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A stochastic theory for clustering of quenched-in vacancies-III. A continuum model
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Abstract. In continuation of our earlier investigation on the problem of clustering
of quenched-in vacancies reported earlier, starting from the discrete model, we derive
a second order partial differential equation for the growth of the clusters. The solution of this equation is shown to be in reasonable agreement with the solution of the
discrete model proposed earlier. However, the total number of vacancies is not
conserved under slightly less stringent conditions than the conditions dictated by the
solution of the discrete model, suggesting a slightly modified differential equation for
the concentration of the dusters. The solution of this modified differential equation
has the requirea properties. The leading part of the distribution when transferred
into the space designating the linear dimension of the duster has a Ganssian form.
This feature is shown to be consistent with writing a Langevin equation with the linear
dimension of the duster taking the role of the random variable. This permits the
identification of the smallness of parameter. An alternate formulation is also given
where the concentration of the vacancies stored in a duster of a certain size is considered as the dynamical variable. The solution obtained in this alternate formulation
is shown to be consistent with the other formulation.
Keywords. Continuum model; Fokker-Planck equation; dynamical variable; Gaussian distribution; random variable; Langevin equation.

1. Introduction
In our earlier papers (Ananthakrishna 1977; 1979 a, b referred to as papers I and II)
we introduced the constant binding energy model for clustering o f quenched-in
vacancies. This model was introduced with a view to obtain the solution in closed
form for the concentration o f single vacancy units and the distribution for the cluster
sizes. The model has several attractive features but the distribution has also two
undesirable features. First, the peak of the distribution does not evolve in time
when transformed to the space where the linear dimension of the defect is used as a
measure of the size of the defect. Second, the distribution is rather peaked. It is
possible to overcome the first drawback by appropriately changing ~b(n) and ~(n)
from the choice given by equations (I. 17) and (I. 18). (the equations from papers I
and II will be referred by their prefices.) But this poses some other problems. It is
the purpose o f this paper to evolve a continuum model, a model where the random
variable takes on a continuum of values. This poses lot of problems and has to be
carded out in a self-consistent manner.
We recall certain features of the constant binding energy model:
(i)

Decoupling of the equation for rate of change of the concentration o f single
vacancy units and the equation for the growth of clusters is not possible
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unless the number of absorption and emission sites are taken to be (n-l)
and n respectively, and the binding energy is considered independent of the
number of vacancies contained in the dusters.
(ii) The quantity x~ = exp (--b/kT), where b is the assumed constant binding
energy, in the final analysis is related to (n) and therefore has to be considered as a parameter. Thus x 8 is a function of the average size.
(iii) A discrete time version of the model is not physically meaningful since the
number of jumps a vacancy has to make to reach a cluster has no specific
relation with jump time.
It is most likely that the non-evolution of the peak and the rather peaked distribution
result from the feature given by (i). Regarding the non-evolution of the peak.we note
that all the experimental distribution are measured in the r-space. So the evolution
of the peak in the n-space is not necessary. It is sufficient to have a distribution in nspace which when transformed into r-space makes the peak evolve in r-space. When
a continuum version of similar models is attempted, the procedure to be adopted is
well known. There can be several limiting cases corresponding to different physical
situations (See Kalrin and McGregor 1964). In general, there is a small or a large
parameter which helps to take these limits. In the problem at hand, there is no such
parameter. In some cases, one can start by regarding both the parameter of the
random variable and the random variable to take on discrete values, and take appropriate limits as can be done in the case of problem of diffusion (Wang and Uhlenbeck
1945). This possibility is ruled out due to point (iii). In addition to these points, it is
important to note that the dynamical variable in our problem is N, the concentration
of the cluster with n-units because of the fact that the model describes the growth of
clusters and not the number of vacancies in the duster. (The latter would have been
the right choice if a Fokker-Planck equation had to be set-up. Since the normal
methods available in literature cannot be used, we will have to rely on some other
physical considerations.) There is an additional problem about the choice of the right
dynamical variable. There are two choices one can make. One is the concentration of the dusters Nn and the other is the concentration of vacancy units Pn in a
vacancy duster of concentration iV,. If the latter is used a generalised Fokker-Planck
can be set-up. As we will show, if we use some results available from the previous
model about the short time constant for Pz using N~ and pn as the dynamical variable
gives rise to consistent results. The basic physical assumption in the problem is that
as for the growth of clusters after the initial incubation period, the effect of the variation in the binding energy is small and hence the growth of the clusters is smooth.
As far as the construction of the continuum model, since the normal methods available
in literature cannot be used, we will have to rely on the correspondence of the method
of constructing the continuum limit to the original model and use other physical
information. We will see that once the continuum limit of this model is constructed
in the n-space, we can identify a small parameter by writing down a Langevin equation for the random variable r, the radius of the loop.

