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Generation and propagation of SH-type waves due to stress
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Abstract. In this paper the generation and propagation of SH-type waves due to stress
discontinuity in a linear viscoelastic layered medium is studied. Using Fourier transforms
and complex contour integration technique, the displacement is evaluated at the free surface
in closed form for two special types of stress discontinuity created at the interface. The
numerical result for displacement component is evaluated for different values of non-
dimensional station (distance) and is shown graphically. Graphs are compared with the
corresponding graph of classical elastic case.
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1. Introduction

The usefulness of surface waves and its investigations in isotropic elastic medium
have been well recognised in the study of earthquake waves, seismoiogy and geo-
physics. Wave propagation in a layered medium has been studied extensively by
many people, especially in the last two decades. Various approximate theories have
been proposed to predict the dynamic response of layered medium and one of them is
due to Sun et al [10]. Nag and Pal [7] have considered the disturbance of SH-type
waves due to shearing stress discontinuity in an isotropic elastic medium. In another
paper, Pal and Debnath [8] have considered the propagation of SH-type waves due to
uniformly moving stress discontinuity at the interface of anisotropic elastic layered
media.

Due to the effect of viscosity, gravity plays an important role in the propagation of
surface waves (Love, Rayleigh, etc.). The viscoelastic behaviour of the material is
described by the mechanical behaviour of solid materials with small voids. The linear
viscoelasticity generally displayed by linear elastic materials is termed as ‘standard
linear solid’, if elastic materials are having voids.

Kanai [5] has discussed the Love-type waves propagating in a singly stratified
viscoelastic layer residing on the semi-infinite viscoelastic body under the conditions
of the surface of discontinuity. Sarkar [9] considered the effect of body forces and
stress discontinuity on the motion of SH-type waves in a semi-infinite viscoelastic
medium. The propagation of SH-waves in nonhomogeneous viscoelastic layer over
a semi-infinite voigt medium due to irregularity in the crustal layer has been discussed
by Chattopadhyay [1]. He has followed the perturbation technique as indicated by
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Eringen and Samuels [4]. The viscoelastic behaviour of linear elastic materials with
voids has been considered by Cowin [2].

The present paper considers the generation and propagation of SH-type wave due
to shearing stress discontinuity at the interface of two homogeneous viscoelastic
media. Fourier transform method combined- with complex contour integration
technique is used to evaluate the displacement function at the free surface for two
different types of stress discontinuity. Numerical results are obtained for a case only
with the aid of viscoelastic model as considered by Martineck [6]. Results are shown
graphically and are found to be in good agreement with classical elastic case.

Since the material of the earth is viscoelastic of a standard linear type, certain seismic
observations and calculations may be explained on this basis. Thus the problem
considered here is of interest in the theory of seismology.

2. Formulation of the problem and basic equations

Let us consider a viscoelastic layer of standard linear type (I) of thickness h lying over
a viscoelastic half-space (II). The origin of the rectangular co-ordinate system is taken
at the interface. The wave-generating mechanism is a shearing stress discontinuity
which is assured to be created suddenly at the interface. The geometry of the problem
is depicted in figure 1. As the SH-type of motion is being considered ‘here, we have
u=w=0 and v=0(x,z1t). The displacement v is also assumed to be continuous,
bounded and independent of y. The only equation of motion in two-layered
viscoelastic media in terms of stress components is given by

v, 0 0 .
Pigz = g Gkt 3 o i=12 21)
where
( ) — + ’i _a_vl
Txy =\ M :ulat Ox
L0\ 0y,
(t,.)i= (I‘i + uib_t)a_z (22)

y; are related to shear moduli and g to viscoelastic parameters. Substituting (2.2) in
(2.1), the resulting equations of motion become

%y, AYE " 620,.)
Piw—<ﬂi+#:5;)<5x?+? . (2.3)

Assuming that the stress functions are harmonic and decrease with time, we have
T, =0(x,2)e” ", 1, =y(x,z)e” ™, (2.9
and correspondingly
v(x,z) = V{(x,z)e ™, (2.5)

where o is the frequency parameter.
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Figure 1. Standard linear viscoelastic layered model.

