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Abstract. In this paper, we investigate relations between solutions to the minimal
surface equation in Euclidean 3-space E3 , the zero mean curvature equation in the
Lorentz–Minkowski 3-space L3 and the Born–Infeld equation under Wick rotations.
We prove that the existence conditions of real solutions and imaginary solutions after
Wick rotations are written by symmetries of solutions, and reveal how real and imaginary
solutions are transformed under Wick rotations. We also give a transformation method
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1. Introduction
In this paper, we study the geometric relations of real analytic solutions for the following
three equations:
(1 + f y2 ) f x x − 2 f x f y f x y + (1 + f x2 ) f yy = 0,
(1 − g 2y )gx x + 2gx g y gx y + (1 − gx2 )g yy
(1 − h 2t )h x x + 2h t h x h t x − (1 + h 2x )h tt

(1)

= 0,

(2)

= 0.

(3)

Equation (1) is called the minimal surface equation which is the equation of minimal
graphs over a domain of the x y-plane in Euclidean 3-space E3 = E3 (x, y, z). Equation
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(2) is called the zero mean curvature equation, which is the equation of graphs with zero
mean curvature over a domain of the spacelike x y-plane in the Lorentz–Minkowski 3-space
L3 = L3 (t, x, y). The graph of g is spacelike if 1−gx2 −g 2y > 0, timelike if 1−gx2 −g 2y < 0
and lightlike if 1 − gx2 − g 2y = 0. Equation (3) is called the Born–Infeld equation, which is
the equation of graphs with zero mean curvature over a domain of the timelike t x-plane in
L3 . Equation (3) also appears in a geometric nonlinear theory of electromagnetism, which
is known as the Born–Infeld model introduced by Born and Infeld [3]. A surface in L3
whose mean curvature vanishes identically is called a zero mean curvature surface, and
such a surface can be written as the graph of a solution to (2) or (3) after a rigid motion in
L3 . A spacelike (resp. timelike) zero mean curvature surface is called a maximal surface
(resp. timelike minimal surface).
It is known that there is a duality between solutions to (1) and spacelike solutions to (2)
called the Calabi’s correspondence [4] as follows: Let z = f (x, y) be a minimal graph
over a simply-connected domain. Since equation (1) for f is equivalent to
⎞
⎞
⎛
⎛
fy
fx
∂
∂ ⎝
⎠+
⎠ = 0,
⎝

∂x
∂y
1+ f2 + f2
1+ f2 + f2
x

y

x

y

we can find a spacelike solution to (2) on the same domain such that
(gx , g y ) = 

(− f y , f x )
1 + f x2 + f y2

, 1 − gx2 − g 2y > 0.

We can recover a solution to (1) from a spacelike solution to (2) by the same procedure.
On the other hand, there are some solutions to (1) and (2) which do not correspond by the
Calabi’s correspondence but resemble each other as pointed out in [10,19]. For example,
the solution to (1)


cos x
(4)
z = f (x, y) = log
cos y
is the graph of the classical Scherk minimal surface in E3 . On the other hand,


cosh x
t = g(x, y) = log
cosh y

(5)

is a solution to (2) in L3 (t, x, y) which is an entire graph found by Kobayashi [19] having
all causal characters (Figure 1, center). This surface can be obtained by replacing x and
y by i x and i y in (4), and by identifying z with t. Moreover, if we replace only y by i y
in (4), and by identifying (x, y, z) with (x̃, t˜, ỹ), we have the following solution to (3) in
L3 (t˜, x̃, ỹ),


cos x̃
.
ỹ = h(t˜, x̃) = log
cosh t˜
In general, solutions to equations (1), (2) and (3) are related by changing parameters
called Wick rotations. In 1954, Wick [25] argued that one is allowed to consider the wave
function for imaginary values of t, i.e., replacing the real time variable t by the imaginary
time variable it. This method of changing a real parameter to an imaginary parameter
is what is known as Wick rotation. It also motivates the observation that the Minkowski
metric −dt 2 + dx 2 + dy 2 and the Euclidean metric dt 2 + dx 2 + dy 2 are equivalent if the
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Figure 1. (a) The doubly periodic Scherk minimal surface, (b) Scherk type zero mean
curvature surface in [19] and (c) the corresponding solution to (3).

time component of either are allowed to have imaginary values. In general, one can use the
concept of Wick rotation as a method of finding solutions to a problem in the Minkowski
space from solutions to a related problem in the Euclidean space. In the past, several authors
have used this technique of Wick rotation in many different contexts [7,13,15,16,22]. In
our setting, as pointed out in [22, section 5], the problem discussed so far to generate new
solutions by using Wick rotations is that solutions may be complex valued, in general. In
this paper, we give criteria for the existence of real and imaginary solutions after Wick
rotations, and study geometric properties of these correspondences as follows.
Theorem A. Let z = f (x, y) be a solution to (1) without umbilic points on y = 0. The
following statements hold:
(i) If f is even with respect to the y-axis, then the graph ỹ = f (x̃, i t˜) in L3 (t˜, x̃, ỹ) is
a timelike solution to (3) with negative Gaussian curvature near t˜ = y = 0, where
t˜ = y, x̃ = x and ỹ = z.
(ii) If f is odd with respect to the y-axis, then the graph ỹ = −i f (t˜, i x̃) in L3 (t˜, x̃, ỹ)
is a timelike solution to (3) with positive Gaussian curvature near x̃ = y = 0, where
t˜ = x, x̃ = y and ỹ = z.
We also prove similar correspondences for solutions to (2) and (3) in Theorem 1, and for
solutions to (1) and (2) in Theorem 2.
Moreover, we study in section 4 Wick rotations starting from lightlike points, that is,
points on which the metric of a surface degenerates. In general, maximal surfaces and
timelike minimal surfaces in L3 have singular points, on which surfaces are not immersed.
Such singular points appear as lightlike points and many kinds of singular points have been
studied by Weierstrass type representation formulas (see, for example, [8,9,12,19,23]) and
the singular Björling formula (cf. [16,17]) on isothermal coordinates. However, it is known
that there is a case that lightlike points consist of a lightlike line, on which the isothermal
coordinates break down (see [10, section 1] and also, [16, Lemma 3.12], [17, Corollary
3.3]). Recently, such surfaces have been studied intensively. In [10], zero mean curvature
surfaces with lightlike lines were categorized into the following six classes (the definition
of each class is given in section 4):
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−
α + , αI0 , αII0 , αI− , αII− , αIII
,