2. Continuum model
In cases where a Fokker-Planck equation has a small parameter, the Kramer-Moyal
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expansion is truncated at the second order (see Stratonorich 1963.) This is indeed
arbitrary because the fact that the Fokker-Planck equation is of second or infinite
order depends on whether or not some even moment greater than the second vanishes.
There is no guarantee that the truncated Fokker-Planck equation gives a solution
which is consistent with the solution of the integral equation for the conditional
probabilities (i.e., the Smoluchowski's equation). Yet in many cases the solutions
of the truncated Fokker-Planck equation with the help of small parameter yield
physically reasonable distributions. In the present case we will be guided by
somewhat similar considerations.
First, we show that by regarding n as a continuous variable we can set up a second
order partial differential equation which has nearly the same solution as that of the
differential-difference equation given by eqs (II. 3) (II. 4) and (II. 5). This equation
will be arrived at by arbitrarily truncating the Taylor series expansion of
= ( n + l ) N. I

at the second order. By requiring that the total number of vacancies be conserved
in this continuum model also, which in turn implies certain conditions of N(n, t)
as n -* 0 and n ~ oo consistent with our earlier known results on the distribution
obtained from via generating function approach for N, (Ananthakrishua 1979b), we
show that the differential equation should be slightly modified. This corresponds to
a slightly different choice of the number of absorption and emission sites. The
solution of this equation will be shown to be physically reasonable.
Consider equation (II. 5). Multiplying by n and using n N~ = p , gives an
equation for p,. We shall use Taylor series expansion for p~,~ upto second order
only. Using
O P~
= P"

I 82p
+ 2 o- - qn

"'"

in equation (I. 5) we get
8 Pn

8

n

b2

.

(1)

O ns

Usingp.(t) = p ( n , t) = nN(n, t)we get
8 N (n, t)

ot

-

(x,--NO

8

x~

(nU) + -£ OV +xO

8~

(nN).

(2)

Thus we have truncated the expansion at the second order. Some points can be
noted here. The coefficients of this partial differential equation are functions of
x 1, N1 and x2 ((n)). Since N 1 is a very rapidly decreasing function of time, there
will be a short transient superimposed on the time development of N,(t), the solution
obtained in paper II. We note from the analysis of the previous paper, that the
equation for N 1 and that of N, get decoupled after N 1 has reached its asymptotic
value which is of the order of tenth of a second. Since it will be very difficult to solve
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the equation with the full time dependence of N1, we shall solve the above equation
after N~ has reached its asymptotic value. By using the asymptotic value of N~ in
(2), we cannot expect the solution obtained in this fashion to be valid for shorter times.
Also we assume that for shorter times, the evolution of clusters is smooth and using
the actual physical boundary condition gives the correct distribution. We also wish
to remark that xz will be related ( n ) (as was shown in the discrete model and will be
shown to be true here also) and therefore should be regarded as a parameter. Indeed,
when we started with the original equations (equations (I. 4), (I. 17) and (I. 18)) x2
was a function of n. Now it has to be regarded as a function of (n). By considering x2 = x= ((n}) we can dump all unknown features into this parameter.
We shall rewrite (2) in the following manner

ON _ xz [x~--N1] ~n (nN) + xa (x~+NO O~n + ½ xl (xl+NOn O
- ~Ni '
Ot
0
ON +
0~N
= x z (x,--Nx)-~n [(n--1)N] + 2 xz xz ~-~ ½ x z (x~+Nx)n~-~.
Using

Nx-+ No xJ(No+x~), we get
O N _ x l x2~ O [ ( n - - 1 ) N ] + 2 x t x z 0 N
8t
No+x~ On
On
+½ x 1 x~ + No+xg-j n On2.

