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Existence theory for linearly elastic shells
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Abstract. We review existence and uniqueness results, recently obtained for three of the
most important linear two-dimensional shell models: Koiter’s model, the bending model
and the membrane model. They rely on a crucial lemma of J L Lions, used in an essential
way for establishing in each case a generalized Korn’s inequality, which is then combined
with a generalized rigid displacement lemma of a geometrical nature.
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1. Geometrical and mechanical preliminaries

In what follows, Greek indices and exponents vary in the set {1,2}, Latin indices
and exponents vary in the set {1, 2, 3}, and the repeated index or exponent convention
for summation is used. The Euclidean inner product, the vector product and the
Euclidean norm, of vectors u, veR* are denoted as u-v,p x v, and |ul.

Let w be an open, bounded, connected subset of R? with a Lipschitz-continuous
boundary , the set w being locally on one side of y. Let y = (y', y*) denote a generic
point of the set & and let d,=d/dy*. We consider a surface S'in R?, of the form
S = @(®), where @:— R3 is a given, injective, smooth enough mapping. We assume
that the two vectors a, = &,¢ are linearly independent at all points of @.

The vectors a, form the covariant basis of the tangent plane, and the vectors a%
defined by the relations a*-a; = 6;, form its contravariant basis. The three vectors a‘,
where a® =a, =(a, x a,)/la, x a,| form the contravariant basis at each point of S.
The Christoffel symbols are defined by

rzﬂ == 8"‘6‘8”,

and the first, second and third fundamental forms of S are defined by

—a . af _ a%.0b
a,;=a,'a or a* =a*a’
baﬂ= —a,‘aﬂll;,

Cp = b:bm,, where b? = a*’b_,.

Note that I'2, =%, a,, = a,,, b,s=b,,, c,s = ¢, Finally, we let

a =det(a,,).
269



270 Philippe G Ciarlet

We consider a linearly elastic shell, with middle surface S and thickness 2¢, clamped
along a portion of its lateral face, and we let A1>0 and u>0 denote the Lamé
constants of its constituting material. In each one of the two-dimensional shell models
considered here, the unknowns are the three covariant components {;:@— R of the
displacement {;a’ of the points of S, and we let {=({;):@—R3. With an arbitrary
vector field n = (1;):@ — R3, we associate the (linearized) strain, or change of metric,
tensor and the (linearized) change of curvature tensor, whose covariant components
are respectively given by

1
Yap(W) = 5(6,% + M) — T2n, — bygns,
YM(“) = aaprh - r:pap'h - caﬂ'l:’
+ b:(aa"p - rzaﬂo) + b:(aﬂﬂp - F;p"a)
+(8,b5 + T2 bt — T2, b2,

aff o

We shall also use the fourth-order elasticity tensor of a two-dimensional sheli,
whose contravariant components are given by

a*e? = A a*®a*® + 2u(a* a® + a* a**).
(A4+2p)

2. The two-dimensional shell model of W T Koiter

The fundamental work of John [17] has led Koiter [18] to propose the following
two-dimensional shell model, called Koiter’s model: The unknown { = ({;) solves the
following variational problem:

LeV(w) and B(L,n) = L(n) for all neV(w),

where (0, denotes the outer normal derivative along y, and y, is a subset of the
boundary y):

V()= {n=m); n,eH" (w),n;eH*(),n;=0,n3=0 on y,},

3
BE W = j {%a“ﬂ‘r,,(m,,(msa“’”v,,,(ov,,(m}\/&dy,

Loy = '[ pni/ady.

The linear form L takes into account the applied forces. The given functions p' are
assumed to be in L?(w).

The symmetric bilinear form B and the linear form L are continuous over the space
V(w). Hence the existence and uniqueness of the solution of the above variational
problem follow, by the Lax-Milgram lemma, from:
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Theorem 1. Assume that @e€>(®) and that length y, > 0. There exists a constant
such that

B>0and B(m,n)=p ""lli{‘(m)x H'(w) x H¥ )
Jor all neV(w). O

Theorem 1 was first established by Bernadou and Ciarlet [3]. The proof relied on
various equivalences of norms involving covariant derivatives (also due to Rougée
[23]), on a rigid displacement lemma (cf. (iii) below), and on technical inequalities
combined with weak lower semi-continuity properties of the associated quadratic
functional; an outline of this proof was also given in Ciarlet [6]. A notable simpli-
fication of this proof was recently proposed by Ciarlet and Miara [10]. It is this
proof that we sketch here; the full, detailed, proof is given in Bernadou et al [4].

