms, it
was discussed how this might be realised in a certain gauge scheme by imposing suit-
able discrete symmetries and how in a sense this may be regarded as the smallest
member of a family of higher dimensionality forms. Whereas realisation of the
specific forms adds nothing new to the spirit of original derivations found in the
literature, another obvious limitation of the present work is that no physical
significance has been attached to any higher dimensionality form in the face of the
growing evidence for more than four quarks.
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Appendix A

The following is an explicit parametrization of an orthogonal # X n matrix in terms of angles 0;,
1 < i< n(n— 1)/2. This is followed by the same for an » X n unitary matrix in terms of } n(n—1)
angles and $(n—1) (n—2) non-absorbable phases. The following m X m matrix is defined,

Un (01, 02: (TS Bm»x) =

[ $i1C2 §185C5 515255Cs .. S5182...8m_2Cm-1 5182+« Sp-1
—5 [ €15:C3 C15285Cs .- C1SeSa.-.Sm_gCm_1  CiSp--Spm-1
= 0 — 85 CyCy Ca85Cs .. CoS3.eSm_gCm_1 CaS3.e 81
0 0 0 0 Cpy—2Crmi-1 Cri—z Smi-1
0 0 0 0 ~-Sm—1 Cin-1

(A1)

where ¢; = cosf; and 5; = sind;. The above ordering of ¢ and s makes this an orthogonal matrix:
However, this is not the most general m Xm orthogonal form. The most general nxn orthogonal
form V involving in(n—1) angles is the product ¥V; V;...V,_; of n—1 orthogonal matrices each of
dimensionality n and given by,

Vn—l = U’l (015 02’ ceey 0’!—1)’

Vie = Ey @ Un—1 (6, 0n+11 02"-3):

Vn—s = Ez @ Un-z (ezn-z» ezn—n vrey Bsn-s)

Ve = Eps@® Us(Oa-2, Ops-y)s

Vi = Epa@ Us(byy), (A2)
where Ej, is identity matrix of dimension X and
n
M = in(@—1) = z (m—1).
m=2

Thus Vy_, involves the first n—1 angles, ¥,_, the next n—2 angles and so on, ¥; involving the last
angles. Equivalently, equation (A2) may also be interpreted by the following action on n vectors
€15 €2y «vves €.

e'i, =

(Un)i’j €j

Ins

n
et = ef; ey = (Un-i/ € 25i"<n
=2
n
efy = €{a; efin = z (Uns)i"j"en 3 <i” € n
=3

e s = ef5 s et = Cpy eft 4 5y, €m0,

eV =— 53, ePP + ¢y eln-V (A3)

To introduce explicitly the 4n (n—1) (n—2) non-absorbable phases in an nx# unitary form, define
the n-dimensional matrix,

5”, (61! 02: seep om—ls N1 Moy oes Wm—l)i
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which obtains from T, on multiplying each element of its ith column by exp (i), 2<ism.
For this reason Uy, is unitary. The phases thus introduced are (the only) non-absorbable possible,
the vectors on which U acts have all their phases predetermined. The nXn unitary form Vis the
product 171 V,... Vo_, of n-dimensional unitary matrices: 17,,-1 = [7n involving the first n—1 angles,

-~

f/',,_z =E @ TUns involving the next n—2 angles and the first n—2 phases, V,_s = E, T,

involving the next »—3 angles and the next n—3 phases and so on until ¥, = E,_, ® U, involves
the last angle and last phase. The preceding remarks make it apparent that the phases thus intro-

-1
duced (number %,‘ m—1 = } (n—1) (n—2) ) are non-absorbable.

Appendix B

In the following the diagonalization equations for a symmetric matrix H to be diagonalised by an
orthogonal matrix ¥ are developed. For this purpose, the X n orthogonal form parametrised in
appendix A is written as

(n-1) elT

(n-1 )e,T

(n-l)enT

where T (for transpose) indicated that the entry is a row-vector (n components) and row vectors in
n—1th set are related to those of n—2th set as,

1) ,T -2}, T . - - - .
(n 1)6,1’2’._"'_2 = (n 2)81’2’“_"_2’ (n 1)e3;_1 — CM (n 2)83‘_1 + sM(n z)eZ"

(n—l)e;ll' =5y (xr:—z)e’it:'_1 + CM (""2)83: (B1)
Similarly, vectors in ith set are related to those in i—1th set as,
(i)el.I;z, . (i_l)efz’ . (i=1)

el = Uyt Vel 1 siskisn (B2)
where  ©@el =1,0,0,...0), T = (0, 1,0, ..., 0) etc.

(VH V_l)ij —_ ""“e,TH (n—l)ej (B3)

Diagonalisation of /" by ¥ means that off-diagonal elements of (B3) must vanish. ~Using equation
(B1) this amounts to,

‘"-“e,-TH e, =0 1gign=2,i+l1gj<gn

(n—-?)e;lr_l H (n—2)e"
. B4)

— (n—2)eZ:1 H(n—z)e"_l + (n—2) e,TH (n—a)en

tan 201 =—

Using equation (B3) (i=n—2) and equation (B4) it also follows that,

w0l g vg =0 1<ign—3, i+l<j<n,

i
tan 26ps_3 = Ny-o/On-s,

? Nn_a/30Ma
tan Opp., = =B . —,
an OM-z 9 Dp_s/20Mma
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- Nn_z = ("—3)3"7._‘.2 Hy‘.h
2 Dn-—ﬂ = —CZ_Q He,,_g + szHJ'z,
Yo = CM-l ("_3,enT—l + Samy m-a)eT (BS)

-
This procedure may be continued iteratively until for the first #— 1 angles the expressions are,
tan 201 = N1/Dl,

- aN./ab;

tan 6, 301/6912<i<n_1’

—N; = ‘O)elTH)'n-l’

2D, = —“”elT H Y, - y,.T-1 H yn_s,

Yna = ¢, Mey - 5503 Ve + 52830 ey b ... A 8uS5 e Speg Cny Vepy

4 5283 .0 Sn_1 Vep. (B6)

Since @e! H e; is ijth element of #, these equations express the first n—1 angles in terms of
the matrix elements of H. These equations proved useful in § 3.
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