In the last term we could replace No xJ(No+xz) by xz since x2 < No (as we will show
later or see Ananthakrishna 1979b, paper II). Then we have

ON
"Ot

xl xz 2 0 [(n--1)N] + x x - - ( n N ) .
No+x= On
x2 On2

(3)

(The procedure of splitting the second term into a contribution that can be absorbed
in the first term plus another one that can be absorbed in the term n(D2N/Sn~) is
expected to cause less error than directly using N1 -+ No x2/(No+x2) in (2).)
In order to solve (3), we use methods of Laplace transforms. Define

X(S, t) = fO N(n, t) (exp--sn) dn.

(4)

Here few comments are in order. First, the physical domain of definition of n does
not extend upto zero. Thus by extending the domain of definition of n, we have to
assume N(0, t)=0. Second, this integral does not have contribution from n-----l, i.e.,
N(I, t) va Nl(t). Third, equation (1) is expected to hold for n = 2 for analytic calculations only. Indeed, due to the fact that we have used continuum approximation
to obtain (2), it is probably not valid for small n. Further, we attempt a solution of (3)
only with the asymptotic value of N1. By this time several clusters with sizes in the
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small n region would have formed. So the statements concerning n =0, 1 and 2 are
for mathematical convenience. We shall also assume that

O~nN (n, t) In=O = O.

~gn

Thus we assume

Nl(t ) ~ N(1, t) = 0,
N(0, t) -- 0; lira O---nN(n, t) = O,
n ~ O On
and

(5/

lim N(n, t) -= O.
n~oo

With this we can write a differential equation for x (s, t)

Ox/at = --As x--s (A-~-Bs) (ax/Os),
where

A = xlx~/(No+x~) and B = xlx 2.
The method of obtaining the solution is shown in Appendix 1. The solution is given
by

x(s, t)

:

(A/s) a/s exp - s

[A/B+s(1--~)1

[(/llB)+s(1 --~)]-a/s,

(6)

with ~ = exp -- At.

N(n, t) can be calculated by using the inverse laplace transform (The details are given
in Ananthakrishna 1979c.) With v1 = A/B, we get
[ vl n Iv, exp ~ h_(n-k~).~ iv~_l[Vl'V/n~
N(n, t) = L O " ~ ) J
' - - (l--q~) )
~ l--i-'~]

n Nv'n~/(1 _~)]v,-~

Since the leading term in

iv, (z/2) ~_ (½z)v,/r (,1 + 1), Re v1> -- 1,

(7)
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for small Z, we can use this to compare with our earlier result.

N (n, t) " [
-

With this we have,

An ]AIB exp --~..~_~)

LB(i--,/,)J

n r

... k n--No/CNo+x,)

!

-- (1--~b) [x*/(N°+x')l exp
.., k, n_X exp I _

(A/B)

x,.(N+¢)
--No+x~(1--~b))

x,n
}
(x~ + No) (1 -- $) '

(8)

where k and k' are constants. (We have used No/(No+x2)~ 1 since x2 < No.)
The distribution function that we have obtained via the generating function approach
gives two terms one of which identically vanishes as t-+ oo. The leading term is
N , - - x 2 ( 2 N o+x2) exp
2 (NO+ xz)

nln

.

(9)

(No + x~) [1 -- N--~'(No + x,)]

With the same approximation that x2< N o.
In

No

_,-,

No+X2

x2

No + x~

1 -- ~b
~ [xJ(No + x~)]
"-"
1 -- [No~k/(No + x~)]
1 -- [No~/(No + x~)]'

and

In

gives

N, ,-, x~ exp I - -

or

N

-- n

"

n-l xs exp

nx2

(No + x2) { 1 -- [d~No/(No + x~)]

3
nx2
[
(. (No--}-x2) (1 --~) )

.

