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1. Introduction

The stochastic integral representations of quantum martingales have been studied by many
authors (see [2,6,7,10,11,14,15,18,19], etc). In [18], Parthasarathy and Sinha established a
stochastic integral representation of a regular bounded quantum martingale on Fock space
with respect to the basic martingales, namely the annihilation, creation and conservation
processes. A new proof of the Parthasarathy and Sinha representation theorem has been
discussed in [15] with the special form of the coefficient of the conservation process. In
[9], by using the framework of Gaussian (white noise) analysis (see [5,16]), the author
extended the Hudson and Parthasarathy quantum stochastic calculus and generalized the
notion of regular martingale in the context of a certain triple of weights [3,12] and then
the integral representation theorem for a regular (unbounded) quantum martingale was
proved.

In this paper, we extend the results obtained in [9,18] for the representation of a regular
martingale to the case of multiple Fock space with an initial Hilbert space. For our purpose,
we first extend the quantum stochastic integral studied in [8,19] (see also [17]) to our
setting.

The paper is organized as follows. In §2 we construct a rigging of multiple Fock space
and briefly recall the basic quantum stochastic processes. In §3 we extend the quan-
tum stochastic integral studied in [19] to a wider class of adapted quantum stochastic
processes in our setting. In §4 we prove the main result (Theorem 4.5) for a stochastic
integral representation of a (unbounded) regular quantum martingale on multiple Fock
space.

We expect that the integral representation of quantum martingales have applications in
Markovian cocycles [1,4,13]. Further study is now in progress.
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Notations. Let X and ) be locally convex spaces.

X ® ): the Hilbert space tensor product when X and %) are Hilbert spaces.

L(D, X): the space of all linear operators in X with domain D.

L(X,92): the space of continuous linear operators from X into ) equipped with the topol-
ogy of bounded convergence, see [16].

2. Multiple Fock space and basic processes

Let H = L>(Ry, K) = L?>(R;) ® K be the Hilbert space of K -valued square integrable
functions on R and B a selfadjoint operator in K with dense domain Dom (B) satisfying
inf Spec (B) > 1, where Ry = [0, 0o0) and K is a separable Hilbert space called the multi-
plicity space. In fact, we take B of the form ) ;. pile;){e;|, where {e;} is an orthonormal
basis for K and {p;} a sequence of real numbers greater than or equal to 1.

For each p € R, put

H, =Dom (I ® B") C H

and let H_, be the completion of H with respect to the norm [/ ® B~ 7|, where | - |, is
the norm on H. Then we have

Hy =projlimH, C H = H* C Hj, = H_o = indlim H_,

p—00 p—00

where H is the strong dual space of Hy, with respect to H.

The (Boson) Fock space over H is denoted by H = I'(H). Then by definition, H is the
space of sequences ¢ = (f,,);~, where f, € H ®" (n-fold symmetric tensor power of the
Hilbert space H) such that

00

2 2
I 115 =Y n'lfulg < oo,

n=0

where | - |o is the norm on H®" for any n € N.

Let Z be a separable Hilbert space which is called the initial Hilbert space and A a
selfadjoint operator in Z with dense domain Dom (A) satisfying inf Spec (A) > 1. To
lighten the notation, the operator A ® I'(e/ ® B) inZ ® H is denoted by A and

AP = AP' @ T'(e”1 ® B™), p=(p1, p2, p3) €R,

where I'(C) is the second quantization of the operator C (see [17]). Then by standard
arguments we may construct a triplet:

oo CY C Yoo
fromG =Z @ Hand A = A ® I'(el ® B). More precisely, for each p € R3 , put
Gp=Dom (AP) CG=T ®H

and then Gy, becomes a Hilbert space with norm || - |, = || AP. ||y, where [| - [|o is the norm
onZ®H. Let G_p be the completion of Z®H with respect to the norm || - [|_, = [[A™P-[lo,
and

Goo = projlim g Gouo = indlim Gy —pr oo,
13— 00 (p1,p2.p3)> Pl a0 (=p1,—p2,—P3)
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Note that G_, is topologically isomorphic to the strong dual space G, of G, with respect
t0Z ®H.
For each p = (p2, p3) € RZ, put

Hp = Dom (I" (eI ® B?))

and let H_, be the completion of H with respect to the norm || - ||_p = T P2I®
B7P3) - o, and

Hoo = projlim Hp, py), H-oo = indlim Hp, — 5.

