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Traces of Eichler-Brandt matrices and type numbers
of quaternion orders
OTTO KORNER
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Abstract. Let A be a totally definite quaternion algebra over a totally real algebraic number
field F and M be the ring of algebraic integers of F. For any M-order G of A we derive
formulas for the mass rn(GJand the type number t(G) of G and for the trace of the
Eichler-Brandt matrix B(G,J) of G and any integral ideal J of M in terms of genus invariants
of G and of invariants of F and J. Applications to class nttmbers of quaternion orders and
of ternary quadratic forms are indicated.
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1. Introduction
Let F, M, A, G, rn(G), t(G) and B(G, J) be as in the abstract above (s. definitions of these
concepts in the following sections). The formulas for re(G) (s. T h e o r e m 1) and for the
trace Tr B(G,J) (s. T h e o r e m 2) and for t(G) (s. T h e o r e m 3) we derive in this paper
generalize results that were obtained by Eichler [2], Peters [10] and Pizer [11],
[12] for M-orders G of special type. F o r general G some of our results were stated
without p r o o f in [8]. Similarly as Pizer [! 1] we use for our proofs integration on
some quotient spaces of the idele g r o u p of A and an elementary version of Selberg's
trace formula (s. L e m m a 2). It is clear that the results can be applied to the c o m p u t a t i o n
of the class n u m b e r h(G) of G because of the relation h(G) = Tr B(G, M). An application
to any totally definite ternary quadratic M-lattice L is as follows. The second Clifford
algebra Cz of the quadratic F-vector space F |
is a totally definite quaternion
algebra over F. Consider the M - o r d e r OL of C 2 corresponding to L in the sense of
Eichler [3], w 14. Then the type n u m b e r t(OL) equals the n u m b e r of all classes in the
genus of L, as can be seen by deductions analogous to [10].

2. Notations, definitions and known consequences
By IS[ we denote the cardinaljty of any set S. F o r any ring R with unit element we
denote the multiplicative g r o u p of all units of R by U(R).
First, more generally than in the introduction, let F be the quotient field of-any
Dedekind d o m a i n M and A be a separable finite dimensional F-algebra. Subalgebras
(e.g. F) of A are supposed to have the same unit element as A. Denote by P the set
of all maximal ideals of M. If peP, then the spot of F corresponding to p is also
denoted by p. An M-lattice on A is defined to be a finitely generated submodule of
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the M-module A containing an F-basis of A. An M-order of A is by definition an
M-lattice on A containing M and being a subring of A. For any M-lattice A on A
the sets A " ) = {xeAlxA c A } and A Irl= {xeA[Ax c A } are M-orders of A. Let G be
any M-order of A. Then an M-lattice A on A with G c A I~ or G c A "~c~A trl is called
a left ideal or a two-sided ideal of G respectively. A left ideal A of G is called invertible,
if AA- 1 = G, where A - 1 = {x~A IAxA c A}; A is called integral, if A ~ G; it is called
primitive, if A is integral, invertible and not contained in pG for all peP.
Now let F be an algebraic number field or the completion of such a field at a
discrete spot, and let M be the ring of integers ofF. For any spot p o f F (not necessarily
in P) we denote by Fp the completion of the field F at p and by Ap the topological
Fp-algebra being the completion of A with respect to the p-adic topology. Denote by
Po the set of all spots p of F for which Ap is a skew field. If S is a subset of A, then
let Sp denote its closure in Ap. If peP, then U(Ap) is an open subset of Ap and (with
respect to the subset topology) a locally compact group with a countable basis for
its topology, and U(Gp) is an open compact subgroup. In the following H always
means the product over all peP. The restricted idele group U(A) of A is a subgroup
of I]U(Ap) and defined to be the union of all sets of the form T = l-ITtp~, where T Ip)
is any open subset of U(Ap) such that T tp~ = U(Gp) for almost all p (i.e. for all but
finitely many); and the sets T are to form a basis for the (open sets of the) topology
of U(A). This way U(A) becomes a topological group whose definition is independent
of the choice of the order G, since for any other M-order G' of A one has G'p= Gp
for almost all p by the Local-Global Principle for M-lattices I-9]. The group U(A)
is locally compact and has a countable basis for its topology. The group U(A) is
viewed as a subgroup of U(A) by the diagonal embedding. If K is any subalgebra of
A, then U(K) is regarded as a subgroup of 0(A) by the canonical inclusion map. If
A is an M-lattice on A and x = (xr)e U(A), then we denote by Ax the unique M-lattice
on A satisfying (Ax)p = Apxp for all peP. Analogously xA is defined.
Additionally let A be F or a two-dimensional separable F-algebra or a quaternion
algebra over F. Then it is known [-6] that an M-lattice A on A is an invertible left
ideal of G, if and only if A = Gy for some y e U(A). Two invertible left ideals A, A' of
G are said to be in the same class, if A' = A x for some xeU(A). The number h(G)
(possibly infinite) of the classes of all invertible left ideals of G is called the class
number of G. Since A = Gy, A' = Gy', y,y'eO(A), we have A and A' in the same class,
if and only if y' lies in the double coset U(G)yU(A), where U(G) denotes the subgroup
I-IU(Gp) of U(A). Hence h(G) equals the cardinality of the set O(G)\U(A)/U(A) of all
double cosets. Since U(M) = I-IU(Mp) is a subgroup of U(G) and of the centre of U(A),
the canonical homomorphism k: U(A)--, U(A)/U(M) yields

