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Abstract. Menon’s identity is a classical identity involving gcd sums and the Euler
totient function ¢. In a recent paper, Zhao and Cao (Int. J. Number Theory 13(9) (2017)
2373-2379) derived the Menon-type identity Y ', (k — 1, n)x (k) = ¢ (n)t (%), where
x 1s a Dirichlet character mod n with conductor d. We derive an identity similar to this
replacing gcd with a generalization it. We also show that some of the arguments used in
the derivation of Zhao—Cao identity can be improved if one uses the method we employ
here.
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1. Introduction

Menon’s identity that originally appeared in [9] is a gcd sum turning out to be equal to a
product of the Euler totient function ¢ and the number of divisors function t. If (m, n)
denotes the gcd of m and n, the identity states that

> m—1.n)=pmrn). ()
m=1
(m,n)=1

This identity was generalized by several authors in various directions. For example,
Sury [12] derived the following Menon-type identity

Yoo mi—Lmy, . mgn) = pn)oy (),

1<my,ma,....ms<n
(my,n)=1
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where og(n) = Y dajn @ using properties of group actions. When s = 1, this becomes the
Menon'’s identity. Zhao and Cao [16] recently derived another Menon-type identity

§n k= Ly k) =pmr(=). )
d
k=1

where x is the Dirichlet character mod n with conductor d. When x is the principal
character mod n, this identity reduces to the Menon’s identity. A generalization of this
Zhao—Cao identity involving even functions mod n was derived by Té6th in [14].

For positive integers a, b and s, Cohen [3] suggested a generalization of the gcd function
which we denote in this paper by (a, b); (see next section for the definition of this function).
In [2], the authors of this paper proposed a generalization to the Menon’s identity which
was obtained by replacing the gcd function with (a, b)s. Various other generalizations of
the Menon’s identity were provided by many authors. See, for example, [4,6,11,13] and
the more recent papers [5, 15].

The Klee’s function ®; is a natural generalization of the Euler totient function. The
generalized divisor function 7y defined in [2] generalizes the usual divisor function 7 (see
next section for the definitions of these generalizations). A natural question arising is if the
gcd function in the Zhao—Cao identity (2) is replaced with the generalized gcd function
suggested by Cohen, what could be the possible change that can happen to this identity? We
propose here a Menon-type identity modifying the identity (2) replacing the gcd function
appearing in (2) with generalized gcd function. Our techniques closely follow the style of
arguments appearing in [16]. The main results we propose in this paper are the following.

Theorem 1.1. Let s,n € N and x be a primitive Dirichlet character mod n, where n is
the s-th power of some natural number. Then

D k= 1n)x(k) = y(n).
(k,ﬁl?j:l

Theorem 1.2. Let x be a Dirichlet character mod n, where n = m?%, m,q,s € N. If
d =m",1 <t < q is the conductor of x, then

D k= 1,n)sx (k) = Dy()75(n/d).

k=1
(k,n)g=1

2. Notations and basic results

Most of the notations, functions and identities we use in this paper are standard and their
definitions can be found in [1]. We give below the definitions of some other less popular
terms and functions which we use in this paper.

DEFINITION 2.1 [3]

For positive integers a, b and s, the generalized gcd of a and b denoted by (a, b); is
defined to be the largest /* (where / € N) dividing both a and b.
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The function (a, b); is thus the usual gcd of a and b. Like the ged function, (a, b); =
(b, a)s.
The next statement is elementary and can be proved easily. We state it without proof.

Lemma 2.2. (a, b), is multiplicative in first variable.

It can be further observed that (a, b); is not completely multiplicative as a single variable
function of a. Also, it is not multiplicative in s.

DEFINITION 2.3
If (a, b); = 1, then we say that a and b are relatively s-prime to each other.
DEFINITION 2.4 [7]

The Klee’s function ®;(n) is defined as the cardinality of the set {m € N : 1 <m <
n, (m,n)s = 1}

Thus &, (n) denotes the number of positive integers < n that are relatively s-prime to
n. Various properties satisfied by ®;(n) are listed in [2, Section 2].