P2,p3—>00 P2,P3>0
For each interval [a, b] C R4, we write Hj, p) = LZ([a, b], K) and then
H=Hg® Hsn®H;, 0<s<t<o

with abbreviations Hy) and H[; when [a, b] = [0, s] and [a, b] = [t, o], respectively.
Therefore, we have the identification

G§=0a®@Hin®Hy, Gs1=7Z&Hs,
where
Hs) =T(Hy), Hin=THy), Hye=THp).

Moreover, for any p = (p1, p2, p3) € Ri UR3 R_ =(—-00,0D)and 0 < s <t < 00,
we have

Gp = Opis1 ® Hpi15,1 ® Hps1rs
where p’ = (p2, p3) and
gp;S] = gp NG, Hp’;[s,t] = 7'[p’ N His,o1, Hp’;[t = 7'[p’ NH

(closures when p € R3_).
Foreach g, h € Hy and T € L(Hyo, Hx), the annihilation, creation and conservation
operators are defined on H, as follows:

a(@)p = ng®' )24,
a* (Mg = (S14n(h @ 1)),
MT)p = ((n + D)S1n(T @ I®") f141)220,

respectively, for any ¢ = ()2, € Hoo, Where g@l fn 1s the left 1-contraction of g and
Jfn [16], and S+, stands for the symmetrizing operator. Then we can easily show that
a(g), a*(h) and A(T) are continuous linear operators acting on Ho. The operators a(g)
and a*(g) are adjoint to each other and A(T*) = (A(T))*.

The three basic (quantum stochastic) processes called annihilation, creation and con-
servation processes are defined by

Ait)=1®alp)Re),
Af() =1®a*(1jo,) @ ei),
Aij@®) =1 110, ® Pj),
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respectively, where I is the identity operator on Z and 1o ;] the indicator function. In the
definition of A; (¢) and Af(t) the indicator function 1y 4 is a vector in L2(R+) while it is
considered as a multiplication operator in L2(R+) in the definition of A;;(¢).

For each f € H, a vector of the form:

®2 n
¢f=<1,f1fz—!,...,f ,)

n!

is called an exponential vector or a coherent vector. Note that ¢ ¢ belongs to H (resp.
H_oo)ifandonlyif f belongsto Hy (resp. H—oo). The exponential vectors {¢ ¢ ; f € Heo}
span a dense subspace of H o, hence of Hp, forall p € R_%_ and of H_,. We denote £(D)
the linear subspace generated by {¢7; f € D} for D C H. Then for any f, ¢ € Hy and
t € Ry we have

t

(Ai(Du @ dr, v® Pg)) = (u, v) </ f,'(s)ds> olf8)
0
t

(AT U s, v® dg)) = (u, v) (/ g (s)ds> e,
0

t
(Aij (DU ®Pr, v® dg)) = (u, v) ( /O fi(s)gi (s)ds) elf-8),

where (-, -)) is the C-bilinear form on G_o, X G and h; (s) = (h(s), ¢;) forh € H.
The quantum Ito’s formula established in [8] is summarized by the following table:

dr | dAg dAj dAy
dr 0 0 0 0
dA; | O 0 Sixdt SikdA; | - 2.1
dAY | 0 0 0 0
dA;j | O 0 Sjde;-k SjkdA

3. Quantum stochastic integral

Let Dy and M be dense linear subspaces of Zo, and Hu, respectively, such that1jo ;1 f € M
forany r € Ry and f € M, and let

My ={1pnf; feM}), My={1)f; f €M)
We put E= Do ®a E(M) C Goo, Where ®y is the algebraic tensor product, and put
E1="Do®@a EMy), & =EMy) andthen & =& ®a &y

