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Factors for | N, p,; |, summability of Fourier series
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Abstract. In this paper two theorems on | N, p,; 6], summability factors, which generalize
the results of Bor {4] on |N, p,|, summability factors, have been proved.

Keywords. Fourier series; summability factors; absolute summability.

1. Introduction

Let Za, be a given infinite series with partial sums (s,) and let (p,) be a sequence of
positive numbers such that

P,=3Y p,»o as n-oow, (Po;=p_;=0,i=1). m

v=0

The sequence-to-sequence transformation

1 »n
ty=—
=P U;O PoS, 2
defines the sequence (t,) of the (N, p,) means of the sequence (s,), generated by the
sequence of coefficients (p,). The series Za, is said to be summable |N,p,[,, k> 1, if
(see [1])

Q0

Y, P/t~ ta-y [F < 0 &)

n=1

and it is said to be summable (N, p,; (., k=1 and 8 >0, if (see [2])
Z (Pn/pn)6k+k_1|tn_tn—1|k<(X). (4)
n=1

In the special case when p, = 1 for all values of n (resp. 6 =.0), |N, p,,; |, summability
is the same as |C, 1;8}, (resp. N, p,|.) summability.

Let f(t) be a periodic function with period 2z and integrable (L) over (— =, 7).
Without any loss of generality we may assume that the constant term in the Fourier
series of f(¢) is zero, so that

j " fode=0 ©)

-
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and

FO~ Y (@,cosnt +b,sinnt)= 3 A,(). ©)
n=1 n=1
We write

o0 = 00+ 04 5=} 0,0 [ i) and A4y =2,
0

2. Quite recently Bor [4] proved the following theorems.
Theorem A. Let the sequence (p,) be such that
P, = O(np,) Q]
PnApn=0(pnpn+1)' (8)

If ¢@,(t) is of bounded variation in (0, n) and (4,) is a sequence such that

K 1 i
3 ot <oo ©)
and

Y |A4,| < o0. (10)
n=1 .
then the series TA,(t)P,A,(np,)~" is summable |N,p,|, for k> 1.

Theorem B. Let the sequence (p,) be such that conditions (7) and (8) of Theorem A
are satisfied. If La, is a series of complex terms such that

B,= Z va, = O(n), an

then the series £a,P,4,(np,) ™" is summable |N, p,|; for k> 1.
3. The aim of this paper is to prove above theorems for | N, p,; 6|, with k> 1 and
6 = 0, summability. Now, we shall prove the following theorem.

Theorem 1. Let the sequence (p,) be such that conditions (7) and (8) of Theorem A are
satisfied and

= L1 1
H};U(P,./P..)‘”‘ E_-I—O{(P.,/p.,)""?v}- (12)

If ¢,(t) is of bounded variation in (0,n) and (4,) is a sequence such that

1n""‘llﬂ.,,l"<oo 13)

118

n
and

n¥*|Ad,] < oo, (i4)

8

W

n=1

then the series T A,(t)P,A,(np,)” " is summable |N,p,; 5, for k=1 and 6 >0.
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Theorem 2. Let the sequence (p,) be such that conditions (7) and (8) of Theorem A and
condition (12) of Theorem 1 are satisfied. If condition (11) of Theorem B is satisfied
by the series Za,, then the series £a,P,A,(np,)” " is summable |N, p,; |, for k> 1 and
6 =0, where (A,) is as in Theorem 1.

4. We need the following lemmas for the proof of our theorems.

Lemma 1. If ¢,(t) is of bounded variation in (0, %), then

3 04,(x) = O(n) as n— . (15)

v=1
This lemma is a particular case of Lemma due to Prasad and Bhatt ([5], Lemma 9).

Lemma 2. ([3]). If the sequence (p,) is such that conditions (7) and (8) of Theorem A
are satisfied, then

A{P,/(p,n*)} = O0(1/n?) as n— co. (16)

5. Proof of Theorem 2. Let(T,)denote the (N, p,) mean of the series Za, P, 4,(np,) ™.
Then, by definition, we have

v 1 n
Dy Z ail:’i'li(ipi)_1 =45 Z (Pn _Pu—l)avPvlv(vpu)~l'
° =0 P,,=%

™M=

1
T,=—
n P"

Then, for n > 1, we have that

Dn - -
Tn— Tn—l =P,,P,,_1 vZIPu—IPvavlv(vpv) 1'