If M is a complete residue system mod n, then the subset of elements from M that
are relatively s-prime to n is called an s-reduced system. Further, if M is a subset of
{a : 0 < a < n} then the s-reduced system is called a minimal s-reduced residue system
(mod n).

DEFINITION 2.5

For natural numbers n and s, by t,(n), we mean the number of /* dividing n where [ € N.

It was observed in [2] that @ (n) and 74(n) are multiplicative in n.
The following lemma is essential to prove one of the main results that we propose in
this paper.

Lemma 2.6 [3, Lemma 3). Let A={m |1 <m <nand (m,n)y = 1} and letd > 0 be
any s-th power divisor of n. Then A is the union of gj EZ; disjoint sets each of which is an
s-reduced residue system mod d.

3. Proofs of the main results

We here provide proofs of the claims we made in the first section. To prove Theorem 1.1,
we need the following lemma.

Lemma 3.1. Let s,n € N and x be a primitive Dirichlet character mod p", where p is
prime and n is a multiple of s. If m is a multiple of s such that s < m < n, then

n—m

p

> x(kp’”+l)={_l’ me=nes

part 0, otherwise.
(k,p"~"™)s=1
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Proof. By the conditions imposed on s, m and n, we see that n # s. Suppose m = n — s.
Since p"~* is not an induced modulus for y, there exists an integer b, 1 < b < p* with
bp"*+1,p")=1and bp"~* +1 = 1(mod p"~*), but x (bp"~* +1) # 1. So

pi-l1 pi—l
XGPS 1) Y xkp" T D = Y xkbp™ T - bp" T 4 kp" T 4 1)
k=0 k=0
Pl
= > x((k+b)p" +1)
k=0
p*-1

=Y xkp" ™ +1).

k=0

Hence Z,f:)l x(kp" =5 +1) = 0 and so Z,’;;l ¥ (kp" =5 4+ 1) = 0. It follows that

s s

r P p
doox®p D =% xGp" D= Y xkp" D)
k=1 k=1 k=1
k,p*)s=1 k,p*)s#1
ps
=— > xkp"+1)
k=1
(k,p*)s 1
= —x(kp" +1)
=—xD
= 1.

Next we consider the case m # n — s. As in the previous case.
pnfm le*Vll
XOp"+ D > xGkp"+D = Y x(bkp"p"
k=1 k=1
(k,p"")s=1 (k,p""™)s=1
+kp" +bp" 4+ 1)

n—m

p
= Y x&p"+bp" 4.

k=1
(e, p" )5 =1

We claim that {kp™ + bp"~* +1:1 < k < p"™™ (k, p"~™)s = 1} is the same as the
residue system kp™ + 1(mod p™). Suppose 1 < k; < p"7" and (k1, p" )y =1.Ifc =
k1 p™ + bp" % + 1(mod p™) for some integer ¢, then let ky = ky + bp" =™ (mod p"~™).
Note that if (kp, p"~™)s = p"* for some prime p and 1 < r < *=*, then we have p* | k2,
which implies p® | k; + bp"~*~™. But in this case s < m < n — 2s and p* | p" 7"
implying that p* | k; which is not possible. Therefore (ky, p"~™); = land also 1 < k» <
p~™. Now we have ko p™ + 1 = ¢ (mod p™). Itk  p™ +bp"~5 + 1 =k{'p™ + bp"~* +
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1 (mod p") then ky = k{ (mod p"~™). Similarly if ko p™ + 1 = k p™ + 1 (mod p"), then
ky = kj (mod p"~"). Therefore both these residue systems consists of ®;(p"~") different
elements, and so we get

pn—m pll—m
XOp" 41 Y x(kp"+ D= > xkp™+1).
k=1 k=1
(k. p""™)s=1 (k. p"")s=1
This implies that ) 7 n_”,;:l x (kp™ 4 1) = 0 which is what we required. O
(k. p"™")s=1

Proof of Theorem 1.1. Let f(n) =Y ." ;_; (k—1,n)xn(k), where x, is some Dirichlet
(k,n)s=1
character mod n. For r, t € N, we have

rt
fon =Y k=105 k).