A family of operators E = {E(#)};>0 C L(g , G—_o0) is called a Gy-quantum stochastic
process if there exists p € Ri UR3 (independent of ¢ > 0) such that E(¢) € L(g’ , Gp) for
each t > 0 and for each ¢ € & the map Ry >t~ E(t)Y¥ € Gy is strongly measurable.
We may then think of E(¢) as a densely defined operator on the Hilbert space Gp; and call
E adapted if E(t) = E(t]) Qug 1 ([t) for some E(f]) € L(c‘:], Gp:11), where I([1) is the
identity operator on Gy, ;.
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For certain sets of {E (k)}k: 1,2,3,4 of families of adapted process, stochastic integrals of
the type

t
1 2 3
fo {Z EPdAij+ Y EPdA; + Y EPdA + EWds
ij i i

can be defined as in [9]. We first define the integrals for a finite family of simple adapted
processes {E (k)}k: 1.2,3.4 and then the definition can be extended to a certain class of
countable families { E ®) }k=1,2.3.4 with a norm estimate (see (3.3)) induced by the quantum
1t6 formula. For detailed calculations, we refer to [8] and [19].

For each p = (p1, p2, p3) € Ri UR3 we denote A (&, Gp) the class of all (ordered)
quadruples of families of adapted processes

E=(E} ). EP (). EX (), E¥(): 1<i,j <o, >0}

satisfying
2

t
2p3
f{Z

D SiES 6)u ® oy
J

p

3
2 k
Y ST oPNER u @ dp IR+ 1 ED(5)u @ o |||§} ds < oo
k=2 i

(3.1
forallt > 0,u € Dyand f € M.

Theorem 3.1. Letp = (p1, pa, p3) € R2UR? and E € As(E, Gp). Then the stochastic
integral

t t
s = [ Y EPoms0 + [ Y EP i)
0 i,j 0

t t
+/ ZE}3>(s)dAi+(s)+f E@ (s)ds
05 0

is well-defined as an adapted process in L(5~ , Gp). Moreover, for any u,v € Dy and
f, 8 € M we have

(E@u®dr, v dg)

t
:/(; <<{Zgi(s)fj(S)Ei(jl)(S)+Z f,'(s)E’_@)(s)}u@ b7, v®¢g>>ds
iJ i
t
+/ <<{Zgi(S)Ei(3)(S) + E<4)(s)} Uy, v ®¢g>> ds (3.2)
0 i

and

t t
I E0)u ® ¢ Il sexp{r+3e2m / | f@0) I, du} ( / G(s)ds) < 0,
0 i 0
(3.3)
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where, for eacht € R,

2
G(1) =312 piP
i

Y HOE (u® by
j
2
+e2 3 o E®u® ¢y Iy
i

2 3
+322 3 pPIED (u @ ¢ 12+ NEDOu@ s 2. (34)
i

Proof. By similar arguments of those used in [19] and [9] using the quantum Itd formula
(2.1), for simple quadruple E with finite number of non-zero components we can compute
that

d 5
SIEOu @, 1y =2Re iZsk}

k=1
2
+ Zezf’z o Z fiOED (u® ¢y
P
+ 3P ED (u @ ¢ 5 113, (3.5)
i

where

S = e Z pi7 <<Ap(ﬁ (OEDu ® py), AP (Z FOET u® ¢ f)>> :

Sh = Ze21’2 2P‘<<Ap(f, OEDU®¢s). AMED (Hu @ ¢f)>)

Sy = Zezm 2P3<<Ap(ﬁ(t)E(t)u ®¢7). AMED (Hu ® ¢f)>>,

Sy =(APE U ). APED D@ 9,

Ss=Y e p P <<AP(E§3)(z)u ®dr), AP (Z HOEu® qsf) >>
i 7

By using the Cauchy—Schwarz inequality and the fact 2Re ab < |a|*> + |b|?, we obtain
from (3.5) that

d
FNEOu® sl = (432 fORINEOU® ¢y lly + G,

where G (¢) is given as in (3.4). The inequality (3.3) can be obtained by applying Gronwall’s
lemma with the above inequality, as in [8] or [17]. Then the inequality (3.3) allows the
extension of the integral to A (&, Gp) satisfying the inequality (3.3). |
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4. Regular quantum martingales

