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The states of the character ring of a compact group
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Abstract. Deligne's generalization of the Hadamard-Vatl6e Poussin method in classical
number theory is formulated as the representability of certain states of the character ring of
a compact group, and the determination of all the representable states is carried out.
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1. Introduction

The aim of this note is to make a few simple remarks on Deligne's generalization of
the well-known method of H a d a m a r d - d e la Vall6e Poussin in classical number theory
([2], w2; see also the nice exposition by Moreno [4]). The H a d a m a r d - d e la Vall6e
Poussin method, as treated by Mertens, permits one to prove that the Riemann Zeta
function and other L-functions do not vanish on the line Re(s) = 1 (see [1]). Deligne's
generalization leads to similar non-vanishing results for the L-functions that arise in
non-classical situations. One may view the essential point in the proof of Deligne's
main lemma as the assertion that a certain state of the complex character ring of a
compact group is defined by an invariant measure on the group. This approach raises
the questions that are discussed here.
Let G be a locally compact group and let Rz(G) be the ring of integral linear
combinations of the irreducible finite dimensional unitary characters of G. Write
R(G) = C | Rz(G). Rz(G) is canonically isomorphic to the Grothendieck ring of the
virtual finite dimensional unitary representations of G; R(G) is a commutative algebra
over C with an involution *(a~aC~
If G B, is the Bohr compactification of G, we
have Rz(G ) g Rz(G n) and R(G) --- R(G B) canonically, so that one may always suppose
G to be compact; we shall do so from now on. Then Deligne's generalization is a
consequence of the following lemma (Lemma 2.1.5 of [2]):

Lemma I. Let v be an additive map of Rz(G) into Z with the following properties.

(a) v(1) = 1; V(T)~< 0 for all irreducible T ~ 1,
(b) v(T*)= v(T),
(c) v(TT*) >i 0 for all T~Rz(G).
Then v(T)= 0 for all irreducible ~, except possibly for a single T = To; such a To is
necessarily of degree 1, (%)2 = 1, and V(To)= - 1.
* Research partially supported by NSF Grant 85-01742.
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It is actually sufficient to require (c) only for unitary characters ~, i.e., actual, not
virtual characters ~, but possibly reducible. Indeed, if this is so and ~ ~ Rz(G) is arbitrary,
we can write ~ = ~ - ~2 where ~ , ~2 are characters of actual representations p~, p2
with no common irreducible constituent; the trivial representation does not occur in
p~ |
and (pl)conj|
SO that, using (a), we have
v((~*) = v(~ ~ ~t*) + v(~2~ ~*) - v(~ t ~2,) _ v(r ~ , ) >10.
For finite G the proof is as follows. Taking ~ to be the character of the regular
representation and using 3 to denote irreducible characters, we get
0 ~< 1 + X,, t deg(z) v(z) = 1 - X,,~1deg(3) l v(3)].
So either v(3) = 0 for all irreducible 3 # 1 or else IV(3o)l = 1 for exactly one 3o # 1 with
V(Zo)= - 1, deg(3o) = 1; 3o then has to be real so that (30)2 = 1. If G is infinite, the
regular representation is infinite dimensional and one will have to modify this
argument. We extend v linearly to R(G), write v again for this extension, and note
that v is a state of the ,-algebra R(G):
v(~*) >t 0,

~R(G).

One would expect that the state v is defined by an invariant probability measure

p = pv on G:
v(O=f~dp,

CER(G).

If we assume this, Deligne's argument may be understood as follows. For any invariant
continuous function 0 let g^ denote its Fourier transform defined on the set of
irreducible characters by
0 ^ (*) = (O, 3) = f j T *

dx.