k=1
(k,rt)g=1

Now we use the fact that if (r,7) = 1 then the twosets {k | 1 < k < rt, (k,rt)y = 1}
and {tky +rky | 1 < ky < r,(k1,r)s = 1,1 < ky < t,(kp,t)y = 1} are the same.
Note that x mod k can be factored uniquely as a product of the form xx = xk, Xk, = - * Xk, »
where k = kiky - - - k, with (k;, kj) = 1if i # j. In particular, if x is primitive then each
Xk; 1S primitive mod k;. Since the generalized gcd function is multiplicative in the second
variable, we get

r t
fo= > Y (thi+rky— L r)s(thy +rky — 1,0);

k=1 kr=1
(ki,r)s=1 (k2,1)s=1

X xr(thky 4+ rk2) x: (tky 4+ rk2)

r t
= Y ) (thi+rka— 11

ki=1 ko=1
(ki,r)s=1 (k2,1)s=1

(thy +rky — 1, )5 xr (th1) x: (rk2).

Now we observe that (tky + rky — 1,r)y = (tky — 1,r)y and (thky +rky — 1,1)y =
(rky — 1,1)s. So

r

t
fon =" > (tki = 1,050k = 1,0 X (tk1) i (rk2)

k=1 ko=1
(k1,r)s=1 (k2,1)s=1

r t
= Y (k= L)tk Y (rka— 1,05 x(rka).

ki=1 ko=1
(k1,r)s=1 (ka,1)s=1
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Since (r,t) =1,

r t
fon =" ta—=1Lrgork) Y (a—1,0xk)

k=1 ko=1
(k1,r)s=1 (kp,t)s=1
= fr)f@).

Thus f is multiplicative and so we need to verify our claim only for prime powers p?,
where a = ¢s, g € N. Therefore,

a

P

F =Y k=1, p"sxpak)
k. prs=1
p¢ p¢
=Y k=1 pY5xpt)— D k=1, pxpe (k)
k=1

k=1
(k,p*)s#1

pa
= k=1, p“)xpa (k)
k=1

a a

p p
= k=1 pYsxp®)+ Y xpalk)
k=1 k=1
(k—1,p%)s#1 (k—1,p")s=1
pa pa pa
= k=1, psxpe(®) + Y xpat) = Y xpalh)
k=1 k=1 k=1
(k=1,p%)s#1 (k=1,p")s#1
p(l pa
= Y k=LY — Y xpe®
k=1 k=1
(k—1,p")s#1 (k—1,p")s#1
p{l
= Y (k= 1,p = Dxpe(k)
k=1
(k—=1,p")s#1
q P’
=> (P = Dxpa (k)
t=1 k=1
(k—l,p“),;:p”
P! q—1 I
= Y P =Dxe+d > (P = Dxpek)
k=1 t=1 k=1
(k=1,p")s=p* (k—=1,p")s=p"
q—1 !
= =D+Y P =D Y g
t=1 k=1

(k=1,p")s=p"
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We need to compute the sum ZP ’ kel X pa (k). We have

(k—=1,p")s=p"
¢ p?
Z Xpa(k) = Z szz(k+ 1)
k=1 k=1
(k=1,p")s=p" (k, p“)s=p'

To evaluate this, for a fixed prime power p'* we take the sum over all those k in the
range 1 < k < p?, where (k, p?)y = p'*. If we write k = jp'®, then 1 < k < p% and
(k, p*)s = lifandonly if 1 < j < p®~' and (j, p? "), = 1. Then the last sum can be
re-written as

ptl pa—ls
Do oaplk+ = Y xpeGpY+ 1)
k=1 j=1
(k,p")s=p"* (P )s=1
and
q—l pzlfts
FOH=@" =D+Y " =1 D> xpeGp + 1.
t=1 j=1
(j,Pa_”)szl
By Lemma 3.1, we obtain
pafts 1 f 1
. s — ift =q —
a +1) = .
; xpe (P ) {O otherwise

(j’pafta')le

Then
FPY =p" =1+ = (=1
— pa _ pqs—s
— pa _ pafs
= &y (Pa),
which concludes the proof. ]

The above theorem reduces to Theorem 1.1 in [16] when s = 1. We would like to further
remark that Theorem 1.1 in [16] was proved using Lemma 2.1 and Lemma 2.2 in [16]. If
one employs the technique we used above, only [16, Lemma 2.1] is required to prove [16,
Theorem 1.1].