}1

(I0)

Thus the leading behaviour in both cases is nearly the same. Therefore the expansion
scheme that we have used appears to give consistent distribution as the one obtained
for the differential-difference equation.
Now we remove the two inadequacies namely the highly peaked nature of the distribution and the non-evolution of the peak in the r-space. To avoid the later, we
note that if N(n, t) has a maximum at n : 0 ,

N ( r ' t ) = r N ( r~
-~, t
has a maximum at non-zero r. In order to achieve the above objectives, we note that
in view of our earlier remarks about the absence of a small parameter or relevant
time scale in the continuum model we should demand consistency between the decay
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of the concentration of single vacancy units and the equation for the growth of clusters.
This implies conservation of the total number of defects in the system. We do not
have any reason to believe that this conservation of defects should hold even after
the truncation of the differential equation at the second order by ignoring the higher
order terms in the Taylor series. Further, since we need a nice behaviour at the origin
for the distribution function N(n, t) the boundary condition under which we expect
to solve the growth of dusters is different. This is another reason why the conservation may not hold. We recall that the behaviour of Nn as n->O is singular (if n = 0
is considered as a point in the physical domain for n), even as n ~ l , Nn becomes highly
peaked. So the least stringent conditions, on N(n, t) are dictated by our earlier
knowledge about N~ based on the solution of the discrete model. These lead to
lim n~N(n,t)-->O and lim N(n,t)-+O.
n-~O

n-~oo

(This is due to the fact that 1In factor contributes as n-->0.) The behaviour of N(n, t)
as n+oo in the parent model is sufficiently strong and we shall retain this feature.
However, a slightly less stringent condition is required as far as the behaviour of
N(n, t) as n-->Ois concerned.* So we require
lim n N (n, t) -+ 0, lira N ( n , t ) ~ 0 ,
n-.~O

and

n-..~ oo

lira n ~ ON
~
n~0
¢9n

"-> O.

We can now proceed to check the conservation of the total number of defects. This
can be easily checked by calculatingf(t). Here it is important to remember that the
contribution to n =1 comes from the equation for Nv (See (II. 4)). Thus when we
integrate (2), we should include the contribution from N z term in the integration.
Then we have

d f - - x, N2x W Ax foo n
dt
o

+ ~1

O(nN) dn +
On

2B1

0

n -ON
- dn
On

OZN dn,
f ~oo n~ ---~
On

where Al=Xl(X~--N1) and Bl=xl(x~+N1)[2. Here the first term is the contribution
to the integral from the equation for Nv Using the above boundary conditions on
N(n, t), we have

Nd n
d y _ xlNl~_Alf(t)+B 1 foo
o h aOn
dt

~

(11)
"

*It is important to note that we have set N(0, t)=0 for the unphysical point n=O. This requirement is common for all the cases considered.
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This equation should be consistent with the equation for (written in the continuum
limit)

-dN1-- xlNl'+ xtN1 f o (nN)dn--xlx' f o (nN)dn.
dt
This is possible if the last term in (11) were absent. (It may be worthwhile to point
out that (2) does not conserve the total number of vacancies even with the boundary
condition dictated by the solution of the parent model.) This means that we should
modify the differential equation appropriately to suit the boundary condition on
N(n, t). Then the modified differential equation reads,
-ON
- = a x -On
( nN ) +

Ot

Bn O21
~

ON.

