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Abstract. This paper investigates the existence of positive solutions of a singular bound-
ary value problem with negative exponent similar to standard Emden—Fowler equation.
A necessary and sufficient condition for the existence of C[0, 1] positive solutions as
well as C'[0, 1] positive solutions is given by means of the method of lower and upper
solutions with the Schauder fixed point theorem.
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1. Introduction
Consider the singular boundary value problems for the Emden—Fowler equation
u”—i—p(t)u_)‘(t):O, O<t<l, )
au(0) — Bu'(0) =0, yu(l)+8u'(1) =0, )

where o, B,y,8 > 0,A € Rand p := yB+ay +ad > 0; p € C((0, 1), [0, 00)) and
may be singular at t = 0,7 = 1. When A < 0, see [3,4,7,8] for the result concerning the
above problem. When A > 0, [6] shows the existence and uniqueness to (1) and (2) in the
case of B = § = 0 by means of the shooting method. For the following problem

W + pOu ) +qu™@) =0, 0<t<l, 3)
au(0) — Bu’(0) =0, yu(l)+8u'(1) =0, “4)

where o, 8,y,6 > 0,p =y +ay +ad > 0and p,q € ((0, 1), [0, 00)). Mao [5] gave
a sufficient and necessary condition when A < 0, m < 0. In this paper we shall consider
the case of A > 0, m > 0 for the problems (3) and (4).

A function u(r) € C1[0,11N C2(0, 1) is a positive solution of (3) and (4) if u satisfies
(3)and (4) and u(z) > 0,1 € (0, 1).

2. Main results

We state the following hypothesis, which is used throughout this paper.
H)  p@).q@) € CQO, 1), p(t) 20, p(r) #0,4()=0,49() # 0,1 € (0, 1), A,m > 0.

We now state the main results of this paper as follows:
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Theorem 2.1. Suppose that (H) is satisfied. Then
D If BS # 0, the problems (3) and (4) have a positive solution if and only if

0< /OI[P(I) +4q()]dr < oo. (&)
D) If B = 0,8 # 0, the problems (3) and (4) have a positive solution if and only if
0< /0] 1[p@) +q(®)]dt < oc. Q)
(M) If B #£ 0,6 = 0, the problems (3) and (4) have a positive solution if and only if
0< /01(1 —Dlp(®) +q(1)]dr < oo. (N
V) If B = 8 = 0, the problems (3) and (4) have a positive solution if and only if

1
0 < / t(1—=0)[p@) +q@)]dt < oo. )
0

Theorem 2.2. Suppose that (H) is satisfied. Then problems (3) and (4) have a C'[0, 1]
positive solution if and only if the following inequalities hold.

(H1)

0< /Ol[t_kp(t) +1t7"(t)q()]dt < oo, B=0,8#0. )
(H2)

0< /01[(1 -0 p)+ (1 —=1"q)]dt < oo, B#0,8=0. (10)
(H3)

1
0 <f A=) p@) + 7" (1—1)"g(t)]dt < oo, B=8=0. (11)
0

3. Proofs of the main results

First we prove Theorem 2.1. We will prove all the necessary conditions first then all the
sufficient conditions.

1. Necessity

Case I B8 # 0. Let u(r) € C'[0, 11N C?(0, 1) is a positive solution of (3) and (4). From
(4) and the nontrivial concave function u (), we know that u () must satisfy the following
case:

u() >0, u(l)>0, u'(0)>0, u«'(1)<0.
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Then there exists 7 € [0, 1] withu'(z9) = 0, u”(t) < Oyieldu'(r) < 0,1t € [19, 1); v/ (¢) >
0,1 € (0, 79]. Let Co be a constant which satisfies Cou(¢) < 1/4,¢ € [0, 1], and 1/Cy > 4.
Then

pOu(t) > p(t)(4Co)*, (12)

g(Ou™" (1) = q()(4Cp)". (13)
By means of (12) and (13), we have

1o
W' (t) = / [p()u="(s) + q(s)u"(s)]ds
t
1o
> / [(4Co)* p(s) + (4Cp)"q(s)] ds
t
1
> (4Cp)mintr.m) / 0[p(s)+q(s)]ds, t € [0, o)
t
t
(1) = f [p(s)u(s) + q(s)u~" ()] ds
1o

. t
> (4Co)mintr-m) / [p(s) +q(s)1ds, 1€ 10, 1.
0]
So,

1
0 < fo [p(s) +q(s)]ds

1o 1
_ fo [p(s) +q(s)]ds + / [p(s) + ()] ds
fo

< (4Co) ™Mt/ (0) — u' (1))
< Q.
Therefore, (5) holds.