An adapted processes {E()};>0 C L(cE'~ , Gp) is called a quantum martingale if for any
0<s<rt,

(EO U d10,1) v ® D160 = (EG) W @ P11 1), v @ P1p9518)

for any u,v € Dy and f,g € M. Foreach 1 < i, j < oo, the annihilation process
{A; (t)};>0, creation process {A;.k (t)}:>0 and conservation process {A;; (t)};>0 are quantum
martingales which are called the basic martingales in quantum stochastic calculus.

In the following, forp, q € Ri UR? withp—q € Ri we consider quantum martingales
Ein L(Gp, Gq). Thus, forany 0 < s <t and ¢s1 € Gp.51, V5] € G_q;5]>

(Etds1, Y1) = (Ess1, Y1)

The following definition of regular martingale is a simple modification of the definition of
bounded regular martingale in [18] and [9].

DEFINITION 4.1

A quantum martingale & in £(Gp, Gq) is said to be regular with respect to a Radon measure
mon Ry, or simply regular if forany 0 < v < u and ¢ € Gy, ¥ € G_q.01,

I (B — E Iz < Nl lly mlv, ul),
(& = EDv 12, < 1Y 12 g m((v. ul). (4.1)
PROPOSITION 4.2

Let B be a quantum martingale in L(Gp, Gq). If B has the integral representation:
dE=) EjdA;+ Y F'dA;+ ) GidAf,
ij i i

where the quadruples (E;j, F}*, G;,0) and (El”; Fi, G7,0) belong to Az(g, Gq) and
Ap (g . G_p), respectively, and E;j, F*, G; are adapted processes in L(Gy, Gq) such that

> PGl ()AMG(s) and Y p P F] (5)ATPFi(s)
i i

converge weakly to self-adjoint operators G(s) € L(Gp, G_p) and F(s) € L(G_q, Gg),
respectively, with the property that ||G(s)|lp;—p and || F(s)|| —q;q are locally integrable,
where K denotes the adjoint of the operator K with respect to (-, =) and || E||y.s is the
operator norm of & € L(Gy, Gs). Then E is regular.

Proof. Letp = (p1, p2, p3) € Ri UR? and q=(q1,92,93) € Ri U R3 . Note that for
any 0 < a < t and ¢q) € Gp.a], Va1 € Gqsal>

(E®¢a1. Vadq = (E()Pal, Vallq-

It follows that

I (E@) — E@)a) llg = | EO)ar I — Il E@pay ll5- (4.2)
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Therefore, by applying (3.5), we obtain that forany 0 < a < ¢t and ¢,] € ga],

t
I (E@) — E(@)ga llg = / 3" 07PN Gi()a 2ds

t
< 2| gy |12 / 1G(5) lps—pds. (4.3)
a

Similarly, for any 0 < a < t and ¥, € 621, we have

t
I (E®* = E@*)a) 17, < e 22 V) 124 / 1F ()11 g qds- (4.4)

Now, we define a Radon measure m on R, by

b
m(la, b]) = / (@PNGO)llp,—p + ¢ P2 UF ()12 g,q)ds
a
forall 0 <a <b < o0.

Therefore, by (4.3), (4.4) and the density of 6~‘a 1in Gp.q) and G_q.4), We see that E is regular
with respect to the absolutely continuous Radon measure m. ]

Remark 4.3. Let E be amartingale in £(Gp, Gq) which is regular with respect to the Radon
measure m. Then for any t > a,

IEMlp:q = sup [ E()Pallq
Il dan [l =1
> sup || E(@)¢allq = [1E(@)p:q-
Il e [ll =1

where we used (4.2) for the second inequality. Therefore, || E(-)||p;q is non-decreasing.