By Abel’s transformation, we have
n—1
Tn - Tn—l = Bn'lnn_2 _pn(PnPn—l)—1 Z pvPva)'v(vzpv)—l
v=1
n—1
+pn(PnPn—-l)_1 Z PvPvA}'va(vzpv)_l
v=1

n—1
+p”(P"P"‘1)~1 ZlPqu]'v+1A{Pv/(Uzpv)}
= 7;',1 + Tn,z + Tn‘3 + Tn'4, Say_

To complete the proof of the theorem, by Minkowski’s inequality for k> 1, it is
sufficient to show that

Y (Pu/p)* T, k< o0, fori=1,2,3,4.
n=1
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Firstly, we have that
Z (Pu/pa Y "N T, = Z (Po/Pa)*(Po/pp) ™ | An)|B,Fn =2
=0(1) Z ok ], [knkn = 2

=0(1) 2 n% 1,1k
n=1
=0(1) as m— oo,

by virtue of (7), (11), (13).
Now, when k>1 applying Holder’s inequality, with indices k and k', where
1/k + 1/k’ = 1, we have that

<lp,P,B,A,
2______

v=1 Upv

mel m+1
ZUWMW*WQJ=ZHmmW”;
n=2 sl

n—1

m+1 n—1 Pu Bv iv k
<Y e zm%##i}

vep,
1 n-1 k-1.
x v
{Pn~l";1p }

=0(1) ¥ pl4,[(P,/p,)"| B, [0~

v=1
m+1 1
x ¥ (Pap) T 5—
n=v+1 Pu-—l

=0(1) 3. (Pu/p ™ (Po/p} ™ 1B Anlto™

=0(1) Y v* 74,
v=1

=0(1)

as m— o0, by (7), (11), (12) and (13).
On the other hand, since

n—1 n—-1
v=1 v=1

n—-1v=1

by (14), we have that

e 1PPBA/1)

zwmm“mw<2mmwyk\ P

m+1

Zwmm“- {ZPMH

lll
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1 n-1 k~1
X (Pv/pv)levlkv_ZI‘} X {P > PU|A/U}

n-1v=1

=0(1) Zl P,|AA|(P,/p,)|B, v %

m+1

X z 1(Pn/pn)‘m_l—_—_

n=v+ Pv—l

=0() §, (Pu/p ) (Pu/p 1B o418

=0(1) ¥, v*|A%,)

=0(1),

as m— o0, by virtue of (7), (11), (12) and (14).
Finally, using the fact that A{P,/(v*p,)} = O(1/v?), by Lemma 2, we have

m+1 _ m+1 _ 1
Z (Pn/pn)ak+k ! I Tn,4|k < Z (Pn/pn)ak IF—
n=2 n=2 n—1

n—1
x .,; Py|B,||2,+ 1 |A{(P,/(v*P,)}

m+1
=0(1) ;2 (P./pn)* 1 { Z p.(P,/p,)v™?

Py

k
X |Bv||iv+1|}

m+1 1 n-1
=0(1) Zz (Pu/p)*? P { ; (Py/p,)ep v~

-1
xlBu|k|Au+1|k}X{ lev}
n 1v

=0(1) Zl (Po/PoY Pyl Ao st [ By 0™ 2

m+1 1
x Y (Pu/p ™!
n=v+1 Pn—1

=0(1) 3 (Pu/p ™ (Pulpu) e Foro™ 2

o) 3 1y,
v=1

=0(1)
as m— oo, by (7), (11), (12) and (13). Therefore, we get that

Y (Pa/p)* U T, [F = O(1) as m— oo, for i = 1,2,3,4.
n=1
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This completes the proof of Theorem 2.
Proof of Theorem 1. Theorem 1 is a direct consequence of Theorem 2-and Lemma 1.

Remark. If we take 6 =0 in our theorems 1 and 2, then we get Theorem A and
Theorem B, respectively. Because in this case the conditions (13) and (14) reduce to
conditions (9) and (10), respectively. It should be noted that in this case condition
(12) is obvious.

If we take p, = 1 for all values of n in Theorem 1, then we get the following corollary.

COROLLARY

If @,(2) is of bounded variation in (0, n) and (1,) is a sequence such that conditions (13)
and (14) of Theorem 1 are satisfied, then the series X A,(t)4,, at t = x is summable
{C, 1,6,k = 1, provided that 1 — 6k > 0.
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