One has (gl *g:) ^ (3) = (gl) ^ (3)(g:) ^ (3) deg(3)- 1. Let kl be any invariant continuous
function on G which is >/0, symmetric, i.e., kl(X)= kl(x-1), and normalized by the
condition Sokl dx = 1, and let k = kl * kl. Then (k 1) ^ is real and k ^ = ((k 1) ^ )2 deg- 1 is
>/0. By the Peter-Weyl theorem, Z,k ^ (z)z converges to k in L2(G). But,
Z~lk ^(z)lsup 13[ ~ Z~k ^(3)deg(3) = X,(kt)^(x) 2 = 11kt 112< oo
so that we actually have
X,k ^ (z)z = k
in the topology of uniform convergence. Integrating this relation with respect to p
we get

Z,k ^ ('Or(3) = fG kdp >t O.
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Since ~Gkdx = 1 and v(z) ~< 0 for r r 1, we get, for any finite set F of such r's,
1 - X~Fk ^(r)l v(r)l >/O.
Let us now take k 1 = kin where the supports of the
k,^(t)~deg(T) for each 3, and so we get

kin

decrease to (e). Then, as n--, ~ ,

1 - E~vl v(r)ldeg(r) >/O.
Since F is arbitrary, we get
Z~llV(r)ldeg(r ) ~< 1,
and the rest of the argument is the same as in the finite case.
This leads us to ask if states of a commutative *-algebra, especially R(G), have
integral representations. We discuss briefly the notion of a state and its representability in w In w3 we shall determine which states of R(G) are representable by
invariant measures on G and complete the above argument by proving the
representability of v. We shall also give an example of a state of R(SU(2)) which is
not representable by an invariant measure on SU(2), but which is nevertheless
representable by a measure in SL(2,C), and we shall formulate a general result for
all compact Lie groups that subsumes this example. We also discuss briefly the case
when one deals with compact groups that are not Lie.
The author is grateful to Robert Blattner for m a n y interesting discussions on these
questions.

2. Commutative ,-algebras and their states
Let A be a commutative complex ,-algebra, i.e. a commutative algebra with unit over
the field C of complex numbers with an involution *(a** = a, 1" = I, (ab)* = a'b*,
and a~a* is conjugate linear). A linear m a p 2(A--*C) is a state if 2(1)= 1
and 2(aa*) >~0 for all a~A. The notion of a state of course makes sense even if A is
non-commutative; the terminology and motivation come from quantum mechanics.
It is standard that 2(a*)= 2(a) c~ and that (a,b)~: = 2(ab*) is a non-negative definite
Hermitian scalar product for A. If A is a C*-algebra, i.e. a Banach algebra such that
Ilaa* It = flail 2 for all a~A, then A is isomorphic to the C*-algebra of all complex
valued continuous functions on the Gel'fand spectrum of A; it is then easy to show
that there is a natural one-one correspondence 2,-~p2 between states 2 and probability
measures p2 on the Gel'fand spectrum given by 2 ( a ) = ~adp2(a~A) [3]. However, as
the example of R(G) shows, one often has to work with ,-algebras A that are neither
complete nor even normed; and it is natural to ask how much of the above integral
representation remains valid in the more general contexts.
Given A and a state 2 on A let N~ = {al(a,b)2 = 0 for all a~A}; then N~ is an ideal
in A and (.,.)2 defines the structure of a pre-Hilbert space on A/Nx; let o ~ be the
completion of A/N~ = ~f~0. For each a~A multiplication by a defines a linear operator
n l(a) on ~ o ; the m a p a --*n2(a) is a ,-representation and n2(a*) is the adjoint of n2(a)
in the sense that (n2(a)b, c)2 = (b, n2(a*)c)2 for all b, c~A. Guided by the theory of
,-representations we now make the following definition ([3] p. 99).
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DEFINITION 1.

A state 2 of A is called continuous if the rr2(a) extend to bounded operators on ~
for each aeA.
Obviously, if 2 is continuous, the n2(a) for self-adjoint a (a*= a) form a set of
commuting self-adjoint operators. This suggests making a second definition.
DEFINITION 2.
A state 2 of A is called regular if for each self-adjoint a, 7r2 is essentially self-adjoint
on j u
and the self-adjoint operators corresponding to different elements of A
commute strongly.
Strong commutativity means the commutativity of the spectral projections or
equivalently, the commutativity of the unitary groups generated by the self-adjoint
extensions.
Let Spec(A) be the spectrum of A, namely the set of homomorphisms of A into C;
it has an involution h--*h* given by h*(a)= h(a*)C~ the fixed points under this
involution form the set Spec(A)R of *-homomorphisms of A. We equip Spec(A)R (and
Spec(A)) with the smallest a-algebra of sets with respect to which the evaluation maps
h ~ h ( a ) (a~A) are all Borel. It is then natural to make the following definition.
DEFINITION 3.
A state 2 of A is called representable if there exists a probability measure p on Spec(A) R
such that

2(a) = f

adp,

(a~A).

