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Abstract. In this paper the generation and propagation of SH-type waves due to stress 
discontinuity in a linear viscoelastic layered medium is studied. Using Fourier transforms 
and complex contour integration technique, the displacement is evaluated at the free surface 
in dosed form for two special types of stress discontinuity created at the interface. The 
numerical result for displacement component is evaluated for different values of non- 
dimensional station (distance) and is shown graphically. Graphs are compared with the 
corresponding graph of classical elastic case. 
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1. Introduction 

The usefulness of surface waves and its investigations in isotropic elastic medium 
have been well recognised in the study of earthquake waves, seismology and geo- 
physics. Wave propagation in a layered medium has been studied extensively by 
many people, especially in the last two decades. Various apprOximate theories have 
been proposed to predict the dynamic response of layered medium and one of them is 
due to Sun et al [10]. Nag and Pa l  [7] have considered the disturbance of SH-type 
waves due to shearing stress discontinuity in an isotropic elastic medium. In another 
paper, Pal and Debnath [8] have considered the propagation of SH-type waves due to 
uniformly moving stress discontinuity at the interface of anisotropic elastic layered 
media. 

Due to the effect of viscosity, gravity plays an important role in the propagation of 
surface waves (Love, Rayleigh, etc.). The viscoelastic behaviour of the material is 
described by the mechanical behaviour of solid 6aaterials with small voids. The linear 
viscoelasticity generally displayed by linear elastic materials is termed as 'standard 
linear solid', if elastic materials are having voids. 

Kanai 15] has discussed the Love-type waves propagating in a singly stratified 
viscoelastic layer residing on the semi-infinite viscoelastic body under the conditions 
of the surface of discontinuity. Sarkar 19] considered the effect of body forces and 
stress discontinuity on the motion of SH-type waves in a semi-infinite viscoelastic 
medium. The propagation of SH-waves in nonhomogeneous viscoelastic layer over 
a semi-infinite voigt medium due to irregularity in the crustal layer has been discussed 
by Chattopadhyay [1-1. He has followed the perturbation technique as indicated by 

241 



242 P C Pal and Lalan Kumar 

Eringen and Samue.ls I-4]. The viscoelastic behaviour of linear elastic materials with 
voids has been considered by Cowin [2]. 

The present paper considers the generation and propagation of SH-type wave due 
to shearing stress discontinuity at the interface of two homogeneous viscoelastic 
media. Fourier transform method combined-with complex contour integration 
technique is used to evaluate the displacement function at the free surface for two 
different types of stress discontinuity. Numerical results are obtained for a case only 
with the aid of viscoelastic model as considered by Martine~k I-6]. Results are shown 
graphically and are found to be in good agreement with classical elastic case. 

Since the material of the earth is viscoelastic of a standard linear type, certain seismic 
observations and calculations may be explained on this basis. Thus the problem 
considered here is of interest in the theory of seismology. 

2. Formulation of the problem and basic equations 

Let us consider a viscoelastic layer of standard linear type (I) of thickness h lying over 
a viscoelastic half-space (II). The origin of the rectangular co-ordinate system is taken 
at the interface. The wave-generating mechanism is a shearing stress discontinuity 
which is assured to be created suddenly at the interface. The geometry of the problem 
is depicted in figure 1. As the SH-type of motion is being considered/here, we have 
u = w = 0 and v = v(x, z, t). The displacement v is also assumed to be continuous, 
bounded and independent of y. The only equation of motion in two-layered 
viscoelastic media in terms of stress components is given by 

where 

02v~ ~ O 
Pi Ot 2 = (L,y)i+~z(Zy,)i, i =  1,2 (2.1) 

{l~i ,0 'XOvi 

~,fl~i , 0 '~ Ov i + (2.2) 

#i are related to shear moduli and #'i to viscoelastic parameters. Substituting (2.2) in 
(2.1), the resulting equations of motion become 

"'0 =o'v'( +az 2/. (2.3) 

Assuming that the stress functions are harmonic and decrease with time, we have 

zxy = O(x, z)e -~ zy z = ~k(x, z)e- o,,, 

and correspondingly 

(2.4) 

v(x,z)= V(x,z)e -~', (2.5) 

where to is the frequency parameter. 
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Fignre 1. Standard linear viscoelastic layered model, 

With the help of (2.5), (2.3) becomes 

where 

2//02 V 02V~ 
~~ V = a i ~-~x2 +'~z2 ) ,  

a . =  , j =  1,2. 
Pj 

(2,6) 

3. Method of solution 

Let us define the Fourier transform V(~, z) of V(x, z) by 

P(~,z) = V(x,z)e-ilXdx. 
oO 

Therefore 

(3.1) 

V(x,z)=~ f~ r'(r (3.2) 

Applying the above transformation into (2.6), it is found that V(~, z) satisfies the 
equation 

( 
O92 ~(~,z) = ~ -  r ~ + ~ )  

or 

~z 2 ~ ~ = 0, 
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where 
022 2 _  ~2 ~ / j -  + ~ - ,  j = l , 2 .  (3.3) 
r 

Thus for the layers (I) and (II) we have 

V1 = ~nn (A 1 cosh ~h z + B 1 sinh t h z)ei~Xd~, (3.4) 
oO 

1 ~o 
V2 : ~ f - oo B2et-n2z+ir (3.5) 

The boundary  condit ions of  the problem under  consideration are 

(i) stress componen t  must  vanish on the free surface i.e. 