h(G) = [U(G)\ O(A)/U(A)I : Ik(OiG))\k(O(A))/k(U(A))I.

(l)

Additionally let A :~ F. Then we denote by T(x) = x + x* the reduced trace and by
N(x) = xx* the reduced norm of any xeA, where x ~ x* is the standard involution of
A. The norm N(A) of any M-lattice A on A is defined to be the submodule of the
M-module F generated by the reduced norms of all elements of A. Apparently N(A)
is a fractional ideal of M (i.e. an M-lattice on F). We denote by v(G) the set of the
norms of all primitive two-sided ideals of G.
From now on let F, M, A and G be as in the introduction. That A be totally definite
means that all archimedian spots of F belong to Po, in other words: N(x) is a totally
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positive number in F for all non-zero xeA. The reduced discriminant dr(G) of G is
defined to be the integral ideal of M satisfying (dZr(G))p= Mpdet(T(x~px*p)) for all
peP, where x~r ..... x4r is any Mr-basis of G,. In the Theorems 1-3 and their proofs
i-I' means alwavs the product over all peP satisfying p[d,(G).

3. Tools from integration on groups

The following elementary Icmma lwhose proof is obvious) is convenient for proving
the finiteness of class ~umbers.

Lemma I. Let D he a discrete subgroup o[ a locally compact group L and B be an open
compact suh a,roup Of L. Then the set B'\L/D is.finite, if and only if the homogeneous
space L/D is compact.
Let D, L, B be as in Lemma 1 and suppose that LID is compact and that L has a
countable basis for its topology. Then D as a discrete subgroup of L is countable
(possibly finite), and L is unimodular. Denote by tt the left invariant Haar measure
on L with # B t = 1. That L is unimodular means that tt is also right invariant. For
any s~D let D{st denote the centralizer ofs in D, and #~ be the L-left invariant quotient
measure of 11 on L/Dis) normalized bv the condition
( .fr
.j L

f

( ~ f(x.r

d L/D~s~ \,eeD~s)

for every comple•
consequence of t2) is

dtt~{xo(s))
/

(2)

"

continuous function of on L with compact support. A

/tJ BxD{s)/D(s)) = tx- 1Bx ~ Dr

1

(3)

for all xeL. Under the conditions for D, L, B assumed as above one has

Lemma 2. Let BxiD {i = 1 . . . . . t-I) be the d!fferent double cosets with x i e L , and let f
be a complex-valued continuous .function on L, with compact support such that
f(blxh2) = fIx)Jbv all xeL, h I, b2eB. Then in the series R(x)= ~ f ( x g x - l ) almost
all terms vanish, !f the variable x is restricted to any' compact subset of L. Furthermore
It

~" lxf'Bx;.~DJ-'R(x;)---- ~ I,,
i=

1

(4)

s~5;

where

I, = t

f{xsx- 1)d.3xD(s))

d L Ols~

and S denotes any.fixed svstem of representatives for the conjugacy classes in D.
Proq(. From Selherg's trace formula [13] it is possible to deduce (4); but for the
convenience of the reader I prefer to present here an elementary direct proof. Since
f has compact support and D is discrete, almost all terms of the series R(x) vanish
on every fixed compact subset of L. The series defines a continuous function on LID
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being constant of value R(xi) on each set Bx~D/D. These sets form a disjoint covering
of LID. Therefore, if one denotes the left hand side of (4) by F, it follows from (3) that

F = ~ R(x)dl~l(xD)
JL/O

(1 = unit element of D).