CaseIl: B =0,8 > 0.Letu € C[0, 11N C'(0, 11N C%(0, 1) be a positive solution of (3)
and (4). From (4) we obtain u(0) = 0, u(1) > 0,u/(1) = —)/8’114(1) < 0. Then by the
concavity of u there exists g € (0, 1] with u’(79) = 0.

Let C; be a constant satisfying Cru(t) < 1/4,1/C; > 4. By means of (12) and (13),
we obtain,

0] t to
05/0 s[p<s>+q<s)]ds=/0 dr/ [p(s) + g ()] ds
fo fo
< (4C1)‘Af dr/ p(s)u(s) ds
0 T

In) )
+ (4C1)_'"/ dr/ q(u " (s)ds
0 T
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. to to
s(4c1r*mﬂkm}/‘ dr/n[pcwu**@>4—q@)u*m@>hh
0 T

1
=(4co*mm“”}/”}—u%m)+u%r»dr
0

= (4Cy)~ ™My (1)

< +00.

Similarly,

0< /tl slp(s) +q(s)]ds < +oo0.
0
Hence we conclude
0< /01 tlp@) 4+ q®)]dr < oo.
Case III: B > 0, § = 0. The proof for Case III is almost the same as that for Case II.

CaseIV: B =6 = 0. Letu € C[0, 1] be a positive solution of (3) and (4). Integrating (3)
twice gives

1 t
u’ <§> —u'(t) :/ [p(s)u™(s) + g (s)u™"(s)]ds,
1/2

u' (l) (t - 1) —u(t) +u <l> = /t d /ﬂ [p(s)u™"(s)
2 2 2)  ip " 1,2 u
+q(s)u""(s)]ds
t
=/ (t — $)[p©)u(s)
1/2

+ q(s)u""(s)]ds. (14)

Since the limit of (23) as # — 1 exists and is finite, by the monotone convergence theorem,

1
0< f (1= [p)u=(s) + g(s)u™(s)]ds < oo.
12

So,
1
0< / (1 —=s)[p(s)+q(s)]ds < oo.
172
Similarly
1/2
0< / (1 =s)[p(s)+q(s)]ds < oo.
0
Hence

1
0< f s(1 —s)[p(s) +q(s)]ds < oo.
0
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2. Sufficiency
Case I 6 # 0. Suppose that (5) is satisfied. Let

1— 5 !
q1(0) = % fo (@s + B)p(s) + g(5)] ds

ot

1
:ﬁ / (y(1 =)+ 8)[p(s) + ¢(s)] ds. 1 € [0, 1].
t

+

Then ¢; € C'[0, 11N C%(0, 1) satisfies (4) and solve the equation q/ @) = — [p) +

g1,1 € (0,1).Let Ly = (88/p) [y [p(s) +q()1ds, Ly = 1/p [ (s +B) (y(1 =) +
3)[p(s) + q(s)]ds. Then it is easy to check that 0 < L1 < ¢q1(¢) < L,, Vt € [0, 1]. Let

a(t)=kiqi(t), B(t)=kaq1 (1), t € [0, 1], where ky=min {1, L;*/"TH 77/ My g, —
max{1, L7 L7y Then a (1), () € € 10,110 C2(0, 1), 0 < a(t) < B(1),
t € [0, 1], and «(¢), B(¢) satisfy the boundary condition (4). Furthermore,

(1) + p(Da (1) + gD @) = ki [p() + ¢ + p(DIkig1 (D]
+qO)lkigi (O™
> p(O[(ki L) ™ = ki]
+qO[i L) ™ — k1]
>0, te(0,1),

B"(t) + p(OB~ (1) + q)B™" (1) = —kal p(1) + g ()] + p()[kag1 ()]
+q()lkaq1 (™"
< p(O[(kaL1) ™" = ko]
+ g L) ™ — k2]

<0, te(0,1).