and many examples were given in [1,10–12,24]. In particular, for each class as above,
the existence of a zero mean curvature surface having any possible causal character along
a lightlike line was proved in [24]. However, there is no known explicit representation
formula for such surfaces. In this paper, we give a transformation method for zero mean
curvature surfaces with lightlike lines via Wick rotations. More precisely, we prove the
following theorem (see also Theorem 4).
Theorem B. Let t = g(x, y) be a real analytic solution to (2) with a lightlike line segment
L which contains g(0, 0) = 0.
(i) If g is even with respect to the x-axis, then the solution ỹ = h(t˜, x̃) = g(i x̃, t˜) in
L3 (t˜, x̃, ỹ) to (3) also has a lightlike line segment L̃. Moreover, these two solutions
belong to the same class as above along L and L̃, where t˜ = y, x̃ = x and ỹ = t.
(ii) If g is odd with respect to the x-axis, then the solution ỹ = h(t˜, x̃) = −ig(i t˜, x̃) in
L3 (t˜, x̃, ỹ) to (3) also has a lightlike line segment L̃, where t˜ = x, x̃ = y and ỹ = t.
Moreover, each of solutions belongs to the class α + , α 0I or αI− . A solution of α + (resp.
αI− ) type is transformed to a solution of αI− (resp. α + ) types, and a graph of type αI0
is transformed to a graph of type αI0 .
In section 5, by using Theorem B and the non-commutativity of Wick rotations and isometries in the ambient space, we give new relations among many examples, most of them
were constructed in [10].

2. Preliminaries
In this paper, we deal only with real analytic immersions and real analytic graphs. We denote
by L3 = L3 (t, x, y) the Lorentz–Minkowski 3-space with the metric ,  = −(dt)2 +
(dx)2 + (dy)2 , where (t, x, y) are the canonical coordinates. An immersion X : Ω → L3
of a domain Ω ⊂ R2 into L3 is called spacelike (resp. timelike, lightlike) at a point p ∈ Ω
if its first fundamental form I = X ∗ ,  is Riemannian (resp. Lorentzian, degenerate) at p.
For a spacelike (or timelike) immersion, we can take a timelike (or spacelike) unit normal
vector field ν. Let ∇ denote the Levi–Civita connection on L3 , and suppose ξ and η are
smooth vector fields on Ω. Then the shape operator (or the Weingarten map) S of X and
the second fundamental form II are defined by
dX (S(ξ )) = −∇ξ ν, II(ξ, η) = ∇dX (ξ ) dX (η), ν.
The mean curvature H and the Gaussian curvature K of X are defined by
ε
H = tr S, K = ε det S,
2
where
ε = ν, ν =

1
if X is timelike,
−1 if X is spacelike.

An eigenvalue of the shape operator S is called a principal curvature of X . When an
immersion X is spacelike, the shape operator S is symmetric. Hence we can always take
real principal curvatures at any point, and a point on which two principal curvatures are
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equal is called an umbilic point. On the other hand, the shape operator S for a timelike
immersion is not always diagonalizable even over the complex number field C. In this
case, a point on which S has the same real principal curvatures is called an umbilic point,
and a point on which S is non-diagonalizable over C is called a quasi-umbilic point, see
[5] or [2] for details.
After a rigid motion in L3 , any spacelike or timelike surface can be written as a graph
over a domain in the spacelike x y-plane, which has the form
X (x, y) = (g(x, y), x, y),
or a graph over a domain in the timelike t x-plane, which has the form
Y (t, x) = (t, x, h(x, t)).
The first fundamental forms for X and Y that we denote by Ig and Ih are
Ig = (1 − gx2 )dx 2 − 2gx g y dxdy + (1 − g 2y )dy 2 and
Ih = (−1 + h 2t )dt 2 + 2h t h x dtdx + (1 + h 2x )dx 2 .
The unit normal vector fields in each of the case are given by
νg (x, y) = 

(1, gx , g y )

(h t , −h x , 1)
and νh (t, x) = 
.
|1 − gx2 − g 2y |
|h 2t − h 2x − 1|

Put εg := νg , νg  and εh := νh , νh . The second fundamental forms of X and Y that we
denote by IIg and IIh are



gx y
g yy 2
gx x 2
IIg = −
dx + 2
dxdy +
dy , Wg := −εg (1 − gx2 − g 2y ),
Wg
Wg
Wg



h tt 2
ht x
hxx 2
IIh =
dt + 2
dtdx +
dx , Wh := −εh (h 2t − h 2x − 1).
Wh
Wh
Wh
The mean curvature Hg and the Gaussian curvature K g of X is written as
Hg =

(1 − g 2y )gx x + 2gx g y gx y + (1 − gx2 )g yy
2Wg3

and K g = −

gx x g yy − gx2y
Wg4

,

while, the mean curvature Hh and the Gaussian curvature K h of Y is written as
Hh =

(1 − h 2t )h x x + 2h t h x h t x − (1 + h 2x )h tt
2Wh3

and K h = −

h tt h x x − h 2t x
.
Wh4

Then the condition that the mean curvature vanishes identically leads to the equations
(2) and (3) respectively. A surface in L3 whose mean curvature vanishes identically is
called a zero mean curvature surface, and a spacelike (resp. timelike) zero mean curvature
surface is called a maximal surface (resp. timelike minimal surface).
On the other hand, if one considers a graph Z (x, y) = (x, y, f (x, y)) in the Euclidean
3-space E3 = E3 (x, y, z) over a domain in the x y-plane, then the mean curvature is written
as