(ryz) 1 = 0 at z = - h for all t > 0 (3.6) 

(ii) displacements mus t  be cont inuous at the interface i.e. 

V 1 = V 2 at z = 0 for t > 0 (3.7) 

(iii) stress componen ts  (shearing) must  be discontinuous at the interface z = 0 i.e. 

(ryz) 1 = (zy~) 2 = S(x)e -~ at z = 0, for all x and t, (3.8) 

where S(x) is some cont inuous function of  x to be chosen later. 
The above b o u n d a r y  conditions determine the unknown constants  A 1 , A 2 and B 2. 

After simplifying we have at the free surface (z = - h) 

Vl(x' - h ) =  f ~ oo exp( - thh  + i~x) U(O[E{Kme-2m"S~tll 

where U(~) is an unknown  function related to S(x) by 

U(O - 2gaSp1 ~ S(x)exp(i~x)dx 

+ Kin+ 1 e-12m+ rash }]d~, 

(3.9) 

and 

K =  r/1 - r h  < 1 
t/1 +r/2 

which is associated with the reflection coefficient in the two media. 

(3.1o) 

4. Determination of unknown function U(~) 

We now consider two different forms of  the function S(x) to determine U(r 

Case I. Let 

S(x)=P, Ixl<<.a 

= 0, elsewhere. (4.1) 
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This case implies that the stress discontinuity is created in the region - a ~< x ~<la. 

Hence 

U(O = ~ - .  e x p ( -  i~x)dx (4.2) 

_ Pi (e  'r e :'~~ 
2n'r~pl ~ " 

From (3.9) and (4.2) we have 

p ('~/e~r e,'r 
VI(x, -- h) = n--~lPl I" Jo \1 _Z_qx~ .]le-"'h[Y'Kme-2m"'h 

+ K m + 1 e-t2m+ 1),,hid r 

(X 1 =x--a,  x 2 = x + a  ). (4.3) 

Here we wish to evaluate the integral for a few values of m, say m = 0, 1, 2 only. So 
we have 

where 

P 
Vx(x, - -  h) = rta2p------i[Io + 11 + 12 +...], 

sln ~x2 -nth io=ff(sin~xl " sin :xl 

= Iol + lo2; (say) 

11= f o  K[sin-~xl\ :,1 sin:x2")e-S~"d::,l J 

2 sinCxl sinCx2 - 

= 111 + 112; (say) 

2 sin Cx 1 12= ( r  sin~--X2)e-9n~hd~~qx ,] 

+ f ~ K 3 (  sin Cxl Ct/l 

= I2~ + I2~; (say). 

sin r ']e- i 1.,hd~ 

(4.4) 

sin ~x 2 "~ _ 3,1h J 
-~- / e  *, a~ 
~r/l / 

(4.5) 

(4.6) 

Iol f l  ~ [-ogh x ~   ldx+fl I-~h /x 2 17 - -  (4.8) 

To evaluate lo2,111,112,121,122, we use the method of contour integration and 
lol is directly evaluated from the Table of Integral Transforms by Eradelyi [3]. 

Thus, we have 

(4.7) 
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where Ko(0) is a modified Bessel's function of argument 0 and of order zero. 

[-~,h/02 (sin r163 - sin ~s 
lo2 = - 2 ! ~ f - - - - - T i - f f  e-(3/:l[(~162 (4.9) 

d c a h / a l  " ~  *' 2 

where xl  = (Xl/h), Y'2 = (x2/h) and coh/a I > coh/a 2 

f o,h/,~ (sin ~s - sin ~x2 ) e -  (5/2)[1~ - ;2]~,~ d~ 
112 = 8 - - - - - -  (4.10) 

f o, h/,~ (sin 0i~ - sin ~x2) e-(7/2)[(co2h2/~r])_r2)],/2D(r 
Io2 = - 2 (4.1 I) 

where 

(o9 2h 2 ~02h z 2~2)(~2 ~ '/z 

o(o= Ffcoeh  2 oa2h 2 2r 2 [co2h2 co2hZ~ 1 (4.12) 

where o~h/cr 1 > coh/tr 2. 

+ R i  

f 

- R i  

INARu AXIS 

w h  w h  
" - ~  REAL AXIS 

Figure 2. Complex contour integration in e-plane. 
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The integrals in lo l ,  Io2,I1a,I12 .... have branch points at ( =  __+ toh/trl, +_ (1)]'1/(7 2 
and a simple pole at  ( = 0. The path of the contour  integration is shown in figure 2. 
Hence 

e-~tp 
v 1 ( x , - h , t ) = ~ l p a [ l o 1 + l o 2 + I l t + 1 1 2 + ' " ] .  (4.13) 

Case II. Let 

S(x) = Ph6(x), - ~ ~< x < ~ .  (4.14) 

Factor  h is multiplied on the right side because both sides should maintain the 
dimension of stress. 