(12)

On

It may be recalled that we have remarked at the end of paper II that using an appropriate choice of the number of absorption and emission sites, it is possible to overcome
the peaked unphysical nature of the distribution. In fact, the above equation corresponds to a slightly different choice of ~b(n) and 7p(n). If we use
~b(n) = n--½ and ~(n) = n-F}
and go through the usual procedure of truncating the Taylor series at the second
order, we would get the above equation. The solution of (12) can be obtained typically the same way as the solution of (3) and is (see Appendix A of paper IV, Ananthakrishna 1978c)

N(n, t)

--

K-A

B(1--¢)

exp

r/

L

B(1--¢)J

Io( aVg/.
\B(1--¢)/

(13)

where ~" is a normalisation constant to be determined. The method of obtaining the
solution is presented in the next paper. Here we note that the leading term designated by NL(n, t) is given by

Nr(,,, t)

const x e x p [

nA ]

(14)

B(-U-¢) "

If we wish to write the distribution in terms of the radius of tire loop (or the edge
length of the tetrahedra) we see that

NL(r, t) --- 2a(r/a~) NL(ar2/a2, t)
2ar
exp [
= const × a2(l _------3

Ar_z

].

a~B(1 _ ¢ ) j

(15)
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in the r-space has the peak at a non-zero value ofn. (The relation n=ar~/a ~ has been
used, where a is a geometrical factor.) We also note that NL(ar2[a2, t) is a Gaussian
inn.
Consider equation (11) without the last term, i.e.,

d__f= _ ,,If + xlx~ z .
dt

(I 6)

This equation describes the growth of the total number of vacancies in clusters of
all sizes. Strictly speakingf(t) is independent of t since we have used the asymptotic
value of N i. (This of course would be true only as t~oo.) But N i has a very
short time constant and N 1 attains its asymptotic value in a very short time
of the order of a second. We can therefore use the asymptotic value of N i
and regardf(t) as a weak function of t. (Physically, this is equivalent to introducing
all the vacancies initially and allowing only a redistribution of vacancies with a slow
variation in N(n, t). Alternatively, we could regard the total number of vacancies
to be strictly constant after N i has reached equilibrium with the rest of the clusters.
This implies that we allow only a strict redistribution of vacancies among the various
clusters. This also implies that the dynamical variable of interest is p(n, t) rather
than N(n, t). We shall elaborate this point later.) This procedure would offset .N very
little since, by about a second, the term
~ x No
No
- ~
5- ~

exp --xl(x~+No)

and the last term is of the order of the first.

Then the solution of (16) is

f(t) = a exp --At -k (xix~2/A).
At t=0, f(t)=0, so

f(t) = (xlx~/A) (1--exp--At).

(17)

(18)
(Note that N should be independent of time. Physically it is clear that N(t) should
reach its steady state much faster than (n).) This is the result that one would get
if (14) is used. From (14) it is clear that N is strictly normalised. (This is what is
implied in the above statement.) So the slow growth of the average size can be
obtained from (17) itself, In the following we shall see how (18) helps us to identify
a smallness parameter in the r-space,

3. Identification of smallness parameter and the connection with Langevin equation
There are several points in the above analysis which suggest that it should be possible
to identify a parameter to terminate the Taylor series expansion at the second order.
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This parameter may be easily identifiable in an appropriately transformed space as is
the case in our problem. The clue that there is such a parameter is at least three-fold.
First, the parent equations for deriving the continuum model were modelled as a
Markoffian process. Secondly, the leading form of the solution of (12) is Gaussian
in r suggests that it may be possible case that leading contribution into a Markoffian
form, although (12) may not describe a Markoffian situation (due to the continuum
approximation we have made). In this connection it may be important to observe
few points. An equation of the type (12) is to be regarded as an equation for the
distribution function, not necessarily a Fokker-Planck equation. In the present situation this statement is more relevant for yet another reason namely N(n, t) is not a
probability distribution. However, in the approximation we use namely using the
asymptotic value o f N 1 soon after the initial nucleation period, i.e., when N 1 has almost
reached its asymptotic value, ~r is regarded as strictly constant. The above
restriction concerning N(n, t) is therefore not physically relevant. These points
suggest a strong possibility of writing a Langevin equation for the random variable r.
Consider an equation for r
dr
....

dt

A

2

r -t- ~-(t),

where ~(t) is the noise term which can arise due to several reasons. Indeed, the
diffusive motion of vacancies, which is the main cause for the growth of clusters, is
random. There can be other sources like the presence of the motion of dislocations
(which are always present in the system), etc. With the usual assumptions about ~(t)
being a stationary, Gaussian white noise and with the initial condition <r) = 0 at
t = 0, we have (see Wang and Uhlenbeek 1945)

(r'> = exp (--At) f o fro exp
Using

(~(x)/~0')) = 2D 8(x--y),

we have

( r ~) = (2D/A) [1-- (exp--At)].