Outline of the proof of Theorem I:
(i) There exists a constant C, > 0 such that

a*()a*° ()t t,y > C1 Y It
a.p

for all ye® and all symmetric tensors (t,,). Since
a?(y)a ()t ,,t,, >0

on the other hand, it suffices to show that there exists a constant C, > 0 such that

1/2
{Z‘; 2. + Z; 1745 Ilfz} 2 Colnly < ms
a, X,

for all neV(w), where, here and subsequently, we let L? = L*(w), H™ = H™(w) at some
places, for the sake of conciseness.
(ii) Define the space

E()={n=(m)n.e L:,nseH',y ,me L%, X ,(me L?},

where both relations y,,(wWe L? and Y_,(n)e L* are to be understood in the sense of
distributions. We show that

E(w) = H'(w) x H'(w) x H*(w).

Let o =(n;) be an arbitrary element of the space E(w). The relations
1
e M= 5(6.% +0gna) =7, + Tipn, + b yns

imply that the functions e ,(n) belong to the space L?(w). Hence the identities (in the
sense of distributions)

aaﬂ"p = aaeﬁp(ﬂ) + apea,,('l) - apegﬁ('l)
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show that 9,(d,n,)eH ™ '(w) (the assumption Q%3 (@) is used here). Since
d,n,€H ™! (w)(recall that e L*(w)),a lemma of J L Lions (first mentioned by Magenes
and Stampacchia [19] and proved in Duvaut and Lions ([15], p. 110), then extended
to Lipschitz-continuous boundanes in Borchers and Sohr [5] and Amrouche and
Girault [2] implies that the distributions 9,1, are in the space L?(w); hence n,e H' (w).
The definition of T ,(n3) then implies that nyeH *(w), and the inclusion

E(w)= H'(w) x H' (0) x H*(w)

is thus established; the other inclusion clearly holds.
When equipped with the norm |-|g defined by

1/2
Inlle = {Z I, 2: + § 17,12 + X i l12: + |m3n§,,} :
ap «, x

the space E(w) becomes a Hilbert space. Since the identity mapping from the space
H'(w) x H'(w) x H*(w) into the space E(w) is continuous and onto (we just showed
that the two spaces are identical), and since both spaces are complete, the open
mapping theorem implies that the identity mapping from E(w) onto H'(w) x H'(w)
H?(w) is also continuous. Hence there exists a constant C, > 0 such that the following
generalized Korn’s inequality holds:

1/2
Inlie = Cg{z Inaligs + s IIf,;}

for all neH' (w) x H'(w) x H?(w).

In other words, the norm ||| is a norm over the space H'(w) x H'(w) x H*(w),
equivalent to its product norm.
(iii) We next show that the semi-norm || defined by

1/2
mle = {Z Iy @I+ Xl niz} :
a.p a,

is a norm over the space V(w). To this end, it suffices to show that
neV(w) and [ng =0=>n=0.

The generalized displacement lemma (cf. Bernadou and Ciarlet [[3], th. 5.1-1] or
Bernadou, et al [[4], lemma 2.5]) shows that, if an element ne H' (w) x H!(w) x H*(w)
satisfies T (M) =7,,0) = 0 in w, there exist two vectors acR? and beR? such that

n:(y)a'(y) = a +d x @(y) for all yew.

The conclusion then follows by taking into account the boundary conditions satisfied
by the functions n; along 7, (the assumption length y, > 0 is needed here).

(iv) We finally show that, over the space V(w), the norm ||g is in fact equivalent to
the product norm {4, 4, 4 i€, that there exists a constant C, such that the
inequality announced in (i) holds. Otherwise, there exists a sequence (n*) of elements
in V(w) such that

"1 >0 as k— 00, [0 [l . 1 o o = 1 for all k.
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By the Rellich-Kondra$ov theorem, there exists a subsequence (n') that converges
in the space L*(w) x L?(w) x H!(w). Since [n'|g — 0 as [ — oo, the subsequence (n') is
a Cauchy sequence with respect to |‘||g, whence also to |||l , 4 .2 bY (ii). Let

q='lim %' in the space V(w). On the one hand, [nlg =llim 'l =0; on the other,

Il g s e = ,ll"; I 1l 4 « i 52 = 1. Hence we have reached a contradiction, and the

proof is complete. O

Remarks. (1) No geometrical assumption on the middle surface S is needed here (by
contrast, an assumption of uniform ellipticity will be introduced to handle the
membrane model; ct. § 4). (2) The same analysis can be applied to the two-dimensional
shell model of Naghdi [22]; cf. Bernadou et al ([3], th. 3.1). O

3. The two-dimensional bending shell model

As observed in Ciarlet [9], Koiter’s model is not a limit model, i.e., one that can be
obtained in a rational fashion as a limit of the three-dimensional equations as ¢-+0.
Indeed, Sanchez--Palencia [26] has shown that the solution of the three-dimensional
shell equations has two essentially different behaviors as the thickness approaches
zero, according to the geometry of the middle surface and to the boundary conditions:
It converges either to the solution of the bending shell model, or to the solution of
the membrane shell model, which are described in this and the next sections (for
more details about this limit behavior, the relations between these models, and the
differences between shells and plates, see also Destuynder [14], Sanchez--Palencia
[24, 25], Ciarlet [7, 8] Miara and Sanchez—Palencia [20]).
More specifically, let

Vo(w) = (ReV(w); 7, =0 in o}

denote the space of inextensional displacements, where the strain tensor (y,,(n)) and
the space V(w) are defined as in §1 and § 2, respectively.