(1 + f y2 ) f x x − 2 f x f y f x y + (1 + f x2 ) f yy
,
W
:=
Hf =
1 + f x2 + f y2 .
f
2W 3f
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Then H f vanishes identically, that is, Z is a minimal surface if and only if f satisfies (1).
The Gaussian curvature of Z is written as
f x x f yy − f x2y
Kf =
.
(6)
W 4f
In section 3, we discuss correspondences among minimal surfaces in E3 and zero mean
curvature surfaces in L3 via Wick rotations as explained in the Introduction.
3. Real and imaginary solutions
In this section, we give geometric relationships among solutions to the three equations (1),
(2) and (3) under Wick rotations mentioned in the Introduction. First, we prove a necessary
and sufficient condition for getting a real or imaginary solution after a Wick rotation of a
solution.
Lemma 1. Let ϕ = ϕ(x1 , x2 ) be a real analytic function, and consider its Wick rotation
ψ(x1 , x2 ) = ϕ(i x1 , x2 ), where x1 and x2 are two of the canonical coordinates in E3 or
L3 . Then ψ is real (resp. imaginary) valued if and only if ϕ is even (resp. odd) with respect
to the x1 -axis. Moreover, ψ is also even (resp. odd) with respect to the x1 -axis.
Proof. Taking the following expansion near x1 = 0,
∞

ϕ(x1 , x2 ) =

an (x2 )x1n ,
n=0

and ψ can be written as
∞

ψ(x1 , x2 ) =

∞

a2m+1 (x2 )(−1)m x12m+1 .

a2n (x2 )(−1)n x12n + i
n=0

m=0

Therefore, ψ is real (resp. imaginary) valued if and only if the odd (resp. even) terms
vanish, which proves the desired result.

3.1 Geometric properties of transformations between solutions to (1) and (3)
By the correspondence between solutions to (1) and (3) under Wick rotations which was
mentioned in [6,15] and Lemma 1, we have the following.
PROPOSITION 1
For a solution z = f (x, y) to (1) with even symmetry with respect to the y-axis, ỹ =
f (x̃, i t˜) is a real solution to (3) in L3 (t˜, x̃, ỹ). Conversely, for a solution ỹ = h(t˜, x̃) to
(3) in L3 (t˜, x̃, ỹ) with even symmetry with respect to the t˜-axis, z = h(i y, x) is a real
solution to (1) in E3 (x, y, z), where t˜ = y, x̃ = x and ỹ = z.
From imaginary solutions obtained by Wick rotations, we can also construct real solutions as follows.
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PROPOSITION 2
For a solution z = f (x, y) to (1) with odd symmetry to the y-axis, ỹ = −i f (t˜, i x̃) is a real
solution to (3) in L3 (t˜, x̃, ỹ). Conversely, for a solution ỹ = h(t˜, x̃) to (3) in L3 (t˜, x̃, ỹ)
with odd symmetry to the x̃-axis, z = −i h(x, i y) is a real solution to (1) in E3 (x, y, z),
where t˜ = x, x̃ = y and ỹ = z.
Proof. We prove only the first part. If we set h(t˜, x̃) = −i f (t˜, i x̃), then ỹ = h(t˜, x̃) is
real-valued by Lemma 1. Since
h t˜ = −i f x , h x̃ = f y , h t˜t˜ = −i f x x , h t˜x̃ = f x y , h x̃ x̃ = i f yy ,
we obtain the relation
[(1 − h 2t˜ )h x̃ x̃ + 2h t˜h x̃ h t˜x̃ − (1 + h 2x̃ )h t˜t˜](t˜, x̃)
= i[(1 + f y2 ) f x x − 2 f x f y f x y + (1 + f x2 ) f yy ](x, i y),
where t˜ = x and x̃ = y. By (1) and the identity theorem, the right-hand side of the above
equation is equal to zero for any (x, y). Hence h satisfies (3).

The solutions to (3) obtained from solutions to (1) as in Propositions 1 and 2 are zero
mean curvature graphs over a domain of the timelike t x-plane in L3 (t, x, y). From now
on, we study geometric properties of these zero mean curvature surfaces. First, we prove
Theorem A.
Proof of Theorem A. First we prove (i). We set h 1 (t˜, x̃) := f (x̃, i t˜). Since the first fundamental form of the graph h 1 at (t˜, x̃) = (y, x) is
−(1 + f y2 (x̃, i t˜))dt˜2 + 2i f x (x̃, i t˜) f y (x̃, i t˜)dt˜d x̃ + (1 + f x2 (x̃, i t˜))d x̃ 2 ,
the graph is timelike near t˜ = y = 0. If we set W f =
vector field is written as


1 + f x2 + f y2 , then the unit normal

(i f y (x̃, i t˜), − f x (x̃, i t˜), 1)/W f (x̃, i t˜).
By using it, the second fundamental form is computed as
−

f yy (x̃, i t˜) 2
i f x y (x̃, i t˜))
f x x (x̃, i t˜) 2
dt˜ + 2
dt˜d x̃ +
d x̃ ,
˜
˜
W f (x̃, i t )
W f (x̃, i t )
W f (x̃, i t˜)

and hence the Gaussian curvature of h 1 , we denote it by K h 1 , is
K h 1 (t˜, x̃) =

f x x f yy − f x2y
W 4f

(x̃, i t˜).

(7)

On the other hand, the Gaussian curvature of the graph f that we denoted by K f , is
written as (6). Since f is minimal and (x, 0) is not an umbilic point, K f < 0. By (6)
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and (7), we obtain (i). Next, we set h 2 (t˜, x̃) := −i f (t˜, i x̃) and prove (ii). Since the first
fundamental form of the graph h 2 at (t˜, x̃) = (x, y) is
−(1 + f x2 (t˜, i x̃))dt˜2 − 2i f x (x̃, i t˜) f y (t˜, i x̃)dt˜d x̃ + (1 + f y2 (t˜, i x̃))d x̃ 2 ,
the graph is also timelike near x̃ = y = 0. The Gaussian curvature of h 2 , denoted by K h 2 ,
is
K h 2 (t˜, x̃) = −

f x x f yy − f x2y
W4

(t˜, i x̃).