Thus, () and B(t) are respectively lower and upper solutions of problems (3) and (4). We
will now prove that problems (3) and (4) admit a clio, 1 positive solution u* satisfying
0 <a(t) <u*(t) <B(),t €l0,1].
First, define an auxiliary function
p@a (1) + g™ (1), u < alt),
ftu) =3 pOu=) +qOu™"@1), «<u<p),

pOBHM) +qB" (), u> B{).

From (H), f : (0, 1) x R — [0, o0) is continuous.
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Consider the boundary value problem

u"(t) + ft,u) =0, te(,1), (15)

au(0) — Bu'(0) =0, yu(l)+d8u'(1) =0. (16)

It is clear that the above problem is equivalent to the integral equation

1
u(t)=Au(t)=/ G(t,s) f(s,u(s))ds, )
0
where

1 |as+Byd -1+, s <t,
G(t,s) = —
P+ By —s)+08), t=>s5.

Let X = CJ[0, 1]. Foru € X, if for some ¢t € [0, 1] a(¢) < u(t) < B(t), we obtain that
0 < p(u (1) + qu™"(t) < p(t)a (1) + q()a ™ (t)
< pO L) +q)(k L)™ < (ki L)~ ™" [ p) +q(1)]. (18)

Therefore, from (5), (14) and (18), we know that A : X — X is continuous and A(X) is a
bounded set. In addition, u € X N C'[0, 1] is a solution of problems (15) and (16) if and
only if Au = u.

Since AX C C 2[0, 1], by the standard application of Arzela—Ascoli theorem, we obtain
that A is compact. By means of Schauder fixed point theorem, we obtain that A has at least
one fixed point u™* € X N 10, 1]. We will show

at) <u*(t) < B@), tel0,1], (19)

which will imply that u*(r) € C 10, 1] is a positive solution of (3) and (4). Suppose
(19) is not satisfied. Then there exists t* € [0, 1] such that either u*(t*) < «a(t*) or
u*(t*) > B(t*). Letus consider the second case. Let I C [0, 1] denote the maximal interval
containing * such that u > 8 on L. Then, itis clear that either u =  on 91 or both u and 8
satisfy the same boundary conditions given by (4) on 8. Let Z(t) = B(¢t) —u*(¢),t € I.
Then Z”(t) < 0 on I and either Z(r) = 0 for ¢t € 3l or Z(¢) satisfies the boundary
condition (4) fort € d1.From the maximum principle Z(¢) > Ofors € I,1i.e. 8(t) > u*(t)
for t € I. This is a contradiction. In the same way, a(t) < u*(¢t) fort € I. So, u*(t) is a
c'o, 1] positive solution of (3) and (4).

Casell: B = 0,8 > 0. Suppose (6) is satisfied. Choose n > 4 so thatn min{A, m} > 1.Let

1— § !
R() = (u / sTp(s) + ()] ds
y+4é 0

1 1/(n min{A,m})

(I1—-s)+46

i f rA=9+8 +q<s>]ds) .
t y +46
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Then R(t) € C[0, 1] N C2(0, 1), satisfies R(z) > 0,R"(t) < 0,¢t € (0, 1), and the
boundary conditions R(0) =0, R(1) > 0, y R(1) + §R'(1) > 0. We now estimate

1
0< f t[p(t) + q ()R~ ™M (1) d
0

1 1— $ t
_ / t[p(t)w(r)](u f sIp(s) + q(s)] ds
0 y+6 0

Dl o)t s —(/n)
+z/ u[p(s)+q(s)]c1s> dr
t y+46

1 1 —(1/n)
< /0 {p() + ¢ ()] (fo s[p(s)+q(s>]ds) dar.

Let
1-— 5 !
I = u/ sIp(s) + ()1 ds
y+39 0
1
y(1—s)+46
+l[ W[P(S)'Fq(s)]d&
— t .
(1) = M/ s[p(s) —i—q(s)]R_mm{)"m} ds
y+39 0

1 _ .
+1 / PEZDL2 sy + g5y IR0 (5) as
t y+4

+ R(), t€]0,1].