If Vo(w) # {0} (there exist such instances), the first non-zerc term § = (;) of a formal
asymptotic expansion as powers of ¢ of the covariant components of the three-
dimensional displacement is independent of the transverse variable, and it solves the
following two-dimensional shell model, called the bending model:

LeVy(w) and By(L,m) = L(n) for all neVy(w),

where the space Vq(w) is defined as above,

By(Gm) = f ga"”"’ Y, (©)Y,,(m/ady,

(]

and the linear form L has the same expression as in § 2 (the tensors (a***”) and (Taﬂ(q))
are defined as in § 1).

The existence and uniqueness of the solution of the above variational equations
are consequences of the following theorem (note that V,(w) is a closed subspace of
V(w)):
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Theorem 2. Assume that @€€*(@), length y, >0, and V # {0}. Then there exists a
constant B such that

BO > Oand Bo('l, 'l) ? BO ”"”3{‘(@) x H'w) x H?{w)

Jor all neVvy(w).

Proof. By part (i) of the proof of Theorem 1, there exists a constant C, > Osuch that

1/2
Bo(m,m) > C4{ Z, 1Y, (Wl iz} for all neV(w).

In the same proof, we have seen that the semi-norm || is a norm over V(w), equivalent
to the product norm ||*|| ;. . 4, g2 (cf. (iv)). The conclusion thus follows, since

1/2
{ % IIT,,(n)Ilz} =nlg for all neVy(w). 0
«,p

4. The two-dimensional membrane shell model

Let the space V(w) of inextensional displacements be defined as in § 3. If V(w) = {0}
(there exist such instances), the first non-zero term { =(;) of a formal asymptotic
expansion as powers of ¢ of the covariant components of the three-dimensional
displacement is independent of the transverse variable, and it solves the following
two-dimensional shell model, called the membrane modet:

LeV,(w) and B,({,n) = L(n) for all neV,(w),
where
Vi(w)={n=n);n.eH (@), n3€ L*(w),n, =0 on y,},

B,(Gw= f ea*°y_ (0)7,,)\/ady,

and the linear form L has the same expression as in § 2 (the tensors (a*#*°) and (?,,('l))
are defined as in §1).

The existence and uniqueness of the solution of the above variational equations
are consequences of the following result:

Theorem 3. Assume that the boundary y is of class €3 and that y, = y. Assume further
that @ is analytic in an open set o' containing @. Assume finally that the surface S is
uniformly elliptic, in the sense that there exists a constant b such that

b>0 and b, ,(y)¢*¢ > bIE|?

for all ye® and all & = (£*)eR?, where (b,) denotes the second fundamental form of
S. Then there exists a constant B, such that

By >0and B,(n,n) = B, ”q"i]'(w)x H'(w) x L(w)
for all neV, (v) = Hj(w) x H}(w) x L*(w). O
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Two different proofs of Theorem 3 are given in Ciarlet and Sanchez—Palencia [12,
13], and in Ciarlet and Lods [11]. It is the latter proof that we sketch here.

Outline of the proof of Theorem 3
(i) By part (i) of the proof of Theorem 1, there exists a constant C5 > 0 such that

172
B0 > Cs{z}, llv,,,(n)lii;}

for all neH! x H* x L2 Tt thus suffices to show that there exists a constant C¢ >0
such that

1/2
{2‘; ”)’aﬁ(ﬂ) “iz} 2 ColMl gy gy 12

for all n=(n;)eHy x H x L? (recall that we assume y, = 9).
(ii) Using the same arguments as in part (ii) of the proof of Theorem 1, i.e., in particular
the lemma of J L Lions and the open mapping theorem, one successively shows that

{n=m)me L% y,,meL*} =H' x H' x L?,

and that there exists a constant C, >0 such that the following generalized Korn’s
inequality holds:

1/2 1/2
{% 1712 + 2. s Hfz} 2 C7{Z 2l + lins "iz}

for all neH* x H! x L2
(iii) One next establishes another rigid displacement lemma: If the surface S is uni-
formly elliptic (this assumption is needed from now on), the space

R(w) = {n=(n,)eHy x Hy x L*y,,() =0 in o}

is finite-dimensional. To this end, one first observes that, if {=((;)eR(w) then
§:=((,)eH} x H} solves the variational equations

Ao (G + 4,G M) =0 for all fi:=(n,)eHg x H,

where

.