Denote by M(s) any system of representatives for the cosets gD(s) with g~D. Then
R(x) = ~ ~ .f~(xg) with the abbreviation f~(x) = f ( x s x - 1), and hence
seS #~M(sl

seS

j LID \ g~M(s)

/

The substitution formula for integrals based on (2) shows that J~ = I~, q.e.d.
4. Mass and Eichler-Brandt matrix
The finiteness of the class number h(G) is evident from (1), Lemma 1 and the following
lemma.

Lemma 3. (a) The group index (U(G): U(M)) is finite. (b) The group k(U(A)) is locally
compact, has a countable basis for its topology and k(U(G)) as an open compact subgroup
and k(U(A)) as a discrete subgroup. The homogeneous space k(U(A))/k(U(A)) is
compact.
Proof The group homomorphism U(G)~ U(M)/(U(M))2, defined by x ~ N(x)(U(M)) 2,
has the kernel U1U(M), where the set U 1 = {x6G[N(x) = 1} is finite, since A is totally
definite. Hence (U(G):U(M))~]UIt(U(M):(U(M))2), where the last term is finite by
the Dirichlet Unit Theorem. This proves (a). Since t~(M) is a closed subgroup of U(A),
the group k(U(A)) is Hausdorff. Since U(A) is locally compact, has a countable
basis and U(G) as an open compact subgroup, the corresponding images under k
have the same properties. In order to prove that k(U(A)) is discrete, it suffices to show
that its intersection with the open set k(U(G)) is finite. This intersection equals
k(O(G)n U(A)) = k(U(G)) ~- U(G)/(U(G)c~ U(M)) = U(G)/U(M), and this is finite by (a).
If G is a maximal M-order of A, then h(G) is known to be finite [1], hence
k(U(A))/k(U(A)) is compact by (1) and Lemma l, q.e.d.
Let GI ..... Gh (h = h(G)) be any system of representatives for the classes of all
invertible left ideals of G. Then the mass re(G) of G is defined by
h

m(G) = ~. (U(GIr~):U(M))- 1.
i=1

This is independent of the choice of the representatives Gi, as is clear e.g. by the
following theorem.
Theorem 1. One has

re(G) - 2D3/2hv~v(2) N,(d,(G)) I-]'
1 - Na(p) - z
(2702"
1 - (Gp/p)Na(p)- 1,
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here DF is the absolute discriminant, h v the class number, n the degree, (v( ) the Dedekind
zetafunction of the number field F, and Na( ) means takin9 the absolute norm of ideals
of M, and (Gp/p) is the Eichler symbol of the M forder Gp of Ap as defined in [7].

Proof. We have Gi = Gai with ai60(A), hence GI')= ai-1Gal. According to Lemma 3
we may apply (3) to the case L = k(U(A)), B = k(U(G)), D = k(U(A)). By (1) there is
the disjoint union
h

L = ~ Bk(al)D,

(5)

i=1

hence from (3) it follows that #1(L/D)= ~[k(ai)-1Bk(ai)nDl-1
Now
Ik(a,) - 1nk(ai) c~D[ = Ik(U(G~"))n U(A)) [ = Ik(U(GI'))) [
= (U(GI')): U(GI")) n U(M)) = (U(GI')): U(M)),
hence #I(L/D) = re(G) with respect to the normalization #(B) = 1 of the Haar measure
# on L. Therefore, if G' is any maximal M-order of A containing G, we obtain
m(G) = m(G')(O(G'): O(G)). Because of (U(G~,): U(Gp))= 1 for all pXd,(G) this becomes
re(G) = m(G')I-I'(U(G'p): U(Gp)). Inserting here the value of m(G') obtained by Eichler
[1] and the value of (U(G'p):U(Gp)) derived in [8], we arrive immediately at the
assertion of Theorem 1, q.e.d.
Let G 1. . . . . Gh be as before. Then G71G1 . . . . . G7 1Ghis a system of representatives
for the classes of all invertible left ideals of GI"). Let J be any integral ideal of M and
denote by nij(J) the number of all integral invertible left ideals of GI") that are in the
same class as GZIGj and whose norms equal J. Following [2] we define the
Eichler-Brandt matrix B(G, J) of G and J to be the matrix (~o(J)). Its trace Zrc,(J)
is denoted by Tr B(G, J), in particular it follows that Tr B(G, M ) = h(G).
We denote by R any system of representatives in the multiplicative group U +(M)
of all totally positive units of M for the cosets of the subgroup (U(M)) 2. According
to the Dirichlet Unit Theorem R is finite. For a fractional ideal I of M and fl~ U(F)
we denote by C(I, fl) the finite set consisting of all a ~ l with ~2 _ 4fieF 2 for all P~Po.
For each a~C(l, fl) we fix any algebraic number x = x(~, fl) satisfying x 2 - ctx + fl = 0.
Then our result on the trace of Eichler-Brandt matrices is as follows.
Theorem 2. Let J be any integral ideal of M. l f Tr B(G, J ) ~ 0, then J = tiM for some