ItisclearthatyF1(1)+8F1(1) =0, sz(l)—i—SFé(l) >0and L3t (y(1 — ) +8/(y +6)) <
() < L3, R(t) < T2(1) < Ly, t € [0, 1], where

1
L3 =/0 S[p(S)+4(S)]<

1 _ .
L4 — / s <Y(1 S) +(S> [p(S) +q(s)]R—mln{A.,m}(s) ds
0 y+34

y(l—s)+8)
— ) ds,
y+4

+ Ro, Rp = max R(t).
0, Ro = max ()

We also check by direct computation that () = —[p@) +q®], Ti@) < —(p@t) +
g(O)R™™m (1), 1 e (0,1). Leta(r) = kiT'1 (1), B(1) = kaT'2(1), 1 € [0, 1], where
k1 = min{1, L;A/IH, L;m/ler}, k> = max{l, LGm{)“’m}}. Then we have

(1) + pa (1) + ()" (1) = —ki[p(t) + q(®)] + p(t) (ki L3) ™"
+q@)(kiL3)™™" >0,
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B"(1) + p)BH(1) + (B (1) < —kalp(1) + g()IR™ ™" 1)
+ p(0) (k2 R(1) ™" (1)
+q®)(k2R()™™ < 0.
In addition, a(¢), 8(t) € C[0, 11N C'[0, 11N C2(0, 1), ya(l) + sa’(1) = 0, yB(1) +
38'(1) > 0. Let Z(t) = B(t) — a(t). Then Z(0) = 0,y Z(1) +8Z'(1) > 0. Also, if we
assume o < B on an interval I € [0, 1], we find Z"(t) < —ka[p(t) + q(t)]R~ minthm) 4
kalp(t) + q()] < —kalp(6) + gLy ™™™ 4 [p(t) 4+ q(1)] < 0 in I. As before, for
t € 91, we have either Z(t) = Oorift =1,y Z(1) +8Z'(1) > 0. From the maximum
principle, Z(t) > 0,t € [0, 1], i.e. () < B(t),t € [0, 1], which is a contradiction.
Hence «(t), B(t) are respectively the lower and upper solutions of (3) and (4).

In the following we will prove that problems (3) and (4) have a C 110, 1] positive solution
u(t) satisfying 0 < a(t) < u(t) < B@),t € (0,1). Let a, be a sequence satisfying
O<- -~ <apy1 <ay, < -+ <ay <ay < 1/2witha, - 0asn — oo. Let r, be
a sequence satisfying 0 < «a(a,) < r, < B(a,),n = 1,2, ... . For each n, consider the
following singular boundary problem:

W' (1) + puM () + q(Ou" () =0, 1t € (ay, 1), (20)
u(a,) =rp, yu(l)+8u'(1) =0. (@3]

From (6), we see that

1 1 1
/0 S[p(S)+q(S)]dSZ/ S[p(S)+q(S)]dSZanf [p(s) +q(s)]ds.

Therefore,

1 1
0< / [p(s) +q(s)]ds < ai fo SIp(s) + g()1ds < oo. 22)

Following the proof of Case I, with (22), we can say that for each n, the singular boundary
value problems (20) and (21) have at least one positive solutionu, () € C ap, 1] satisfying
a(t) <up(t) < B@),t € lan, 1]. So

lun(D)] = M =a(1) + B(1),

(D] = 107/Oua (D] < TM, m=1.2.....
Without loss of generality, we can assume

un(l) = up € [a(l), B(1)], n — oo,

u, (1) > —(y/8ug, n — oo.

Similar to Theorem 3.2 in [3], we can prove (3) has a positive solution u(¢) with u(1) =
ug, u' (1) = —(y/8)up. Its maximal interval of existence is (w™, ™), and u, () converges
to u(z) uniformly in any compact subset of (™, ™) (u}, (¢) converges to u’(t) uniformly),
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n — oo. Since a(t) < u,(t) < B(),t € la,, 1] and U,fozl[an, 1] = [0, 1], we have
at) < u(t) < B@),t € (w™,w™) N0, 1]. From continuation theorem we obtain that
[0,1] C (w~, wT). Since «(0) = B(0) = 0, we also obtain that x(0) = 0. In addition
Su(l) + yu'(1) = 0. Thus u(¢) € C[0,11N C' (0, )N C2(0, 1) isa positive solution of
problems (3) and (4). The proof for Case II is complete.

Case IlII: B > 0,5 = 0. The proof for Case III is almost the same as that for Case II.