(8)

Therefore, the graph has a positive Gaussian curvature near x̃ = y = 0 by (6) and (8). 
Remark 1. An umbilic point (t˜, x̃) = (y, x) = (0, x) of a minimal graph f can be
transformed into an umbilic point of the graph h 1 or h 2 defined as in the proof of Theorem
A. In fact, for the case (i) in Theorem A, f satisfies f x y (x, 0) = 0 by the even symmetry
of f with respect to y. Hence, K h 1 (0, x̃) = K f (x, 0) = 0 is equivalent to the condition
f x x (x, 0) f yy (x, 0) = 0. If we assume that f x x (x, 0) = 0, we have f yy (x, 0) = 0 by (1),
and the converse is also true. Therefore, the second fundamental form of h 1 vanishes at
(t˜, x̃) = (0, x), which proves that (t˜, x̃) = (0, x) is an umbilic point of h 1 . Similarly, for
the case (ii), we can prove that (t˜, x̃) = (x, 0) is also an umbilic point of h 2 . Therefore,
quasi-umbilic points do not appear on the center of symmetries.
In Theorem A, we saw that minimal surfaces in E3 with even (resp. odd) symmetry
with respect to an axis correspond to timelike minimal surfaces in L3 with negative (resp.
positive) Gaussian curvature. As pointed out in [2], the diagonalizability of the shape
operator of a timelike minimal surface corresponds to the sign of the Gaussian curvature.
As a corollary of Theorem A, we have a result about relations between symmetries and
diagonalizability of the shape operator of timelike minimal surfaces.
COROLLARY 1
Away from flat points, a timelike minimal graph y = h(t, x) with even (resp. odd) symmetry
with respect to the t-axis (resp. x-axis) has real (resp. complex) principal curvatures near
the axis.
Proof. By Lemma 1 and Proposition 1 (resp. Proposition 2), the Wick rotated solution
z̃ = f (x̃, ỹ) = h(i ỹ, x̃) (resp. z̃ = f (x̃, ỹ) = −i h(x̃, i ỹ)) is a solution to (1) with even
(resp. odd) symmetry with respect to the ỹ-axis. By using Theorem A for the minimal graph
f in E3 (x̃, ỹ, z̃), we conclude that the Wick-rotated solution of f , which is nothing but the
original solution h, is timelike and has negative (resp. positive) Gaussian curvature. Since
the shape operator is diagonalizable over R (resp. C\R) on a point where K is negative
(resp. positive), we have the desired result.

3.2 Geometric properties of transformations between solutions to (2) and (3)
A relation between solutions to (2) and (3) was pointed out by Dey and Singh in [7,
Proposition 2.1]. Similar to Propositions 1 and 2, we can prove the following proposition.
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PROPOSITION 3
The following correspondences hold:
(i) For a solution t = g(x, y) to (2) with even symmetry to the x-axis, ỹ = g(i x̃, t˜)
is a real solution to (3) in L3 (t˜, x̃, ỹ). Conversely, for a solution ỹ = h(t˜, x̃) to (3)
in L3 (t˜, x̃, ỹ) with even symmetry with respect to the x̃-axis, t = h(y, i x) is a real
solution to (2) in L3 (t, x, y), where t˜ = y, x̃ = x and ỹ = t.
(ii) For a solution t = g(x, y) to (2) with odd symmetry to the x-axis, ỹ = −ig(i t˜, x̃) is
a real solution to (3) in L3 (t˜, x̃, ỹ). Conversely, for a solution ỹ = h(t˜, x̃) to (3) in
L3 (t˜, x̃, ỹ) with odd symmetry to the t˜-axis, t = −i h(i x, y) is a real solution to (2)
in L3 (t, x, y), where t˜ = x, x̃ = y and ỹ = t.
In Theorem A, we saw that minimal graphs in E3 correspond to timelike minimal graphs
over a domain of the timelike t x-plane in L3 (t, x, y). On the other hand, by Wick rotations
between solutions to (2) and (3), the causal characters of solutions change, in general.
First, we consider Wick rotations near spacelike or timelike part of solutions. Based on
the correspondences given in Proposition 3, we prove the next theorem which relates the
causal characters, symmetries and Gaussian curvatures of solutions.
Theorem 1. Let t = g(x, y) be a solution to (2). The following statements hold:
(i) If g is even with respect to the x-axis, then the graph of g is spacelike (resp. timelike)
if and only if the solution ỹ = h(t˜, x̃) = g(i x̃, t˜) to (3) in L3 (t˜, x̃, ỹ) is timelike (resp.
spacelike), where t˜ = y, x̃ = x and ỹ = t. Moreover, the Gaussian curvature of the
graph of g is positive (resp. negative), and that of the graph of h is negative (resp.
positive) away from umbilic points.
(ii) If g is odd with respect to the x-axis, then the graph of g is spacelike (resp. timelike)
if and only if the solution ỹ = h(t˜, x̃) = −ig(i t˜, x̃) to (3) in L3 (t˜, x̃, ỹ) is timelike
(resp. spacelike), where t˜ = x, x̃ = y and ỹ = t. Moreover, the Gaussian curvatures
of both the graphs are positive away from umbilic points.
Proof. We prove only the first assertion of (i). The rest of the proof is the same as that of
Theorem A. Since the first fundamental form of the graph of h is
(−1 + g 2y (i x̃, t˜))dt˜2 + 2igx (i x̃, t˜)g y (i x̃, t˜)dt˜d x̃ + (1 − gx2 (i x̃, t˜))d x̃ 2 ,
the causal character of the graph of h at (t˜, x̃) is determined by its determinant, that is, the
sign of −1 + gx2 (i x̃, t˜) + g 2y (i x̃, t˜). On the other hand, the causal character of the graph of
g at (x, y) is determined by the sign of 1 − gx2 (x, y) − g 2y (x, y), hence the graph of h is
spacelike (resp. timelike) at (t˜, x̃) = (t˜, 0) if and only if the graph of g is timelike (resp.
spacelike) at (x, y) = (0, y).