Let P denote the probability measure of an independent identically distributed sequence
{B1, By, ...} of standard Brownian motions. Then the Hilbert space L, (P) is identified
with I'(L2 (R4, R) ® £7) by the following correspondence:

b <— epo(fowﬁdBi—%/()wﬁ2dt>,

where f = (f1, f2,...) € B2 L2(R,R) = Lry(R4, R) ® ¢5. Put
Mo={f=(fi,..., fi,...) € Ho;

f: = 0 for all but a finite number of i’s}.

Then &y = £(Mp) and 50 = Too Qa1 £(Mp) are total in H and G, respectively, where Zo,
is the Fréchet space constructed by the standard manner with Z and the positive operator
A, and then we have

t
Brton 1= 3 /0 fi$)b 1., dB(s)
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for ¢ € &. In general, we have the following proposition which is an extension of
the classical martingale representation theorem of Kunita—Watanabe for L?-martingales
adapted to one Brownian motion to an Z-valued L?-martingale adapted to a countable
family of independent Brownian motion.

PROPOSITION 4.4 [19]

Let {X (t)}t>0 be an T-valued square integrable martingale adapted to {B;} which is an
independent identically distributed sequence of standard Brownian motions. Then

X () = X(0) + Z/Ot & dB;,
i
where {&;}i>1 is a sequence of adapted processes satisfying
/Ol S Ell&()131ds < oo, 1€ Ry
i
Our aim is to prove the converse of Proposition 4.2 generalizing the main result in [9]

and [19]. For the proof we use similar arguments to those used in [19].

Theorem 4.5. Letp, q € Ri UR3 withp—q € Ri. Let & be a martingale in L(Gp, Gq)
which is regular with respect to a Radon measure m on R.. Then there exist three unique
families of adapted processes {E;j}, {F;*}, {G;} in L(Gp, Gq) such that

dE = ZEijdAij + Z Fl*dA, + ZG,dA;k
i,j i i

on 500 (see eq. (4.15)). Furthermore,

> PGl ()AMG(s) and Y p P F (5)ATPFi(s)

i i

converge weakly to operators G(s) € L(Gp, G_p) and F(s) € L(G_q, Gq), respectively,
with

max{[|G (s)lp;—p> 1 F () —q:q} < My (5), s € Ry,
where mye denotes the absolutely continuous part of m.
Proof. This follows from the identity (4.8) and Lemma 4.11 below. ]

Lemma 4.6. Le[p = (pl , P2, p3) andq = (q1 ,q2, q3) Let & beamartingale in E(gp, gq)
which is regular with respect to a Radon measure m on R,. Then

(i) m can be replaced by its absolutely continuous part,
(i1) there exist two countable families of adapted processes {Fi*(t)} and {G;(t)} in
L(Gp, Gq) such that for any ¢ € Gp.q)and y € G_q.q1, t > a >0,

t
(E() — E(a)p = f Y Gi(s)¢dBi(s),

t
(E*(t) — E* @)y =/ D Fi()y dBi(s),

where { B (s)} is the countable family of Brownian motions in Proposition 4.4;
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(iii) the series

> PP GIAMGi(s) and Y p; PF (AT Fi(s)
i i

converge weakly to operators G(s) € L(Gp, G—p) and F(s) € L(G_q, Gq), respec-
tively, with the property that |G (s) ||lp;—p and || F (s)|| —q;q are locally integrable.

Proof.

(i) Let ¢ € Gp.q) be fixed. Since {AYE (1)p};>, is a classical Z-valued square integrable
martingale in [a, 0o) adapted to the countable family {B;(s)} of independent Brownian
motions, by Proposition 4.4 there exists a countable family of Z-valued adapted square
integrable process {&; (s, ¢)}s>4 such that

t
AYE()g — AYE(a)p = / Zsi (s, p)dB; (s).