Case IV: B = § = 0. Let Q(t) = (1 — 1) fés[p(s) + q(s)]ds + tft](l — $)[p(s)
+q(s)]ds)/nminitml ¢ e [0, 1]. Then Q(r) € C[0,1]1 N C%(0, 1) with Q(t) > 0,
Q" (1) <0, € (0,1)and Q(0) = Q(1) = 0. Let

t 1
Mo =a —r)fo SIp(s) + q(s)]ds +z/ (1= $)[p(s) +g(s)] ds,
t
t .
a) = (1= 1) /0 STp(s) + g ()10~ ™M) (s) ds

1 .
+zf (1 — 9)[p(s) + q()1Q~ ™7 (5)ds + Q(1) 1 € [0, 1],
t

Then t1(1 —)Ls < I'i(1) = Ls, Q(t) = I'n(1) = Le, L5 = fol s(1 = s)[p(s) +

g()1ds, Le = [y s(1 = 9)[p(s) + g(6)] Q™4 (5)ds + Qo, Qo = max Q(r). Let
a(t) = kiT'1(1), B(t) = ka2 (1), t € [0, 1]. Here
ki = min(1, L3R L7 g = 1, LRy

Then «(t), B(t) are respectively the lower and upper solutions of (3) and (4).The remaining
proof is analogous to that of Case II. Thus we complete the proof of Theorem 2.1.

Proof of Theorem 2.2
Proof for Case (H1): 8 =0,6 > 0.

1. Necessity

Suppose that u is a C 10, 1] positive solution of (3) and (4). Then both u’(0) and u’(1)
exist, and p(r), q(t) # 0,¢ € (0, 1). From (4) and the fact that u is a positive concave
function, we know that #(0) = 0,u(1) > 0,4’(0) > 0,u’(1) < 0. Then there exists
to € (0, 1] such that u’(f9) = 0. Since u”(t) <0, and u(¢t) > 0, ¢ € [0, 1], one easily sees
that 0 < u(1) < u(t) <u(ty), t € [to, 1] and there exist constants /1 and I, which satisfy

Iit <u(t) < bt, t €]0,1]. (23)

Hence

1 1
0 < / [p(s)s ™ +q(s)s "1 ds < [ / [p()u="(s) + q(s)u""(s)]ds
0 0

1
— —Izma"“””}/o u"(s)ds = ™™ @/ 0) — ' (1)) < oo.

The above inequality shows that (9) holds.
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2. Sufficiency

Suppose that (9) is satisfied. Let

_ t
F([) — M/ S[p(s)sf)‘ +q(S)S7m] ds
y+34 0

1 _
+ ,/ M[p(s)s—'\ +q(s)s™™]ds, t € [0, 1].
t Y+

Then I'(¢t) € C'[0, 11N C?(0, 1). Replace u(¢) with I'(¢) in (24) and let

5 ! (y(l—s>+a
= s| ——mM

y+46

—A —-m
=5 ) )[p(s)s +q(s)s™™]ds,

1
L =/ [p(s)s™ + q(s)s™™]ds.
0

Then I'(¢) satisfies (24). Let

ki = min{1, (L)~ (1) ="/,

ky = max{1, (1)~ (=,
Then a(t) = k1I'(¢), B(t) = ka['(¢), t € [0, 1]. Then «(¢) and B(¢) are respectively
lower and upper solutions of problems (3) and (4). It is clear that 0 < «(t) < B(t),t €

(0,1], 2(0) = B(0) =0, ya(l) + a’(1) = 0, yB(1) + 88’(1) = 0. On the other hand,
whent € (0, 1), a(t) <u < B(t), we have

0 < p(Ou™(t) +qHu"(t) < p(Ha™(t) + q()a ™ (1)
=p)k 1) +qt) (ki [11) ™™ = F(1).

From (9), we have fol F(¢t)dt < oo. The same argument that we have given in the suf-
ficiency of Theorem 2.1 assures us that problems (3) and (4) admit a positive solution
u e Co, l]ﬂC2(O, 1) such that a(r) < u(t) < B(t), t € [0, 1]. The proof for Case (H1)
is complete. Similarly we can prove cases (H2) and (H3). Thus we complete the proof of
Theorem 2.2.
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