(xq-y) (~(x) ~(y)> dx dy.

(19)

Multiplying (19) by a/aS and comparing with (18) we get

2D = a2 Xl x2~laN.

(20)

(Here N is independent of t and is determined by comparing the solution of the
Fokker-Planck equation with (14).) Thus it is clear that the smallness parameter is a,
the lattice parameter in the r-space. The associated Fokker-Planck equation in
r-space is

ONL (r, t) _ A 0 [rNL (r, t)] -F a S x 1 x ~ ~ 0 ~t).
Ot
2 Or
2a ~r ~ z NL (r,

(21)
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It is clear from the above connection with the Langevin equation that the continuum
model we have constructed based on the earlier presented discrete model has built-in
internal consistency.
We shall make a few more remarks on some aspects of the model. It may be recalled that the slow growth of the clusters after an initial transient during which N 1
rapidly decays increasing the concentration of iV, rapidly (during that interval)
reaching a quasiequilibrium is what we have described by (12). This point has been
amply brought out by showing the connection of the slow change o f f ( t ) (after the
initial transient) with the Langevin equation. It may also be recalled that we have
mentioned that it is possible to regard the concentration of vacancy units in the
clusters to be constant right from the period after the initial transient and allow only
a strict redistribution of vacancy units. Such a description should be expected to be
consistent with our earlier description where N(t) rather than f(t) was regarded as
constant (and f(t) varied slowly due to slow flux of vacancies to N,). Hence df/dt is
strictly zero and the dynamical variable which should be of interest is obviously
p(n, t), the number of vacancy units in the cluster. In this description we regard that
Px has already attained equilibrium with p(n, t) in a short time. The value of/,l(oo)
to be used is taken from our earlier knowledge. Since this happens in a very short
time, we assume that we have introduced all the vacancies into p(n, t) right at the
start. The starting point is a slightly altered equation forp,(t)in comparison with
(II. 5) (or equivalently (I. 9) with (I. 17) and (I. 18)).
dp./dt = n Pl P.-1 xl -- ( n + l ) Pl P. xl
+ nP.+l Xx x2 -- (n--l) x x x2p..
This equation corresponds to a slightly different choice of if(n) and ~(n).
thiough the Taylor series expansion for p , ~ upto second order we get
~P -- A tg(np) + B n D ,.
~gt
8n
~n ~

(22)
Going

(23)

Again, introducing
¢ (s, t)

f O exp (--sn) p(n, t) tin

(24)

where the contribution Pl is not included, pie:p(1, t)=O and the contribution from
n=2 is included in the same sense as in the earlier case while dealing with (2) and
(12). One can easily check that df/dt is strictly zero if we assume
lim p(n, t ) ~ 0
n~0

: lira n ~---P~0, and lira p(n, t ) ~ O .
n~0
~gn
n~oo

(25)

These conditions are consistent* with the conditions imposed on N(n, t) in obtaining
(12). Going through steps similar to that for obtaining the solution of (12), the
*It is important to note that we have set N(O, t)=O for the unphysicalpoint n=O. This requirement is commonfor all the casesconsidered.
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solution of (23) can be obtained. The details of the method of obtaining the solution is given in Appendix B and the solution is

p(n, t) =

Pl(O)x~2 n

exp __

(1--~) ~ (No-~-X2) ~

×

/1 ( ~ / ~ (No-q-x~x~(1--~b))
X2

x~ (nq-~)
]
(No-~-x~) (l--~)J

(26)

0Vo+x (1-4)
Clearly the leading behaviour ofp(n, t)/n is exactly the same as N(n, t) that we have
obtained earlier except for the additional time-dependent factor of 1/(1--q~). Thus
we have shown that we could either regard the total number of vacancies to be constant (from the time when N 1 has reached equilibrium with the clusters) or regard
to be constant (which implies f(t) varies slowly). Both these approaches give the
same result as far as ( n ) is conceded as we have shown in paper IV (Ananthakrishna 1979c). In both cases N1 has been taken to be already in equilibrium with
the rest of the clusters.