Spec(A)R

If p is unique (resp. has compact support), 2 is called uniquely representable (resp.
compactly representable).
The mutual relationships among these definitions are generally known and are
summarized below. Let 2 be a state of A.
PROPOSITION 4.
(a) I f 2 is regular, it is uniquely representable. I f it is continuous it is regular.
(b) Suppose for each a~A there is a number t(a) > 0 such that

Z,>~ot(a)"lA(a")l/n! < oo.
Then 2 is regular.
(c)). is continuous r
is compactly representable r for each a~A there is a constant
L(a) ~ 1 such that ]2(a")l ~<L(a)~for all n >10.
(d) I f A has a single self-adjoint generator, all of its states are representable.
I do not prove this result since the proof involves only standard aspects of the
spectral theory of self-adjoint operators. If A is the polynomial algebra the representability problem is just the classical problem of moments. It is classical that there
is always a solution when the number of variables is 1 (this leads to (d)). I do not
know whether the states of an arbitrary countably generated algebra are always
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representable; if this is so, it would be of interest to examine the nature of the set of
extreme points of the convex set of representing measures for a given state.

3. States and spectrum of R(G)
We have
Theorem 1, Let G be a compact group and 2 a state of R(G). The following are equivalent:
(a) There are constants C > O, r >! 0 such that
I;,(T)I ~ C deg(z)'
for all irreducible characters ~ of G.
(b) There is an invariant probability measure p on G such that

2(a)=fadp,

a~R(G).

I f these conditions are satisfied, p is unique and we have the estimate

12(z)l ~<deg(z),

~ irreducible.

COROLLARY 2.
The state v of Lemma 1.1 satisfies the above estimate and is hence represented by a
unique invariant probability measure on G.
Proof. We begin with the Corollary. If z # 1 is an irreducible character,
zz* = 1 + ~,jmj'~j.

where the mj are integers > 0 and zj r 1 are irreducible characters; and we have
0 ~ v(T~*) = 1 - ~.jmjlv(*j)l ~ 1.

Consequently,
I v(m)l 2 = t(m, 1)vl2 ~<(z, z)v = v(zz*) <~ 1

showing that the estimate in question is trivially true for v.
We now take up the proof of the theorem. The non-trivial part is the implication
(a)=~(b). The uniqueness of p follows from the fact that R(G) is dense in the Banach
space of invariant continuous functions On G and a ~ S o a d p is a continuous linear
functional.
It is enough to prove (a)~,(b) when G is a Lie group. For, if this is done, we have
unique invariant measures pH on the Lie quotients H of G representing the restriction
of 2 to R(H) c R(G); and the uniqueness of pH shows that the system {(H, pH)} is
coherent, leading in a standard fashion to the required pG as lim H pH.
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For a Lie group G let p = Lie(G) and let X1 . . . . . X, be a basis for p, orthonormal
with respect to the form (X, Y)-, t r ( a d X a d Y) (X, Yep). Let the element [] of the
enveloping algebra of p be given by
[] = 1 - (x~ +...

+ x.~).