In addition to Corollary 1, we complete the description of relations between planar and
line symmetries of a timelike minimal graph and the diagonalizability of the shape operator
as follows.
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COROLLARY 2
The following statements hold:
(i) Away from flat points, a timelike minimal graph y = h(t, x) with even (resp. odd)
symmetry with respect to the x-axis (resp. t-axis) has real (resp. complex) principal
curvatures near the axis.
(ii) Away from flat points, a timelike minimal graph t = g(x, y) with even (resp. odd)
symmetry with respect to the x-axis has real (resp. complex) principal curvatures
near the axis.
Proof. By Lemma 1, the Wick rotation of h or g with respect to the considered axis is also
even (or odd) and by using Theorem 1, we have the desired result.


3.3 Geometric properties of transformations between solutions to (1) and (2)
As we saw in the Introduction, we can construct a solution to (2) by taking Wick rotations
with respect to two variables of a solution to (1) when the solution has symmetries. The
following theorem is an immediate consequence of Theorems A and 1.
Theorem 2. Let z = f (x, y) be a solution to (1) in E3 (x, y, z). If f is even (resp. odd)
with respect to the x- and y-axes, then its Wick rotation t = g(x, y) = f (i x, i y) (resp.
t = g(x, y) = − f (i x, i y)) is a real solution to (2) in L3 (t, x, y) which is spacelike at
least near the origin o = (0, 0).
Conversely, if we take Wick rotations of a solution to (2) which is even (or odd) with
respect to two variables and spacelike at least near the origin, we obtain a real solution to
(1).

4. Transformations of zero mean curvature surfaces with a lightlike line
In Proposition 3 and Theorem 1, we saw how solutions to (2) and (3) are transformed
to each other near spacelike and timelike points. In this section, we study Wick rotations
starting from lightlike points. As an application, we give a transformation method for zero
mean curvature surfaces which contain a lightlike line.

4.1 Wick rotations starting from lightlike points
In the following, we are concerned with Wick rotations starting from lightlike points. For
a solution g to (2), we define the function Bg = 1 − gx2 − g 2y and its gradient ∇ Bg =
((Bg )x , (Bg ) y ). In [18], Klyachin showed the following property of lightlike points on
zero mean curvature surfaces in L3 :
Theorem 3 ([18] and cf. also [24]). Let g be a solution to (2) and o = (0, 0) be a lightlike
point in the domain of g. Then either of the following holds:
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(i) For the case that ∇ Bg (o) = 0, the image of lightlike points near o is a non-degenerate
null curve γ in L3 across which the causal character of the graph is changed, where
a non-degenerate null curve is a regular curve in L3 whose velocity vector field is
lightlike and linearly independent to its acceleration vector field.
(ii) For the case that ∇ Bg (o) = 0, the image of lightlike points near o contains a lightlike
line segment in L3 passing through (g(o), o).
The first case is now well understood. In fact, for the null curve γ in (i) of Theorem 3,
the spacelike part and the timelike part of the graph of g can be written as
γ (u + v) + γ (u − v)
γ (u + iv) + γ (u − iv)
and
(u, v) =
,
(u, v) =
2
2
(9)
respectively, and the images of and match real analytically along γ (see [12,14,16,18]
for details). Moreover, as noted in [16, section 2], these two parts are also related by the
Wick rotations
(u, iv) =

(u, v) and

(u, iv) =

(u, v).

On the other hand, the second case has been studied intensively in recent years [1,10–
12,24]. In this section, we give a transformation theory for zero mean curvature surfaces
with lightlike points satisfying condition (ii) in Theorem 3 via Wick rotations. First, we
show that lightlike lines are transformed to each other under Wick rotations on lightlike
points.
Lemma 2. Let t = g(x, y) be a solution to (2) with g(o) = 0, and o = (0, 0) be a lightlike
point satisfying ∇ Bg (o) = 0. The following statements hold:
(i) If g is even with respect to the x-axis, then there exists a lightlike line segment L,
which lies in either {(y, 0, y) | y ∈ R} or {(−y, 0, y) | y ∈ R}, and the Wick rotation
ỹ = h(t˜, x̃) = g(i x̃, t˜) in (i) of Proposition 3 also has a lightlike line segment L̃,
which lies in either {( ỹ, 0, ỹ) | ỹ ∈ R} or {(− ỹ, 0, ỹ) | ỹ ∈ R}.
(ii) If g is odd with respect to the x-axis, then there exists a lightlike line segment L,
which lies in either {(x, x, 0) | x ∈ R} or {(−x, x, 0) | x ∈ R}, and the Wick rotation
ỹ = h(t˜, x̃) = −ig(i t˜, x̃) in (ii) of Proposition 3 also has a lightlike line segment L̃,
which lies in either {( ỹ, 0, ỹ) | ỹ ∈ R} or {(− ỹ, 0, ỹ) | ỹ ∈ R}.
Proof. By the even symmetry of g to the x-axis, we have gx (0, y) = gx y (0, y) = 0.
Hence the assumptions Bg (o) = 0 and ∇ Bg (o) = 0 are equivalent to g y (o) = ±1 and
g yy (o) = 0. Therefore, by Theorem 3, the graph of g has a lightlike line L whose direction
is (±1, 0, 1). Since g(o) = 0, L is in either {(y, 0, y) | y ∈ R} or {(−y, 0, y) | y ∈ R}.
By the Wick rotation, L is moved to the following lightlike line L̃ on the graph of h in
L3 (t˜, x̃, ỹ):
ỹ = h(t˜, 0) = g(0, t˜) = ±t˜,
where the directions of L and L̃ depend on the sign of g y (o) = ±1. The proof of (ii) is
the same as the previous case.