4. Summary and conclusions
The basic problem that we have pursued in this paper is to build a continuum model
for the problem of clustering, more specifically the problem of the growth of clusters
after nucleation. To do this we have strongly made use of the discrete model that
we proposed in paper I and relied using some properties of its solution obtained in
paper II. The feature that is useful in the parent model is that the equation for the
growth of dusters could be decoupled from the equation for the decay of the concentration of single vacancy units and thus leading to closed form solution for (Nl(t)).
The decoupling can be achieved by regarding x 2 to be independent of n. Although
this at the first sight appears as a gross simplification is actually exploited since x~
is directly related to (n). Thus a quantity which was initially a function of n,
in the final analysis should be regarded as a function of average n. However, this
approximation probably leads to a singular distribution and the non-evolution of
the peak in the r space. To overcome these two problems, we have resorted to building a continuum model retaining the good features of the parent model. A simple
truncation of the Taylor series expansion leads to a partial differential equation for
the growth of clusters. Here it is assumed that Nl(OO) obtained from earlier work can
be used. Alternatively it is sufficient to assume that N1 approaches its steady state
value very fast. The amount of vacancies in clusters of all sizes can be estimated as
equal to the total number of quenched-in vacancies minus their number in the steady
state. This can always be found in general, either by knowing average size and density or is approximated as equal to the number of quenched-in vacancies. The solution of this equation is reasonably consistent with the solution of the parent model.
To overcome the two difficulties, we note that the total number of vacancies is not
conserved for this equation derived if we impose a nice behaviour for the distribution
function for small value of n. This leads us to consider a slightly altered differential
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equation. The solution of this revised differential equation has the nice behaviour for
small r as well (which is the space used for experiments). Thus the peaked nature of
the parent is removed. The leading behaviour of this distribution is a Gaussian in
and is shown to be related to writing an appropriate Langevin equation for r. This
also helps identify the smallness parameter. The description of the growth process
via the differential equation for N(n, t) involves keeping N constant from the start
of the growth process. The decoupling of the equation for the growth is done at the
time when the second term in Nl(t) is of the same order as the first. It is the contribution from the second term in NI~ofter the decoupling that supplies the slow influx
of vacancies which contributes to the slow variation off(t). This slow change of/'(t)
is essential in this description which implies that (n) changes slowly. The slow influx
of vacancies which we have taken to be entirely contributing to (,n) and not N,
is such that it would affect the magnitude of N very little even if we allow the influx
of vacancies to affect N over the entire interval of time. These points iinply that only
a quasiequilibrium has been assumed to be prevailing between Nl(t ) and N(n, t).
Only as t~oo, a strict equilibrium is attained. It should be noted that we have used
N(0, t ) = 0 for the unphysical point n = 0 in order to obtain the solution for (12).
In addition we have required a physically reasonable behaviour for N(n, t) for small
n. It is this that leads to (12). Thus as for the continuum model we should regard