By the It6 isometry and (4.1), we have forall0 <a < b <t < oo,

t
/b E[Z I s, <p)||%} ds = I [AYEN)—AIED)e I < ¢ lly m(Ib, 1]).
l 4.5)

Similarly, we prove that for fixed ¥ € G_g., there exists a countable family of Z-valued
adapted square integrable process {1; (s, ¥ )}s>4 such that

13
AR - ATE@ Y = [ Y n B
andforall0 <a<b <t < o0,
t
/b E [Z (e wn%} ds = [[APE®* — APEDB) Y g

< Iy 12 g m((b, 11). (4.6)

From (4.5) and (4.6) we see that m can be replaced by its absolutely continuous part m,.
(i1)—(iii). From (i) we assume that m is an absolutely continuous Radon measure. By similar
arguments of those used in the proof of Proposition 7.5 in [9] we see that {&; (s, ¢)}s>4
does not depend on the end point a and we put

Gi(s)p = efz‘fzpi_q*%A*qE,‘ (s,9) ae. s>a, ¢eGpq.

This gives an adapted operator family {G;(s)} (for details see the proof of the Proposi-
tion 7.5 in [9]). Hence by (4.5) for any ¢ € Gy, we have

t t
/b > P I AIG ()p I3ds = e~ /b E[Z ||§i(s,<p)||%} ds
i i

<e 2 |lglly m((b, 1])
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which implies that
2 _
> I PNAYG ()@ lIf < e 22w’ (s) @ lI3  forall s. (4.7)
i
This shows that each G; (s) is an adapted process in £(Gp, Gq) and that ) ; ,01.2‘]3 Gj(s)Azq

Gi(s) converges strongly to an operator G(s) € L(Gp, G_p) such that [|G(s)|lp,—p is
locally integrable. In fact, we prove that

S PGHOANG )| e m(s)  ae.
i

p;—p
The remainder of the proof is similar. |

Now, we put

t
S@) = / Z (Gi(S)dAT(S) + E*(S)dAi(S)) ,
0

t
50 = [ 30 (R6HAIE) + GI0)A ).
0

ZO) =B@)—St) and Z*(t) = E*() — S*@). 4.8)
Remark 4.7. By (3.1) and (4.7), the integrals

/Ot Z Gi(s)dA?, /0[ Z Fi(s)dA}

are well-defined on g with M = H. But, in general, the other two integrals fot Zi Fl* (s)
dA;(s) and fot Zi G;‘(s)dA,-(s) are not well-defined on & with M = H since we have
no estimates for Y, p; 7| APG*(s)g I3 and Y°; p? % || AYFF (s)g |12 T we consider
the integrals on 50, then the infinite series reduce to finite sums and hence the stochastic
integrals are well-defined on & by (3.1). Then from (3.2) and the definitions it is immediate
that the processes {S, $*} and {Z, Z*} are adjoint pairs on &. Also, we can easily see
that for all u € Zog and f € Mo, {AYZ()u ® ¢1y,,r} and {ATPZ*(H)u ® ¢y, 7} are
classical Z-valued martingales adapted to the countable family of Brownian motions {B;}
in Proposition 4.4. Moreover, for all t > a,

Z(Ou ® 11,1 = Z(@u ® 119 11> Z* O ® d119 0y = Z™ (@)t @ b1y, 1 - (4.9)
Lemma 4.8. Letu € I and f € My. Then

(i) there exists a I-valued square integrable classical process {&; (-, u, f)} such that
t
AIZOAPu® ¢1p,r = AIEOAPu ® do + / Z&- (s,u, £)dB;(s);
0
(1) there exists a I-valued square integrable classical process {n; (-, u, f)} such that

1t
APZH (AN ® d1,, = APE*(0)AY ® o —i—/o Z n;i (s, u, £)dB;(s).
;
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Proof. The proofs of (i) and (ii) are simple applications of Proposition 4.4. ]

Now, we prove that {Z};>¢ can be represented by a stochastic integral with respect to
{A;;}. For the proof, we use similar arguments to those used in [19] by using a special
martingale U®) related to the Weyl representation.

Lemma 4.9.[19]. For eachi = 1,2,..., let UD pe the unique bounded martingale
satisfying

du® = dAr —dAapu®, U9 =1.
Then
) e PO =L ® WLjo.nei, 1), where 1y is the identity in B(Z) and W is the Weyl

representation geﬁned in [8];
(i) UD(t) leaves &y invariant.