To prove Theorem 1.2, we require the following two lemmas. First lemma generalizes
[16, Lemma 2.4].
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Lemma 3.2. Lets,n € Nand x be a Dirichlet character mod p", where n = gs for some
g € N. Let p! be the conductor of x, where | = rs for somer € Nand 1 <r < q.Ifm is
a multiple of s such that s < m < n, we have

o O(p"™M), ifl <m <n
k=1 xkp"+ 1) =1-p" ifm=1-s
(e, p"™)5=1 0, ifs<m<I—s.

Proof. First we consider the case [ < m < n. We have

prlfm pnfm

> oxGkpm+h= > x(D)

k=1 k=1
(k. p"")s=1 (k,p"™)s=1

n—m

p

= Y 1

k=1
(k,p"")s=1

= qu(Pn_m)‘

Next we move on to the case s < m <[ — s. Note that every Dirichlet character x mod k
can be expressed as a product of the form x (n) = ¥ (n)x1(n) for all n, where ¥ is a
primitive character modulo conductor of x and y; is the principal character mod n. Then

n—n n—m
p

P
S oxGp"+ D= Y Ykp™ + Dxatkp™ + 1),
k=1 k=1
(k’pn—M)le (k,pn_"l)s=1

where v is the primitive character mod conductor of x and y; is the principal character
mod p".Sinces <m <[ —s, (kp™ + 1, p") = 1, using Lemma 2.6 and Lemma 3.1, we
get

pn—m pn—m
dYooxkpm+ = Y ykp"+1)
k=1 k=1
ke, p" ") =1 (k,p"™)s=1
n—m plfm
D (p"™) m
=" Y ykp"+1
Os(pM o
(k,p'™m)y=1
pl—m
=p" Y wkp"+ D)
k=1
k,p'=m)s=1

_ —p"tifm=1-5s
- Oifs<m<I[—s,
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which completes the proof.
Next we prove a lemma, which is key to the proof of Theorem 1.2.

Lemma 3.3. Lets,a € N and x be a Dirichlet character mod p®, where a = qs for some
q € N. If p"* is the conductor of x,wherer € Nand 1 <r < g, we have

pa
D k=1, psx (k) = (g —r + DD (p*).

k=1
(kspa)le
Proof. We prove the lemma case by case.

Case 1. r = 1. In this case p* is the conductor of x. From the proof of Theorem 1.1,
we have

a—ts

p

q—1
fOH=@ =D+Y 0" =1 D xpeGp” + 1.
t=1 j=1
(J.p")s=1

Using Lemma 3.2,

a a—ts

q—1 b4

p

Yo k=L px)=pt =1+ (P =1 Y xpu(GpT+D
k=1 t=1 j=1

(k,p)s=1 (. p*")s=1

q—1
=P =14 ) (0" = D)

t=1

q—1
_ 1
=p' =14 (P =Dp (1 - )
=1

g—1
=p' =1+ (== p)
t=1

q—1
— pa — 14+ Z(pa _ pa—s _ pa—ts +pa—(t+l)S)
t=1

q—1
=pt =1+ ("= p*
t=1

q—1
+ Z(pa—(t-i-l)s _ pa—ts)

=1
=p' =14+ =p")g—-1
+ (paqu _ pllf_Y)
=p' =1+ =pNg-D+1-p""
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=q(p* —p*)
= CIQY(Pa)-

Case 2. r = q. In this case x is the primitive character mod p“. The claim immediately
follows from Theorem 1.1.