Withb the help of (2.5), (2.3) becomes

ZV 2
w? V=af<-a—+a—V), (2.6)

oxz 022
where

zz(u,-—u}w), i=12.

g5
J
Pj

3. Method of solution

Let us define the Fourier transform V (¢, 2) of V(x, z) by

V(& 2) = r V(x,2)e~ % dx. G.1)

e o}

Therefore

a

V(x,z) = % J V(& 2)e**d¢. (3.2)

- @

Applying the above transformation into (2.6), it is found that V(Z,z) satisfies the
equation

_ _ Vv
(02 V(C,Z)=G?(*€2 V+7}—Z—E—>
or
*v -
—5—m V=0,

a0z
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where
2

w .
n}=_¢ +5 J=12 (3.3)
J

Thus for the layers (I) and (II) we have
1 -]

V,= o (A, coshn,z + B, sinhn, z)e*d¢, (34)
1 ® {—~n2z+iéx)
Vi=5- B,e dé. (3.3)

The boundary conditions of the problem under consideration are
(i) stress component must vanish on the free surface i.e.
(t,.)1=0atz=—h forallt>0 (3.6)
(i)) displacements must be continuous at the interface i.e.
Vi,=V,atz=0 fort>0 3.7
(iii) stress components (shearing) must be discontinuous at the interface z =0 i.e.
(t,.)1 =(1,,),=S(x)e" atz=0, forallxandt¢, (3.8)

where S(x) is some continuous function of x to be chosen later.
The above boundary conditions determine the unknown constants 4,, 4, and B,.

After simplifying we have at the free surface (z = — h)
® U
Vix,—h= I exp(—n,h + iéx) ”(é) [Z{Kme™2msh
—-w 1
+ Km»+ le—(2m+ ”"S’{ }]dé,
(3.9
where U(£) is an unknown function related to S(x) by
1 o
U =7—— J S(x)exp(iéx)dx (3.10)
2noipy ) —
and
MM _y
i+,

which is associated with the reflection coefficient in the two media.

4. Determination of unknown function U(&)
We now consider two different forms of the function S(x) to determine U(&).

Casel. Let
Sx)=P, |x|<a

=0, elsewhere. 4.1)
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This case implies that the stress discontinuity is created in the region —a < x <p.
Hence

U@ =

r exp(— itx)dx 4.2)

—a

_ Pi (e —emi
~ 2nolp, ¢ '

From (3.9) and (4.2) we have

P @ /[ iEx1 _ iEx2
Vl(x, —~h)= 3 I’"J <E___.e_>e—mh[EKme—2mmh
no1P 0 né

2n01p,

+ Km+1e‘(2m+ l)"lh]dé
x,=x—a,x,=x+a) 4.3)

Here we wish to evaluate the integral for a few values of m, say m =0, 1,2 only. So
we have

P
Vi(x,—h)= o+1,+1,+-], 4.4)
1 no_%pl 0 1 2
where
. foo (sin Ex, Sin€x2)e*mhd§ N J“’ K(ginéx1 B sinéxz)e_smhdé
Jo ény ény 0 <My &y
=1y, +1,,; (say) 4.5)
[ [sinéx, sinéx, )
I, = K —— =2 JemSmkqg
! J O ( émy <R
. J‘m K2<sin§x1 B Sin€x2>e_7”"'d6
0 ény <3
=1, +1,;(say) (4.6)
® sinéx, sinéx _
I,= K2<—1-———2)e Snikd
2 jo &ny &n,y q
. r Ka(sinﬁxl _sinén)e-ilmhd&
0 ény é’h
=],, +1,,; (say). 4.7

To evaluate I,,1,,,1,5,1;1,1;,, we use the method of contour integration and
I,, is directly cvaluated from the Table of Integral Transforms by Eradelyi [3].
Thus, we have

x1 wh [x* 1 x2 wh [x* 1
= Sl o il o 4.
I, f Ko[al /h2+4:|dx+Jo Ko[al /h2+4:|dx @8)
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where K, (6) is a modified Bessel’s function of argument 6 and of order zero.