Lemma 4.10. Let E be a regular martingale in L(Gp, Gq) and let {G;}, {F;} be the asso-
ciated families of adapted processes defined in Lemma 4.6. For eachi = 1,2, ..., put

Y©O(r) = A1 <E(1)A_1’U(’)(t) - e_pzpi_m/ Fl-*(s)A_pU(’)(s)ds> :
0

Then

(i) foreachi, {Y(i)},zo is a bounded regular martingale in £L(G,G);
(i1) for each i, there exists a unique family {M ;l)} of bounded adapted processes such that
forallt > a > 0and ¢ € G, ‘

. . t .
YOm -y @lp = / Y M ($)pdB;(s). (4.10)
@

Proof.
(i) It is clear that AYE (r)A"PU Y (¢) is bounded. By similar arguments of those used to
get (4.7) we prove that for any 1 > 0,

t t
f |ATPF; (5)AYU D (5)]0.0ds < eP? / ? Jm/(s)ds < oo (4.11)
0 0

which implies that ¥V (¢) is bounded. Since 5~0 is invariant by U (), the relation:
YO = AIZOAPUD (1) + WO (1) (4.12)
holds on go, where

W(i)(t)

t
= Al <S(t)A_pU(’)(t) —eh2p P /0 E*(S)A—PU“)(s)ds), t>0.
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Note that 50 is invariant by AP. Therefore, by (4.9) and the martingale property of
U®, we prove that {A9Z(1)A"PU D (1)} is a martingale on . Now let u, v € T, and
f> & € Mop. Then by applying Ito’s product formula (2.1) (or see Theorem 6.2 in [9]) to

AYS(HAPUD (1), we can easily see that {W® (t)}+>0 is a martingale.
In fact, for any + > 0 we have

AISOAPUD (1) = e7P2p 1 /0 AIS(s)ATPUD (5)dA¥ (s)
t .
—/ AIS(HATPUD (5)dA; (s)
0
t
+ 2 p / AYG; (s)APUW (5)dAZ (s)
0
t .
+ / AYEF(5)ATPUD (5)dA; (5)
0
t
+eP2p 3 / AYFF(s)ATPUD (s5)ds (4.13)
0
on §0~ The proof of regularity is similar to that in [18] and [19]. By similar arguments of

those used to get (4.11) we first show that for r > @ > 0 and ¢ € G,

2

t
e_pzpi_m/ F(s)A™PU D (5)pds
a

0
2 ! 2
<o Pl ( / e“Wm/(s)ds)
a

<0 Pl I3 @ = eHm(la, 1))
On the other hand, for t > a > 0 and ¢ € G, we have
I ENOAPUD () — E@APUD @)el;
<2 EOAPWUY ) - U @)ell;
+20(E®) — E@)APUY @ |I;
<2EWD 5" — e @5 +2¢" L I m(la, 1]).

Therefore, since || E(t)]|p.q is non-decreasing by Remark 4.3, fort > a > O and ¢ € G
we have

Ir @@ -y @)elis
<2C ¢l ((¢" — em(la, 1) + (¢ — eI ED) 5.4 + e“m(la, 1]))
<2C Il l5le (1) 5. +m(10, 11) — e“ (| E(@) 5.4 + ([0, a]))]

= |l ¢ I3 n(la, 1]), (4.14)
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where C = max{p; 2p ?, 2} and n is the Radon measure defined by (4.14). Hence we prove
(). The proof of (ii) is similar to the proof of Lemma 4.6 by applying Proposition 4.4 to
the bounded regular martingale {¥ ® (¢)},o. [ |

Let
Moo ={f € My C Hx; ||f(2)]l is alocally bounded function of ¢}
and
E00 = oo ®a £(Mop). (4.15)

Lemma 4.11. Let & be a regular martingale in L(Gy, Gq) and let {F}}, {G;}, {S, S*},
(z, 2%}, UY and {M](.l)} be as defined in Lemmas 4.6—4.10. Put