(H. 3)for the single vacancy units along with (12)for the growth of the clusters to be the
starting point. It should be noted that these two equations are consistent for all
times, i.e., one can start with these equations and proceed to get the solution for f(t)
and hence Nl(t). One can then use the asymptotic value of N 1 in (12) and obtain
a solution of N(n, t). The only point that should be borne in mind is that while
integrating (12) after multiplying by n to get an equation for f(t), we should write
down the contribution to the term Nx~ from N(2, t), as we did while constructing (12).
The alternate picture is to regard p(n, t) to be dynamical variable rather than N(n,t).
In this picturef(t) is strictly zero from the start of the growth process, i.e., after N 1
has attained its asymptotic value, which we assume has been attained in a very short
time. Only a strict redistribution is allowed. Both these approaches give the same
time development for ( n ) as we have shown in the paper IV. However, the time
development of the distribution function for the cluster sizes is different. It is this
factor which can be used to distinguish the two methods and identify the suitablity
of the method for a particular situation. The actual physical situation is probably
somewhere between the two approaches. Only an experimental situation can decide
which approach is suitable. Thus starting out from the discrete constant binding
energy model (which we cannot expect to give correct representation of the single
vacancy concentration, the nucleation barrier and hence the nucleation time; in other
words the short time behaviour, but is intended to give just sufficient information
for us to solve the problem of growth) we have made use of the results on the decay
of N1 namely short time constant and the asymptotic value, in solving the equation
for N(n, t). The equation for the growth itself has been evolved in such a way that it
is consistent with equation for N1 and is based on the discrete model. We have evolved
two possible ways of solving the growth problem, one via keeping _N(t) constant and
another keeping f(t) constant.. It is expected that these two methods approximate
different physical situations. In the next paper (paper IV) we shall apply this model
for the case of formation of stacking fault tetrahedra and faulted vacancy loops.
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Appendix A
Consider equation (6).
dt

The subsidiary system of equation we have to solve are

ds

dx

-1 s(a + Bs)

~

.

-

sAx

The characteristic solutions are
s
--exp--At

~+~_

¢ (t),

s

= C1 -

(A.D

B

B

(A.2)

X =bl.

-

Eliminating C1 and bt from the above two equations we get

=

_

~-

~ (t)

,

(A.3)

where ~ ( y ) is an arbitrary function of its arguments to be determined from the initial
conditions. The initial condition is dictated by the fact that at t = 0 all the vacancies
are in the form of single vacancy units, which implies
lim N (n, t) -~ 8 (n--l).
t---~ 0

Therefore,

lira

~ (s, t) -> exp - - s ,

t.-~0

and

~"

=

s +

Then

~

=

exp

exp (--s).

(A.4)

1
--

A

s+~-

[a

(s+A/a) qA/B
,

(A.5)
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Using (A.5) in (A.3) we get

x (s, t) =

B s (1-,~) +

which is the solution of equation (6). The inversion of this equation is very similar
to the inversion of the solution of equation (12) in the transformed space. The
details have been given in Appendix 1 of the next paper (paper IV, Ananthakrishna
1979c).

Appendix B
In this Appendix we shall outline the method of obtaining the solution of the equation
forp(n, t) described by (23). Using (24) and (25) in (23) we get a differential equation
for

Of (s, t)
Ot

-

-

a s ~ -

Os

s~B

~"

~gs

-

2as

~.

(B.1)

The subsidiary system of equation to be solved are

dt
1

d/2
2B s ~"

ds
s (Aq-B s)

(B.2)

The characteristic solutions are

B3,
$

and

S

ts + A } e x p - - A t - - [ s +

A] $ ( t ) = C z "

(B.4)

Eliminating C1 and (72 from (B.3) and (B.4) we have
-)

s

(B.S)

where 4,(Y)is an arbitrary function of its arguments to be determined from the initial
condition on f. The initial condition in this problem dictates that as t ~ O, p(n, t)-->
pl(0) 8(n--l). Using this we have
lim 6 (s, t) -~px(O) exp --s.
t--~0

(B.6)
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Here px(0) corresponds to the amount of vacancies introduced at the beginning o f
the growth and is equal to
__ 2VoX2 .

pl(O) ~-- N O
s

No+x 2

Thus

~b

= (exp --s)

Then

, (s, t) -----px(0) exp [ - -

s + ~

px(0)

As~
B [s ( 1 - - ¢ ) -[-

× (~12[~ + s(1-,~)] -~ .

(B.7)

]

(AIB)]'

(B.8)

The method of inverting (2.8) and obtaining p(n 1 t) is the same as inverting X(s, t )
and has been outlined in Appendix 1 of paper IV.
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