whiax . c —
Ip,= — 2 j (sin éx, —sin év’lczz) e_(3/2)[(‘02h2/”f)—Cl]m ¢ 49)

whjay C(wzfz "‘C2> !

oy

where X, =(x, /h), X, = (x,/h) and wh/o, > wh/o,

where

ooz (sin EX, — SINEX,)  _ s miiwhtion 211
112=8f P T R (4.10)
wh/oy C _Cz
o

whfos sin fi ——sin éf _ 232/ 2 »2171/2
Io, = —zf ( T ) ot -t par @)
whiat c( ~ - CZ)

o1

21,2 2h2 212\1/2
(w2
g 03 o3

1

D) =— 212 212 2 272
w*h*  w?h 5 w?h w?h?
o (o) (% o) (- )]

4.12)

where wh/e, > wh/e,.
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Figure 2. Complex contour integration in ¢-plane.
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The integrals in I,,,1,,,1,,,1,,,... have branch points at { = + wh/c,, + wh/o,
and a simple pole at { =0. The path of the contour integration is shown in figure 2.
Hence

—a)lP
by(x, — h, t)—e s+ loa Ty + 1+ ) (4.13)
Case II. Let
S(x)= Phd(x), — oo < x < 0. (4.14)

Factor h is multiplied on the right side because both sides should maintain the
dimension of stress.
Now

Ph

. 4.15
2natp, @1

U@ =

Therefore, in this case, we have

Ph w© LHilx nih
Vl(x,—h - k CJ e e [ZKme~2mn1h+Km+1e—(2m+1)mh]d'é
0

no1Py /R
Ph © —mh
_..nozp J. COS c:;e [ZKme—2m01h+ Km+1e—(zm+ ”"‘h]df
171 1

(4.16)

In this case also, we evaluate the integral on the right-hand side of (4.16) for a few
values of m only, say m =0, 1,2. Hence

Vix,—h)= [IO+II+12+...], 4.17)
1P1
@® —nih
10=f E:_O_S_éLﬁ[l +Ke_'“"]d§
0 "y
=1y, +1,, (say) (4.18)

© cos Exe Mt
I = f —-5:" [Ke™ 21 4 K2e™3mh]d¢
4] 1

=1I,, +1,, (say) (4.19)

] —~nh
I,= j cosexe ‘f:e [K2e™*mh 4 K3~ 5mh]d¢
0 1

=1,, +1;, (say). {4.20)

Just like case I, we can evaluate 1,,,,1,,,1,,,1,,,... as follows:

I, =K, [“’h [2% + ] (% = x/h) @.21)
o, 4
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- [e =05 o~ (/D h¥/a?) — 2120 ~ [thZ/agjm]

Io;=—4 S onon w2 h?  o?h® ] -d{ 4.22)
of o}
o [e—cxe—s/znaﬂh%f)—él]*ﬂ[il—(wzm/ag)]*“]
fu=-4 J whjay 7 w*h? + W h ] a 423
ot = of
" [e’—:xe_wz[wzw/af)—52]”2[52—(mzhl/og)]m]
112 =8 fwh/m : w2h2 + thz | dC (424)
of = of
etc.
The integrals in (4.22), (4.23), (4.24) are valid only when wh/o, > wh/a,.
Hence, in this case the displacement component on the free surface z = — h is given
by
e “Ph
v(x, —h,t)= = [Ho, +1g, + 1 +1+ ] (4.25)
1#1

X

Figure 3. Variation of displacement with distance from the source.
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5. Numerical results and discussion

Numerical calculations are performed here for case II only using Gauss quadrature
formula and the table of integral transforms (Eradelyi [3]). The values of Kv, x 1072,
where K = no?p,e”/P are tabulated for different values of x and Q, = wh/s, and
keeping Q, = wh/c, constant. The values of non-dimensional parameters Q, and Q,
are taken from a viscoelastic model considered by Martine¢k [6]. For comparison
a graph corresponding to isotropic case is drawn (figure 3) and is found to be in good
agreement with viscoelastic analogy up to a certain value of X. From the curves so
drawn, it is inferred that the displacement v, decreases as x increases and the rate of
decrease slows down after a certain distance.
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