Remark 2. For the case (i) in Lemma 2, by the even symmetry of g and equation (2),
∇ Bg (o) = 0 follows automatically.
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For any zero mean curvature surface containing a lightlike line segment L, we may
assume that L is in {(y, 0, y) | y ∈ R}. Locally, such a surface is represented as t = g(x, y)
near L. Near L, we can expand the function g as
αg (y) 2
x + βg (x, y)x 3 ,
(10)
2
where αg = αg (y) and βg = βg (x, y) are real analytic functions. In [24], the function αg
is called the (second) approximation function of the graph of g, and αg can be written as
αg (y) = gx x (0, y). The approximation function αg satisfies the differential equation
g(x, y) = y +

dαg
(y) + αg2 (y) + μ = 0,
dy

(11)

where μ is a real constant called the characteristic along L (see [10]). By a homothetic
change, we can normalize μ to be 1, 0, or −1, and αg is one of the following explicit
solutions to (11) depending on μ = 1, 0 or −1:
μ = 1 : α + := − tan(y + c)

|c| <

μ = 0 : αI0 := 0, αII0 := (y + c)−1

π
,
2
(c = 0),

μ = −1 : αI− := tanh(y + c) (c ∈ R),

−
αII− : = coth(y + c) (c = 0), αIII
:= ±1.

Therefore, all zero mean curvature surfaces containing a lightlike line are categorized into
the above six classes. In [1,10–12], many important examples of zero mean curvature
surfaces with lightlike lines were constructed, and the types of αg of these examples were
determined. On the causal character near the lightlike line L, the following property is
known.
PROPOSITION 4 [10]
If μ > 0 (resp. μ < 0), the surface is spacelike (resp. timelike) on both-sides of L. On the
other hand, if μ = 0, the causal character of the surface near L need not be unique.
Based on Proposition 3 and Lemma 2, types of the approximation functions of zero
mean curvature surfaces containing lightlike lines are transformed via Wick rotations as
follows.
Theorem 4. Let t = g(x, y) be a solution to (2) as in Lemma 2 with the approximation
function αg along a lightlike line segment L on the graph of g.
(i) If g is even with respect to the x-axis, then the solution ỹ = h(t˜, x̃) = g(i x̃, t˜) has
the approximation function αh = αg along L̃ as in (i) of Lemma 2.
(ii) If g is odd with respect to the x-axis, then the solution ỹ = h(t˜, x̃) = −ig(i t˜, x̃) has
the approximation function αh = i(αg ◦ i) along L̃ as in (ii) of Lemma 2. Moreover,
each of αg or αh is an odd function, and it is one of α + , αI0 or αI− . A graph of type
α + (resp. αI− ) is transformed to a graph of type αI− (resp. α + ), and a graph of type
αI0 is transformed to a graph of type αI0 .
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Proof. Near the lightlike line L̃, we can write the graph of h as the graph of the x̃ ỹ-plane
of a function f = f (x̃, ỹ) in L3 (t˜, x̃, ỹ). First we prove (i). By Lemma 2, we may assume
that L ⊂ {(y, 0, y) | y ∈ R} and L̃ ⊂ {( ỹ, 0, ỹ) | ỹ ∈ R}. The approximation functions
αg and αh are written as
αg (y) = gx x (0, y), αh ( ỹ) = f x̃ x̃ (0, ỹ).
Taking the derivative of the equation ỹ = h( f (x̃, ỹ), x̃) with respect to x̃, we have
0 = h t˜ f x̃ + h x̃ .

(12)

Since the graph of g contains the lightlike line segment L in {(y, 0, y) | y ∈ R}, h x̃ (t˜, 0) =
0 and h t˜(t˜, 0) = 1. Hence we have f x̃ (0, ỹ) = 0 on L̃ by (12). Moreover, by taking the
derivative of (12) with x̃ again,
0 = h t˜t˜ f x̃2 + 2h t˜x̃ f x̃ + h t˜ f x̃ x̃ + h x̃ x̃ .

(13)

Since f x̃ (0, ỹ) = 0, h t˜( ỹ, 0) = 1 and h x̃ x̃ ( ỹ, 0) = −αg ( ỹ) on L̃, we obtain f x̃ x̃ (0, ỹ) =
αg ( ỹ) by (13). Therefore we have αh = αg .
Next we prove (ii). By (ii) of Lemma 2, we may assume that L ⊂ {(x, x, 0) | x ∈ R}
and L̃ ⊂ {( ỹ, 0, ỹ) | ỹ ∈ R}. The approximation functions αg and αh are written as
αg (x) = g yy (x, 0), αh ( ỹ) = f x̃ x̃ (0, ỹ).
Since the graph of h contains the lightlike line L̃ in {( ỹ, 0, ỹ) | ỹ ∈ R}, h t˜(t˜, 0) = 1 and
h x̃ (t˜, 0) = 0. Hence, we have f x̃ (0, ỹ) = 0 on L̃ by (12). Equation (13) becomes
0 = f x̃ x̃ (0, ỹ) + h x̃ x̃ ( ỹ, 0) on L̃.
Since h x̃ x̃ (t˜, 0) = −iαg (i t˜) and αh ( ỹ) = f x̃ x̃ (0, ỹ), we obtain αh ( ỹ) = iαg (i ỹ). Moreover, by the symmetry of g with respect to the x-axis, αg and αh are odd functions. Since
α + = − tan y, αI0 = 0 or αI− = tanh y (here integral constants are determined by the odd
symmetry of g automatically) are the only approximation functions with the odd symmetry
in explicit solutions to (11), we obtain the desired result.

By Proposition 4, we have the following corollary.
COROLLARY 3
Let g be the same as in Theorem 4. If g is even (resp. odd) with respect to the x-axis, then
the Wick rotation with respect to the x-axis preserves (resp. changes) the causal characters
of graphs near lightlike lines, except for αI0 and αII0 types.
5. Examples
In this section, we give examples of minimal surfaces in E3 and zero mean curvature
surfaces in L3 , and explain how these examples are related to each other via Wick rotations.
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Figure 2. (a) The spacelike elliptic catenoid, (b) the spacelike hyperbolic catenoid,
(c) the timelike elliptic catenoid, (d) the timelike hyperbolic catenoid of type I and (e)
the timelike hyperbolic catenoid of type II.