> 51
Ao ) = { 2 —=20,(,0 1’11+(52C1 b 018 1)62"1}dy
v o i1
b b
“52C252nz+(51Cz—2b#0252>0m2}dy,

22

+

LY

A, G = {

22

b
{,0im + 2(5‘—21"‘1’1 - rﬂ)(ﬁz%}d)’

11

I

basp )
b,

by, b

b )C 52’12+2<bl2r" —Flz)C 51'12}

22

+ 11"

o
Alm
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One next shows that there exists a constant Cy > 0 such that

Ao 7)) = Cy i} g for all fy=(n,)eH} x H}.

Since there exists a constant C, > 0 such that
Al(ﬁa;l) = — 2C8 C9 ";1"1_1 x L} “;‘"Hl x H! for a“ ;IGHI X Hl,

one easily deduces that the operator T from L? x L? into H) x H} defined by the
relations

(Terndy= f g*n.dy, where 2 = 2Cg(C,)?,

(]

Ao(Tq,rv+A1(Tq,ro+zf

w

for all n=(n,)eHg x Hg, is compact.

Since {eKer(I —AT) and Ker(I — AT) is finite-dimensional (T is compact), the
assertion is proved.
{iv) By refining the regularity assumptions on the boundary y (which was so far
assumed to be only Lipschitz-continuous) and on the mapping ¢ (which was so far
assumed to be of class ¥2 on @), we can strengthen the result of part (iii). More
specifically, we show that, if y is of class 43, and @ is analytic in an open set '
containing @, the space R(w) (as defined in (iii)) reduces to {0}.

Consider the boundary-value problem:

[,@:=16,{, T, {,—b,,{3=0in o,

1 1 .
[)’12(§)3=]§‘72C1 +§31Cz —-I1%,{,—b,,{3=0in o,
[yzz(g):=]aZC2 _rgch_an; =0 in , Cl =0 on 'y

This first-order system is a uniformly elliptic system (the assumption of uniform
ellipticity of S is needed here) that satisfies the supplementary condition on L, and
{, =0 on yis a complementing boundary condition, in the sense of Agmon et al [1]
(this was first observed by Geymonat and Sanchez-Palencia [16]).

We thus need to show that { = 0 is the only solution to the boundary value problem:

{yaﬂ(Q) =0inaw,
{.=0o0ny.

Since the boundary 7 is not a characteristic curve for the reduced Cauchy problem
where {; has been eliminated, Holmgren’s uniqueness theorem shows that { =0 is
the only solution in a small enough neighborhood of any point of y (the coefficients
are analytic in @’ because @ is analytic in ’).

By a result of Morrey and Nirenberg [21], any solution of a uniformly
elliptic system whose coefficients are analytic in w is analytic in w. Therefore { = 0 is the
only solution in , by the analytic continuation theorem for analytic functions of
several real variables.

(y) In order to conclude, it suffices to show that there exists a constant C 10> 0 such
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that

1/2

1/2
{gmwwﬂ»zq{;mﬁ} for all neH1 x H1 x L7,

as the desired inequality (that involving the constant C, cf. part (i)) will then follow
from the inequality established in part (ii).

If this assertion is false, there exists a sequence (n*) of elements in H} x H} x L?
such that

1/2

1/2 '
{Z Ilv,,(n*)lli;} —0as k— o0 and {Z ||qf||iz} =1 for all k.
af i

Hence there exists a subsequence (') and an element n = (n,)e H) x H} x L? such that
(— and = denote strong and weak convergences, respectively):

fy—N, in Hy, n,—n, in L, n}y—n; in L2.

Since 7,,(n')—7,,(n) in L? on the one hand and y,,(n')—0 in L? on the other, we
first conclude that n =0, by (iv).

The convergences y,,(n)—0 in L* and 5, -0 in L?, combined with the definition
of the functions y_,(n) imply that (b,,€C°(@) does not vanish in @, by the assumed
uniform ellipticity of S)

az"‘l +al"’2 —2%61”,1 —’0 in Lz,
11

b .
Oy — f&lq'l —0in L2
11

From these convergences and the relations

f%%m%®=f&%%%®,

(/]

we then infer that
(] b12 1 2 l 2 1\2
a2”1_—61’11 +—“3(b11b22_(b12) )(al"l) dy—»O
L] bll (bll)

This last convergence, combined with the uniform ellipticity of S, then implies that

1 1 .
my=-—0an, ——(@n, —b,,ny)»0in L%
bll bll

1/2
Hence n' =0 in L? x L? x L?, which contradicts {z It i;} =1, and the proof
i

of Theorem 3 is complete. a
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