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Differential equation approach for the energy average of the scattering function
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Abstract. An exact differential equation is given to evaluate the energyaverage of
the scattering function. The advam~,ge of the differentialequation as compared
to the earlier methods based on series expansion is lhat one has to evaluale
only single sums over the complex poles of the S-matrix. Using Wigaer's semicircle law for the distribution ef the re~l parls of the poles ef the scattering matrix,
the earlier expression for the energy average of the scattering function is rederived.
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1. Introduction

The resonance nuclear reactions have been extensively studied (Vogt 1959, 1968;
Mekjian 1973) for quite some timesnow. As was first pointed out by Bohr, they arise
due to the formation and the subsequent decay of the compound nucleus. Tl:e
other phenomena which were observed later and which have made the, experirrental
and theoretical study of the resonance reactions interesting are the cross-section
fluctuation (Ericson 1963), doorway states (Mekjian 1973), etc. An important
quantity in this field is the energy averaging (Moldauer 1967, 1969; Nazakat Ullah
1968) of the resonance cross-sections. Agassi and Weidenmtiller (Agassi and
Weidenmtiller 1975) have recently developed a new techp.ique based on the shellmodel approach to study this problem. The earlier melhods (Moldauer 1967,
1969; Nazakat Ullah 1968) evaluate the energy averages of the scaO.ering function
by making series expansions and then resumm.ir~g certain terms of lhis series and
finally showing that the terms Milch are left out are either small or cancel each
other because of alternating sign. The purpose of the present work is to show that
a differential equation technique can be developed to evaluate the energy averages
of the resonance cross-sections. As we shall show later, the differential equation
technique is quite simple and has the advantage that only single sums over the
complex poles of the S-matrix have to be evaluated to arrive at the final exprcs.
sion for the average cross-section.
In section 2 we establish the differential equation for the energy average of the
scattering function, and solve it in section 3. Section 4 corlains the concluding
remarks.
2.

Formulation

Let us write the pole resonance form of tl~e scatieri~g fur ction S (E) ,as
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Differential equation for the energy average
S (E) = 17 (E -- Z~,*)I(E -- Z~,),
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(1)

t~

where Z~ ---- % -- i[2 P~ and where we have omitted a phase factor which multiplies the product over resonances t~.
Using the Lorentzian energy resolution function having a half-width I/2 and
following Feshbach, Kerman and Lemmer (Feshbach, Kerman and Lemmer 1967),
the energy average of S(E) can be written as

<S(eo)>=

1-[

'

/

(2)
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We now establish the differential equation to evaluate the product in expression
(2). For simplicity we write f for (S (Eo)). Replacing each Pu by M'~ where
is a real parameter, we can rewrite expression (2) as

N (

i
f ( , ~ ) = [ ' \ ( E o - - % ) n L ~i (I -- h Pt,)/(Eo -- %) -{- ~(/'q-h/-'U)).

(3)
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From expression (2) and (3) it is obvious that if ~ = 0 , f ( ~ = 0 ) =
1 and if
= 1, f (a = 1) becomes the desired energy average (S(Eo)) which we are
interested in. Since the product in expression (3) is convergent (Titchmarsh
1961) we can write the following differential equation for f (~) by differentiating
expression (3) with respect to )~
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with the boundary condition f(O)= 1. This is the desired differential equation.
3.

Rederivation of the expression for <S (Eo)>

We would next like to integrate the differential equalion (4) from A = 0 to A = 1.
Let us recall that the width 1 of tile Lor~ntzian has to be large enough so that it
contains an appreciable number of resonances (Feshbach, Kerman and Lemrr_er
1967), that is I>~ F~ and since ~ lies between 0 and 1, we getthe following expression for S (E0) by integrating the differential equation (4),

(S(Eo)) = exp ( - i E

i

(Ft,/(Eo - %) + ~ l l ) .

(5)

Therefore, we see that the advantage of the differential-equation technique as
compared to the series expansion methods lies in the fact that no expansions,
resummations and no estimations for the terms which are thrown out are to be
made. It is for the first time that it is shown that the condition I >~ _r' is all
what is needed to rewrite <S(Eo)) in the form given by expression (5).
To proceed further we, replace the summation over the resonances # by an integration and replace the widths ; ~ by their average value </'~). The quantity
{S (E,)> can then b0 written as
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where p (~,) is the density of %,. We take the density p (E~) to be given by Wigner's
semi-circle law (Wigner 1957) as
~r
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where N is the total number of resonances, D their ave,rage spacing and (e~,) =
E0 is taken to be zero.
Putting this distribution in expression (6) and carr3ing out the integration ~e
get
(S)

exp

D" {(1

+ 16~-j)2,

4N--D}]"

(8)

As usual in the theory of average cross-sections we now let the averaging energy
interval A E = N D much larger than I. This finally gives us
(S) = exp (

zr (P~))D '

(9)

which was earlier derived using series expansion.

4. Concluding remarks
As we had remarked earlier the problem of energy averaging of the pole-resonance form of the scattering matrix is an important theoretical problem in the
study of the average resonance cross-sections. We have shown that an exact
differential equation can be established to evaluate such quantities. Since the
parameter h lies between zero and unity the sums on the right hand side of equation (4) can be evaluated in a straightforward fashion. Because of this it is obvious
that the differel~tial equation technique is much more elegant than the earlier serie:
expansions in handling the problem of energy averaging. Using Wigner's semicircle law for the distribution of ~, we have rederived the earlLr expression for
the average of the scattering function S ( E ) .
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