Now 

Ph 
U(~) = 2~o.2p 1 . (4.15) 

Therefore, in this case, we have 

V ~ ( x , h  Ph ffe'  e -- )=ntr2p-~ Re --[YKme-2"~h+Km+Xe-(2m+x)~'h]d'~qx 

Ph ffcosr 
- -  [EKme-2m~h + K "+ I e-(2m+ 1),1h] d ~ 

7ra2 p l rl I 
(4.16) 

In this case also, we evaluate the integral.on the right-hand side of (4.16)for a few 
values of m only, say m = 0, 1, 2. Hence 

Ph 
Vx(x, - h) = n--~12px [Io + 11 + 12 + . . . ] ,  

I~ c~162 
= lol  + 102 (say) 

f o  cos ~xe -"'~ 11 = [Ke-2,~ h + KZe-a" lh]d~ 
r/t 

=111 +112 (say) 

1 2 = f ;  c~ 

= I21 -t- 122 (say). 

Just like case I, we can evaluate 101 , 102,111,112 . . . .  as follows: 

[-toh . : 2 / ~ 1  -] 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

(4.21) 
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L 2 -~d( (4.22) = - 4  7 

re er2t:_ 
[ /2 L - - ~  Jdc (4.23) 

l i t = - 4  Job/ , ,  , Vo,)2h 2 co h27  

kw§ 
re2r162 ~ - (o)~h2/a~)]~/2 7 

(4.24) 

etc. 
The integrals in (4.22), (4.23), (4.24) are valid only when oh/(r  1 > coh/a 2. 

Hence, in this case the displacement componen t  on the free surface z = - h is given 
by 

e - ~' Ph 
v l(x, - h,t) = ~ [ lol  +1o2 + 1 it  + 112 + ' " ] .  (4.25) 

h = 37"5 K m  

1" 12(E~ -C3"I .f'L 2 
l - 0"2  0.1 

0" II - 0 - S  0-1  
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0"8 I Y  - 2 -0  1-0  

0.7 

O4 
I o 

M 

, r  

O 'q  

0"! 

0'3 

VISCO -ELASTIC ANALOGY 

ISOTROPIC CASE 

1 1-5 2 2.5 3 3,5 4 4,5 S 5"5 5"5 7 7"5 

Figure 3. Variation of displacement with distance from the source. 
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5. Numerical results and discussion 
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Numerical calculations are performed here for case II only using Gauss quadrature 
formula and the table of integral transforms (Eradelyi [3]). The values of Kv 1 x 10-2, 
where K = rra2ple~ are tabulated for different values of s and f~l = coh/al and 
keeping f12 = r176 constant. The values of non-dimensional parameters l) 1 and ~2 
are taken from a viscoelastic model considered by Martine~k I-6]. For comparison 
a graph corresponding to isotropic case is drawn (figure 3) and is found to be in good 
agreement with viscoelastic analogy up to a certain value of g. From the curves so 
drawn, it is inferred that the displacement vl decreases as ~ increases and the rate of 
decrease slows down after a certain distance. 

Acknowledgement 

One of the authors (LK) is thankful to Sri S B Singh, NIC, Dhanbad, for his technical 
help during the preparation of this paper. 

References 

11] Chattopadhyay A, The propagation of SH-waves in nonhomogeneous viscoelastic layer over a semi- 
infinite Voigt medium due to irregularity in the crustal layer, Bull. Calcutta Math. Soc. 70 (1978) 
303-312 

[2] Cowin S C, The visco-elastic behaviour of linear elastic materials, J. Elasticity 15 (1985) 185-201 
[3] Eradelyi A, Table of Integral Transforms Vol. 1 (New York: McGraw-Hill) (1954) 
[4] Eringen A C and Samuels C J, On perturbation technique in wave propagation in a semi-infinite 

elastic medium, J. Appl. Mech. 26 (1959) 491-503 
[51 Kanai K, A new prc~blem concerning surface waves, Bull. Earthquake Res. Inst. 39 (1961) 359-366 
[6] Martine~k G, Torsional vibration of a layer in a visco-elastic half-space, Acta Tech. CSA V Bratislava 

24 (1970) 420-429 
1-7] Nag K R and Pal P C, Disturbance of SH-type due to shearing stress discontinuity in a layered half 

space, Geophys. Res. Bull. 15 (1977) 13-22 
I-8] Pal P C and Debnath L, Generation of SH-type waves in layered anisotropic elastic media, Int. J. 

Math. Sci. 2 (1979) 703-716 
1-9] Sarkar A K, On SH-type of motion due to body forces and due to stress discontinuity in a semi- 

infinite viscoelastic medium, Pure Aplid. Geophys. 55 (1963) 42-52 
1-10] Sun C T, Achenbach J D and Herrman G, Stress waves in elastic and inelastic solids, J. Appl. Mech. 35 

(1968) 467-485 