Example 1. By Wick rotations, we can make many correspondences among catenoids in
E3 and L3 as follows. First, let us consider the upper half part of thecatenoid in E3 given
by cosh2 z = x 2 + y 2 , which is written as z = f (x, y) = arccosh ( x 2 + y 2 ). Since the
function f is even with respect to y, we can take the Wick rotation

ỹ = h(t˜, x̃) = f (x̃, i t˜) = arccosh ( x̃ 2 − t˜2 ) in L3 (t˜, x̃, ỹ).
By (i) of Theorem A, it is a timelike minimal surface with negative Gaussian curvature.
The graph of h has the implicit form cosh2 ỹ = x̃ 2 − t˜2 , which is called the timelike
2
3
2
2
hyperbolic catenoid of type
 I. Next, if we rotate the catenoid in E as cosh y = x + z ,
we obtain the graph z = cosh2 y − x 2 , which is also even with respect to y. By (i) of
Theorem A, its Wick rotation

ỹ = cos2 t˜ − x̃ 2 in L3 (t˜, x̃, ỹ)
is also a timelike minimal surface with negative Gaussian curvature. This surface has the
implicit form ỹ 2 = cos2 t˜ − x̃ 2 called the timelike elliptic catenoid. On the other hand,
if we take the Wick rotation of this surface with respect to x̃, we obtain the surface t =

cos2 y + x 2 called the
 spacelike hyperbolic catenoid. Finally, if we start with spacelike
elliptic catenoid y = sinh2 t − x 2 , we obtain its Wick rotation with respect to x,
t˜ =



sinh2 ỹ + x̃ 2 ,

which is known as the timelike hyperbolic catenoid of type II (see Figure 2). About the
names of catenoids in L3 , see [16,21] for details.
The above examples show that Wick rotations and isometries on the ambient space do not
commute, in general. By using this, we can construct many solutions to (1), (2) and (3)
starting from a given solution.
Example 2. The entire zero mean curvature graph t = g(x, y) = x tanh y, which was
discovered by Kobayashi [19] is a solution to (2). Since it is odd with respect to x and y,
we can take the Wick rotation
z = f (x, y) = −g(i x, i y) = x tan y
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Figure 3. The singly periodic Scherk minimal surface (a) and the spacelike Scherk
surface which have lightlike lines (b).

by Theorem 2, which is nothing but the helicoid in E3 .
Example 3. In the Introduction, we saw a correspondence between the doubly periodic
Scherk surface in E3 and Scherk type zero mean curvature surface in L3 . Here, we start
from the singly periodic Scherk minimal surface sin z = − sinh x sinh y, which is also
called Scherk saddle tower (see Figure 3). Locally, it can be written as z = f (x, y) =
− arcsin (sinh x sinh y), which is odd with respect to the x- and y-axes. By Theorem 2, its
Wick rotation
t = g(x, y) = − f (i x, i y) = − arcsin (sin x sin y)
is a spacelike surface. This surface has the triply periodic implicit form sin t = sin x sin y,
which is called the spacelike Scherk surface in [10, Example 3].
Remark 3. In contrast with Scherk surfaces in the Introduction and Example 3, as explained
in [20, Example 1], the doubly periodic Scherk minimal surface corresponds to the spacelike Scherk surface, and the singly periodic Scherk minimal surface corresponds to the
Scherk type zero mean curvature graph (5) by the Calabi’s correspondence in the Introduction.
At the end of this section, we give examples of zero mean curvature surfaces containing
lightlike lines. In particular, we reveal new relationships among some zero mean curvature
surfaces with symmetries along lightlike lines, most of them that were constructed in [10],
by Wick rotations.
Example 4. The spacelike hyperbolic catenoid given by t 2 = sin2 x + y 2 and timelike
hyperbolic catenoid given by t 2 = sinh2 x + y 2 in Example 1 have lightlike lines (see
Figure 2). Both of these surfaces are of αI0 type along the lightlike lines {(y, 0, y) | x ∈ R}
and {(−y, 0, y) | x ∈ R} (see [10, Example
 2]). If we translate the spacelike hyperbolic
catenoid, and take a graph t = g(x, y) = sin2 x + (y + 1)2 − 1, the function g is even
with respect to x. Therefore, we can take the Wick rotation
ỹ = h(t˜, x̃) = g(i x̃, t˜) =



− sinh2 x̃ + (t˜ + 1)2 − 1,
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Figure 4. (a) The spacelike doubly periodic Scherk surface, (b) the timelike singly
periodic Scherk surface and (c) the timelike Scherk surface of the second kind with a
lightlike line.

which is nothing but the timelike hyperbolic catenoid in L3 (t˜, x̃, ỹ). Since these surfaces are
transformed to each other, they share the same approximation function by (i) of Theorem 4.
Example 5. The spacelike Scherk surface sin t = cos x sin y in Example 3 has lightlike
lines. Locally, this surface can be written as t = g(x, y) = arcsin (cos x sin y), and has a
lightlike line segment L ⊂ {(y, 0, y) | x ∈ R}. Along L, this surface is of α + type (see
[10, Example 3]). By the even symmetry of g with respect to x-axis, its Wick rotation
ỹ = h(t˜, x̃) = g(i x̃, t˜) = arcsin (cosh x̃ sin t˜)
is also a maximal graph in L3 (t˜, x̃, ỹ) of α + type along a lightlike line segment L̃ ⊂
{( ỹ, 0, ỹ) | ỹ ∈ R} by (i) of Theorem 4 and Corollary 3. This surface has the doubly
periodic implicit form sin ỹ = cosh x̃ sin t˜ (see Figure 4(a)).
On the other hand, we translate the triply periodic spacelike Scherk surface as sin t =
sin x cos y, which is written as t = g(x, y) = arcsin (sin x cos y) locally. By the odd
symmetry of g with respect to the x-axis, its Wick rotation
ỹ = h(t˜, x̃) = −ig(i t˜, x̃) = arcsinh (sinh t˜ cos x̃)
3 ˜
is an α −
I type entire timelike minimal graph in L (t , x̃, ỹ) with a lightlike line segment
L̃ ⊂ {( ỹ, 0, ỹ) | ỹ ∈ R} by (ii) of Theorem 4 and Corollary 3. This surface has the singly
periodic implicit form sinh ỹ = sinh t˜ cos x̃ (see Figure 4(b)). Moreover, since the above
h is even with respect to x̃, we can take the Wick rotation