Then [] is independent of the choice of the basis and is invariant under the action
of G. We shall now view [] in the usual manner as a differential operator on G. If n
is an irreducible representation of G, n(["]) is a scalar depending only on the character
r of n, say c(z). Clearly c(T)>~ 1. We then have the following ([5], pp. 316-318;
(ii) may also be proved by Sobolev estimates for elliptic operators on compact
manifolds). (i) There are constants C > 0, r, s i> 0 such that
deg(z) ~< Cc(z)r, Z,c(z)-s < o%
where z varies over the set of irreducible characters of G.
(ii) The collection of seminorms

for r = O, 1, 2 .... , already induces the topology of C~
It follows from this that for f in C~

Z,f ^ (z)z = f#:= fG Ad (u)f du,
the series converging absolutely in C~(G).
The key to the proof is to show that the estimates for 2 permit us to extend 2
uniquely to C~
as a distribution in the sense of L. Schwartz on G. Indeed, the
estimates (a) shows that for some m/> 0, 2(z) = O(c(z)m). Since f ^ (~) = O(c(z)-q) for any
q t> 0, for any feC~176 we can define

T(f) = Z,A(z)f ^(z) ( f eC~
Obviously T = 2 on R(G).
It follows from the estimate
I f ^(z)l ~< c(z) -q 11l--lqf 112
that
[ T(f)I ~< C [I I-Imf 112
showing that Tis an invariant distribution on G. Since Tis an extension of the state
2, it is clear that T ( f f * ) ~ > 0 for all invariant feC~(G), hence T(g)~>0 for all
non-negative #eC~(G), as T is invariant. But then Tis a measure, by a classical result.

Example I. Let G = SU(2), Gc = SL(2, C) and let T (resp. Tc) be the diagonal subgroup
ofG (resp. Gc). The irreducible characters ~ of G satisfy 9 = z* and so a homomorphism
2(R(G) ~ C) is a state as soon as 2(z) is real for all z. The irreducible characters of G
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are the r. (n >/0) where
z,(diag(z, z - 1)) = z" + z "-2 + ... + z - "
Note that the elements of R(G) are (holomorphic) functions on G c and so evaluations
at points of Gc define homomorphisms of R(G). Since deg(z,) = n + 1, the estimate in
Theorem 1 becomes 2(z,)= O(nk) for some k ~>0. Let r be a real number >1 and
let g(r)= diag(r, r-1). Then 2(r)(~ ~ ~(g(r)))is a state; but
I A(r)(v.)l = r" + ... + r - " ~ r" + r - "

and so )~(r) cannot be represented by an invariant measure on G.
The point of this example is that SpecR(G) R is not exhausted by the conjugacy
classes of G. Indeed, if we identify R(G) with C[z,z-X]w where W is the reflexion
z ~ z-1, we see that Spec (R(G)) = W \ C and so Spec(R(G)) gets identified with the set
{ f i r > 1}LI(W\T) ( T = u n i t circle); only the points of T correspond to conjugacy
classes in G.
The well-known representation theory of semi-simple groups can be used to show
that essentially all aspects of this example generalize to the case where G is compact,
semi-simple and simply connected. We may then view G as a real form of the complex
group C c whose Lie algebra ~c is the complexification of ~ = Lie(G). Let T be a
maximal (topological) torus of G and Tc the maximal (algebraic) torus of Gc containing
T. The compact group G defines the conjugation ~ ~ 3" in R(G). Let

TR = {tETcl~*(t ) = ~(t)* for all ~eR(G)}.
If W is the Weyl group of (Gc, Tc), it is obvious that T, Tc and TR are all invariant
under W. We have T c Tl~, but in general, T =/=T R. We select a positive chamber in
T c and parametrize the irreducible characters of G by z,,/~ a highest weight. We
write o(#) for the order of/~. The following theorem is then not difficult to establish.
Theorem 3. A state of A of R(G) is continuous if and only if for some constant D >~ 1,

[2(%)[ ~<D~

for all highest weights I~. The continuous states are precisely those uniquely represented
as integrals with respect to compactly supported W-invariant probability measures
o v e r T n.
From the point of view of conjugacy classes, we know that W \ T c is the space of
all semi-simple conjugacy classes of Gc. In the previous theorem we may actually
assume that G is any compact Lie group, connected or not. Then G c is defined as the
spectrum of the algebra which is the (Hopf) algebra H(G) of matrix coefficients of G.
If we drop the assumption that G is Lie, H(G) and Gc can still be defined and Gc
becomes a proalgebraic group. It will be interesting to describe Spec(R(G)) and
Spec(R(G)) n in terms of semi-simple conjugacy classes in this situation.
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