totally positive fl~M and
Tr B(6, J) = Jam(G) + Z E~(~)
h(fl)
.... n
2(U(~): U(M))"

Here 6 a = 1 or 0 accordin9 as J is the square of a principal ideal of M or not. The
conditions for summation are: e eR, ct~C(M, eft), and the sum is over the finitely many
M-orders f~ of the quadratic field extension Fix] o f F satisfyin9 x = x(~t,efl)e~. There
h(f~) is the class number off~ and E~(f~) = H'E(f~p, Gp), and E(~p, Gp) is the number of the
classes o f all optimal embeddings ~)p --* G p.
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For numerical applications of Theorem 2 it remains to compute the embedding
numbers E(f~p, Gp). For orders G of special type this has essentially been done by
Eichler 1,2-1, Hijikata 1,5,1 and Pizer 1,12,1. Before proving Theorem 2 we have to say
something on the definition and general properties of the embedding numbers. Let
K be any quadratic field extension of F and f~ be an M-order of K. We fix any peP.
Then f~p is an Mp-order of the separable Fp-algebra Kp. An optimal embedding
qJ:f~p~Gp is by definition an Fp-algebra monomorphism ~ : K p ~ A p such that
Gpn ~(Kp)= ~,(f~p). We say that two optimal embeddings ~,, ~b':f2p ~ Gp are in the
same class, if there exists an element u of U(Gp) with ~k' = %if, where % denotes the
inner automorphism x ~ uxu-~ of A r We denote by 1,~b] the class of an optimal
embedding ~. The embedding number E(f~, G~) turns out to be finite by the next
lemma (which is a slight generalization of results in 1,5,1).In order to prove the finiteness
one may assume that Kp is a subalgebra of the F~-algebra Ap. Under this assumption
one has

Lemma 4. (a) An one-to-one correspondence between the classes of all optimal embeddings f2p ~ Gp and the double cosets U(Gp)aU(Kp) with ae U(Ap) and a-1Gpa n Kp = ~')p
is given by the assignment U(Gp)aU(Kp)~ [~ba], where ~b, denotes the restriction of
the inner automorphism z, of Ap to Kp. (b) The number E(~p, Gp) is finite. It equals 1,
if pldr(G).
Proof. Since every Fp-algebra monomorphism Kp--, Ap can be extended to an inner
automorphism of Ap by the Skolem-Noether Theorem 1'14], the assignment described
above produces the classes of all optimal embeddings f2p ~ G~. The assignment is
also injective, since [ffa] = I-~'b] implies that ffa = ru~bbfor some ue U(Gp), hence a-lub
commutes with all elements of Kp and therefore lies in U(Kp) by Lemma 5 (s. below).
This proves (a). Replacing G in the double cosets by any maximal M-order G' of A
containing G shows that
E(~p, Gp) ~<(U(G~,): U(Gp))~E(~', G'p),

(6)

where the sum is over all Mp-orders f~' of Kp containing f~p. The number of these fl'
is finite, because fY is determined by its conductor which divides the conductor of
t)p. If pXdr(G), then E(f~p, Gp) = 1 by [5,1, Corollary 2.6. It remains to consider the
case p[dr(G'). Here it is known [2] that (U(Ap): U(Fp)U(G'p)) = 2, hence E(f~', G~,) ~< 2
by part (a), hence E(f~p, Gp) is finite by (6), q.e.d.
The following lemma is well known (for part (b) s.e.g. [11,1, Lemma 8).