t = h(y, i x) = arcsinh (sinh y cosh x) in L3 (t, x, y).
This surface is called the timelike Scherk surface of second kind in [10, Example 5]. By
(i) of Theorem 4, it is also an entire timelike minimal graph of αI− type along the lightlike
line {(y, 0, y) | x ∈ R}.
Acknowledgements
This study was initiated during the authors stay at the University of Granada in April 2017.
They would like to thank Professor Rafael López for his invitation and hospitality. The
first author was supported by Grant-in-Aid for JSPS Fellows Number 15J06677.

Proc. Indian Acad. Sci. (Math. Sci.) (2019) 129:35

Page 17 of 18 35

References
[1] Akamine S, Causal characters of zero mean curvature surfaces of Riemann type in LorentzMinkowski 3-space, Kyushu J. Math. 71 (2017) 211–249
[2] Akamine S, Behavior of the Gaussian curvature of timelike minimal surfaces with singularities,
to appear in Hokkaido Math. J, arXiv:1701.00238
[3] Born M and Infeld L, Foundations of the New Field Theory, Proc. R. Soc. London Ser. A.
144 852 (1934) 425–451
[4] Calabi E, Examples of Bernstein problems for some nonlinear equations, in Global Analysis
(Proc. Sympos. Pure Math., Vol. XV, Berkeley, CA, 1968), Amer. Math. Soc., Providence, RI
(1970) pp. 223–230
[5] Clelland J N, Totally quasi-umbilic timelike surfaces in R1,2 , Asian J. Math. 16 (2012) 189–208
[6] Dey R, The Weierstrass–Enneper representation using hodographic coordinates on a minimal
surface, Proc. Indian Acad. Sci. (Math. Sci.) 113(2) (2003) 189–193
[7] Dey R and Singh R K, Born–Infeld solitons, maximal surfaces, Ramanujan’s identities, Arch.
Math. 108(5) (2017) 527–538
[8] Estudillo F J M and Romero A, Generalized maximal surfaces in Lorentz–Minkowski space
L3 , Math. Proc. Cambridge Phil. Soc. 111 (1992) 515–524
[9] Fernández I, López F J and Souam R, The space of complete embedded maximal surfaces with
isolated singularities in the 3-dimensional Lorentz-Minkowski space, Math. Ann. 332 (2005)
605–643
[10] Fujimori S, Kim Y W, Koh S-E, Rossman W, Shin H, Takahashi H, Umehara M, Yamada
K and Yang S-D, Zero mean curvature surfaces in L3 containing a light-like line, C.R. Acad.
Sci. Paris. Ser. I 350 (2012) 975–978
[11] Fujimori S, Kim Y W, Koh S-E, Rossman W, Shin H, Umehara M, Yamada K and Yang SD, Zero mean curvature surfaces in Lorenz-Minkowski 3-space which change type across a
light-like line, Osaka J. Math. 52 (2015) 285–297
[12] Fujimori S, Kim Y W, Koh S E, Rossman W, Shin H, Umehara M, Yamada K and Yang
S-D, Zero mean curvature surfaces in Lorentz-Minkowski 3-space and 2-dimensional fluid
mechanics, Math. J. Okayama Univ. 57 (2015) 173–200
[13] Gibbons G W and Ishibashi A, Topology and signature in braneworlds, Class. Quantum
Gravit. 21 (2004) 2919–2935
[14] Gu C, The extremal surfaces in the 3-dimensional Minkowski space, Acta. Math. Sinica 1
(1985) 173–180
[15] Kamien R D, Decomposition of the height function of Scherk’s first surface, Appl. Math.
Lett. 14 (2001) 797–800
[16] Kim Y W, Koh S-E, Shin H and Yang S-D, Space-like maximal surfaces, time-like minimal
surfaces, and Björling representation formulae, J. Korean Math. Soc. 48 (2011) 1083–1100
[17] Kim Y W and Yang S-D, Prescribing singularities of maximal surfaces via a singular Björling
representation formula, J. Geom. Phys. 57 (2007) 2167–2177
[18] Klyachin V A, Zero mean curvature surfaces of mixed type in Minkowski space, Izv. Math. 67
(2003) 209–224
[19] Kobayashi O, Maximal surfaces with cone-like singularities, J. Math. Soc. Japan 36 (1984)
609–617
[20] Lee H, Extension of the duality between minimal surfaces and maximal surfaces, Geom. Dedicata 151 (2011) 373–386
[21] López R, Time-like surfaces with constant mean curvature in Lorentz three-space, Tohoku
Math. J. (2) 52(4) (2000) 515–532
[22] Mallory M, Van Gorder R A and Vajravelu K, Several classes of exact solutions to the 1 + 1
Born-Infeld equation, Commun. Nonlinear Sci. Number. Simul. 19 (2014) 1669–1674
[23] Umehara M and Yamada K, Maximal surfaces with singularities in Minkowski space, Hokkaido
Math. J. 35 (2006) 13–40

35 Page 18 of 18

Proc. Indian Acad. Sci. (Math. Sci.) (2019) 129:35

[24] Umehara M and Yamada K, Surfaces with light-like points in Lorentz–Minkowski space with
applications, in: Lorentzian Geometry and Related Topics, Springer Proc. Math Statics (2017)
vol. 21, pp. 253–273
[25] Wick G C, Properties of Bethe–Salpeter wave functions, Phys. Rev. 96(4) (1954) 1124–1134

Communicating Editor: B V Rajarama Bhat