Case 3.2 <r < g — 1. As in the first case, we have

q—l pa—ts
FOY=@ =D+Y P =1 Y xpeGp" + D).
t=1 j=1
ot )=1
By Lemma 3.2, we get
pats O (p? 1), ifr <t <gq
S oxGpt = —per ifr=r— 1
j=1 0,ifl<t<r—1.
(J,p")s=1
Now
q—l pzlfts
FOY=p"=1+> " =1 > xu(p"+1
=1 j=1
(jspa_ls)szl
F—2 pu—ts
=p'—1+Y (P =1 > x(GpF+D
t=1 j=1
(k-,Pa_”)szl

+ (p(r—l)x _ 1)(_pa—rS)

q—] paftx
+Y P =D > xGp 4D
t=r j=l
(k’pafta')le
qg—1
=p = 1= (T = Dp T Y (P - DR ()
t=r

q—1
1
=p == P = Dp T Y (P = Dpt T - )
t=r p
g—1
=p = 1= p T p T Y (P = D T = )
t=r

q—1
— pa _1- pa—s + pa—rs + Z(pa _ pa—s _ pa—ts +pa—(t+l)5)
t=r
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g
— pa 11— pa—s + pa—rs + Z(pa _ pa—s)

+ Z(puf(H»l)s _ paftS)

t=r
— pa — 1= pa—s 4 pa—rs + (pa _ pa—x)(q —r)+ pa—qx _ pa—rs
=p'=1=p" 7+ =p"Hg-1r)+1
=(q@—r+DpP'—p'
=(q —r+ Ddg(p?).

O

Lemma 3.4. Lemma 3.4 is very much similar to [16, Lemma 3.1]. The identity in [16,
Lemma 3.1] reduces to the Menon’s identity when x is a principal character. But because
of the assumptions in the lemma above, x cannot be taken as the principal character and
so this lemma cannot be strictly taken as a generalization of [16, Lemma 3.1].

Finally we prove Theorem 1.2, which is similar to Theorem 1.2 in [16]. But our conditions
are more restrictive than those appearing in [16, Theorem 1.2].

Proof of Theorem 1.2. We use the fact that if n = p{' p3* - - - p/" then x, = Xyt Xpia
Xpers where y, is the Dirichlet character modn. Also if g(x) denotes the conduc-

tor of x, then g(xn) = g(x,1)8(X ) -~ &(X,er). Let n = py"*py* - p;™, d =
bis bzs bys

" p, -p.”, where 1 < b, <a;.Now f(n) =>" ;1 (k—1,n)sx,(k) is multi-
(k,n)g=1
plicative. Therefore,

Y k= 1n)x(k) = f(n)

k=1
(k) =1 = FPIF P - F (P

= Hf(ﬁ"“)
= H Z s x s ().
i=1 =

k. p =1
bis b by .
Note that p"*p,* - - p/”" = g(XpTls)g(ngzs) -+ 8(xpors)- It is clear that g(x us) =
pl. ¥ Hence by Lemma 3.3,

3 k= Lmsx®) =@ — bi + D (p)
i=1

k=1
(k,n)s=1
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.
i—bi i
= [Tz ") @ (pf)
i=1

.01 (2).

which completes the proof. O

Lemma 3.5. A strict generalization of Theorem 1.2 in [16] would have been Y " _, (k—
(k.n)g=1
1,n)sx (k) = ®s(n)ts(n/d), where x is a Dirichlet character mod n with conductor d.

But this identity cannot be derived. For example, if we take ¢ = 1, s = 2, r = 0 and
p = 2, the LHS of this identity evaluates to (0, 4)2 4 (2, 4)2 = 5 whereas the RHS gives 6.

In [14], Té6th derived an identity similar to Menon’s identity involving even functions mod
n, Mobius function and the Euler totient function. Note that an arithmetical function is
n-even if f(k) = f((k,n)). A concept similar to n-even function is (n, s)-even functions
defined by McCarthy. An arithmetical function f is (n, s)-evenif f (k) = f((k, n®)) (see
[8] for details). Many of the properties of such functions were studied in [10]. We feel
that T6th’s results can be generalized to (n, s)-even functions and similar identities can be
derived if one uses the results appearing in [10].
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