Lij(t) = A~IM () U (1) AP
—ePplPGi(t) — e P2p, PS(1)8i; — Z(1)5;;. (4.16)

Then the processes {n;(t, u, f)} defined in (ii) of Lemma 4.8 satisfies the relation for any
u€lsxand f € My:

ni(tu, f) =Y fiOAPILE () + Z*(1)8;;]A% & ¢, 7 ace. t.
j
(4.17)

Moreover, we have

t
Z(t) = E(O)+/0 > Eij(s)dAij(s) (4.18)
ij

defined on Eyy, where Eij = epz_qu;quf3Lijf0r eachi, j=1,2,....
Proof. Letu,v € Ly, f, g € Mp and ¢t > a. Then by (i) in Lemma 4.9 we have
U(i) v ® ¢1[0,a]g =e ls gi(x)dsv ® ¢1[0,a]g+1[0,t]ei-

Thus by (ii) in Lemma 4.8 and the It6 isometry, we have

d -~ .
5 ATPZ O ® fryg 11, UV D0 ® Py )

(9, d [f
=¢ '/0 &i (S)dsa /() Z(I[O,a](s)gi (s) + 81])«7’] (s, u, f)a Y ¢1[0,a]g+1[0¢;]e,’ »dS
J

: (4.19)
= (it u, ), UD v ® ¢1,,0) ae.t>a.

On the other hand, from (4.12), (4.13), (4.10) and It6 isometry, for ¢ > a we obtain that
(1 ® b1, 7, [AIZOAPUD (1) = AIZ(@APUD ()]0 ® $u,16)
= (U ® b1, 7 [YO) — YD (@) ® 1,00

— (U ® 1, (W@ = WD (@) ® 19,00
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= / t DS ® b p. M ()0 ® iy e)ds — / t > i)
J J
X (U ® b, £+ A0 Gis) + e P p; P S(5)8;JATPUD (5)v ® g, )ds
= / t Z Fi)(u® 1, r. ANLij(5) + Z()8;]APUD (5)v ® 1y, )ds.
J
(4.20)
Therefore, by comparing (4.19) and (4.20) using the totality of the set {v ® D1y.018 lv e
I, & € Mp, 0 < a < t}in G, we have (4.17). Hence by (ii) in Lemma 4.8 and (4.17)

we obtain that
APZ* (AU ® ¢1y
=APEY(0)AY ® ¢ + /Ot Z fi (s)Afp[L;‘j () + Z*(s)8:j1A% ® ¢y, rdBi (s).
ij
4.21)

It is obvious that {L;;(¢)};>0 defined by (4.16) are adapted processes in L(Gp, Gq) and a
simple estimate shows that the integral fot Zi, jLij (s)dA;j(s) is well-defined on goo since
the integrability condition (3.1) is satisfied for any f € Mgo. Now, by (4.21) and the Itd
isometry, for f, g € My we have

(u®gsr, AMZ(HA™PY ® ¢y))

= (APZ* (DAY ® b1, 1, ¥ O ¢1[0,,]g>>ef’ (f(5), g(5))ds

= ol (.50 { (e ® po. ATEOATPY ® o)

t
+ /0 Z Fi(9)gi(){(u ® 1y, 7> ANLij(s) + Z(s)8;;]APv ® ¢1[o,”g»d5}-
ij
By differentiation we obtain that

d
g u®ds A1Z(HA™PV ® ¢,)
= Z Fi®Ogi®{u®dr, AILijj(HA™PY ® ¢g))

i,j

which by (3.2) and (ii) in Lemma 4.8, proves that

t
Z(t) = E(0) + A [/ Y AYL;(5)ATPAA; (s):| AP (4.22)
0

iJj
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on goo- On the other hand, by direct computation we prove that

t
A [ / ZAqLi J($)ATPAA; (s)i| AP
0 i,j

t
= /O D e p B L (s)d Ay (s)

i,j

on 50(). Thus by (4.22) we prove (4.18). ]
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