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Abstract. We prove that there are cocompact lattices  in SL(2, C) with the property
that there are holomorphic line bundles L on SL(2, C)/  with c1 (L) = 0 such that L
does not admit any unitary flat connection.
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1. Stable bundles and unitary flat connections
1.1 Admitting flat connections
Let X be a compact connected complex manifold of complex dimension δ. Let ω be the
(1, 1)-form on X associated to a Gauduchon metric on X, so ∂∂ωδ−1 = 0; such a metric
on X exists [6]. The degree of a torsionfree coherent analytic sheaf F on X is defined as

c1h (det F ) ∧ ωδ−1 ,
degree(F ) =
X

where det F is the determinant line bundle on X associated to F (Ch. V, §6, p. 165 of
[9]), and c1h (det F ) is the first Chern form associated to a Hermitian structure h on det F ;
it should be clarified that degree(F ) is independent of the choice of h. A holomorphic
vector bundle E on X is called stable if
degree(E)
degree(F )
<
rank(F )
rank(E)
for all coherent analytic subsheaves F ⊂ E with 0 < rank(F ) < rank(E) [11]. In
particular, E is stable if it is a line bundle.
If (X, ω) is Kähler, meaning dω = 0, and E is a stable vector bundle on X with
ci (E) = 0 for all i > 0, then a theorem of Uhlenbeck and Yau implies that E admits
a unitary flat connection [13]. More generally, if (X, ω) is astheno-Kähler [8], meaning
∂∂ωδ−2 = 0 with δ ≥ 3, and E is a stable vector bundle on X with ci (E) = 0 for all
i > 0, then E admits a unitary flat connection.
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1.2 Not admitting flat connections
Now take X to be a Calabi–Eckmann manifold X = S 2m+1 × S 2n+1 , m, n > 0,
which is a holomorphic elliptic curve bundle over CPm × CPn [4]. Then we have
dim H 1 (X, OX ) = 1 (II.9 of [3], p. 232 of [7]). Therefore, using the long exact sequence
of cohomologies
√
∗
)
H 1(X, 2π −1 · Z) −→ H 1(X, OX) −→ H 1(X, OX
√
2
−→ H (X, 2π −1 · Z)
(1)
associated to the short exact sequence of sheaves
√
exp
∗
−→ 0,
0 −→ 2π −1 · Z −→ OX −→ OX
we conclude that the space of all isomorphism classes of holomorphic line bundles L on
X with c1 (L) = 0 is of complex dimension 1.
On the other hand, there is no nontrivial line bundle on X with a flat unitary connection
because X is simply connected.

2. Trivial tangent bundle
Assume that the holomorphic tangent bundle T X of X is holomorphically trivial. This
implies that there is a complex Lie group G and a co-compact lattice  ⊂ G, such that
X is biholomorphic to G/  [14]. It is known that X admits a balanced metric ω, meaning
dωδ−1 = 0, where δ = dimC X [2].
We will construct an example of a pair (G/ , L), where L is a holomorphic line bundle
on G/  such that c1 (L) = 0 but L does not admit a unitary flat connection.
Take G = SL(2, C). The Lie algebra of G is sl(2, C) (complex 2 × 2 matrices of trace
zero). Let  ⊂ G be a co-compact lattice such that
rank(/[, ]) > 0 ;

(2)

we note that such subgroups exist (see p. 3393, Theorem 2.1 of [10]). Denote the quotient
SL(2, C)/  by X. These are examples of non-Kähler Calabi–Yau manifolds; see [5, 12]
for their relevance is string theory.
A theorem of Akhiezer says that
dim H 1 (X, OX ) = H 1 (X, C)

(3)

(p. 608, Theorem 1 of [1]). Note that  is the fundamental group of X.
The (real) dimension of the space of all homomorphisms from  to U(1) is
dimR H 1 (X, R) = dimC H 1 (X, C)
because any homomorphism π1 (X) −→ U(1) factors through π1 (X)/[π1 (X), π1 (X)] =
H1 (X, Z). On the other hand, from the exact sequence in (1) it follows that the (complex)
dimension of the space of all isomorphism classes of holomorphic line bundles L on X
such that ci (L) = 0 is dimC H 1 (X, OX ). Now from (2) and (3),
dimR H 1 (X, OX ) = 2 · dimC H 1 (X, OX ) = 2 · dimC H 1 (X, C)
> dimC H 1 (X, C) = dimR H 1 (X, R) .
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Therefore, from dimension count, not all holomorphic line bundles L on X with c1 (L) =
0 can have a unitary flat connection. So we have proved the following:
Theorem 2.1. There is holomorphic line bundle L on the compact complex parallelizable manifold SL(2, C)/  such that c1 (L) = 0 but L does not admit any unitary flat
connection.
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