Lemma 5. Let A o be a quaternion algebra over afield Fo (the centre of Ao) of characteristic ~ 2 and let xeAo, cteFo, ~ ~ 1.
(a) if xq~Fo, then the centralizer of x in A o is Fo1,X,1.
(b) If x eU(Ao), then there exists an element y of U(Ao) such that yxy -1= ~x if and
only if ct = - 1 and T(x)= O.
Proof of Theorem 2. We use all notations of the proof of Theorem 1. By definition
rcu(J) equals the number of all sets G~r)xwith xeG~r) and N(x)M = J. We suppose that
Tr B(G, J) ~ O. Then J = tiM for some totally positive fleM. On L we define a function
f as follows. Let yeO(A). Put f(k(y))= 1, if ypeGp and N(yp)Mp = Jp for all peP.
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Otherwise put f(k(y)) = 0. By L e m m a 2 and (5), equation (4) holds for f with xl = k(al).
Because of G!~=a~-lGa~ the term R(x~) equals the n u m b e r of all cosets xO(M)
with xeG~ "~ and N(x)M = J, hence R(xi)= (U(G~'~):U(M))ztu(J). O n the other hand
(U(GI')): U(M)) = Ix[- 1Bxi n D I by the p r o o f of T h e o r e m 1. Therefore Tr B(G, J) equals
the left hand side of (4). It remains to evaluate the integrals Is on the right hand side
of (4) and to describe the set S. We write s - - k ( x ) for some xe U(A) and distinguish
the following two cases.
Case 1: xeU(F).
Here I s =f(s)l~l(L/D ). Since I~x(L/D) = re(G) by the p r o o f of T h e o r e m 1, we obtain
I~ = m(G) or 0, according as x2M = J or not.
Case 2: xCU(F).
We put K = F[x] and D'(s) = k(U(K)). By L e m m a 5 the g r o u p index t, = (D(s):D'(s))
satisfies ts = 2 or 1, according as T(x) = 0 or not. It follows that

I s = t? ~I'~, I'~ = fL

f(ysy- x)d/~(yO'(s)),

(7)

/D'(s)

where/~'s is the L-left invariant quotient measure of/~ on the c o m p a c t h o m o g e n e o u s
space L/D'(s) normalized by the condition I~'~(L/D'(s)) = ts#s(L/D(s)). The integral I'~ is
non-zero, if and only if N(x)M = J and xeyo 1Gyo for some yoeO(A), in particular
x 2 - ~x + e/~ = 0

(8)

for some cteM and eeU+(M) with ~2--4e, flq~F~ for all pePo, since Kp is a subfield
of Ap for all PePo. U n d e r the condition (8) we have I's=/s(wW(y)), where
W(y) = Bk(yU(K))/D'(s) and the union w is over all ye U(A) with xey-XGy. Different
sets of W(y) are disjoint because of D'(s)c k(U(K)). The condition x e y - 1 G y implies
that f~ = y - ~ G y n K is an M - o r d e r of K containing x. I f f l is kept fixed, we denote by
W(yj (j = 1. . . . . E(f~)) the different sets a m o n g the W(y) with y - ~ G y n K = fl. Then
E(f~) is the n u m b e r of double cosets O(G)zO(K) with ze U(A) and z~ 1Gpzp~Kp = ~p
for all peP. By L e m m a 4 it follows that E(f~)= E~(~). Denote by G u) the M - o r d e r
y f IGyj of A. Then #'s(W(yj)) =/s(k(O(GU))O(K))/D'(s)) by the left invariance of #'~, hence

I'~ : ~ /s(k(O(GU~)O(K))/D'(s)),
t),j

where the sum is over all M - o r d e r s if2 of K containing x and over j = 1. . . . . EG(~ ).
Since h(ff2)= (U(K): 0 ( ~ ) U ( K ) ) by (1), we have for each ~ the disjoint union

O(K) = ~ O(f~)U(K)flp
p

for some flpeO(K), where p = 1. . . . . h(f~), hence

O(GU')O(K) = 00(G'J))U(K)flp 9

(9)

P

This union is also disjoint, since fl~e O(Gu))U(K)flp implies fl~fl; l e(U(GU))n O(K))U(K) =
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O(f~)U(K). Because of D'(s)=k(U(K)) the application of the canonical map
U(A)--, L/D'(s) to (9) yields again a disjoint union, hence

I'~= ~ ffs(k(O( G<i))fla)D'(s)/D'(s) ),
~',j,p

(10)

where the conditions of summation for f~, j, p are as before. We denote by G~'p~ the
M-order fl;lGti)flp of A and put Bjp = k(O(G<J'P))). Then/t(Bjp) =/~(B) = 1, since/z is
left and right invariant. The left invariance of ~t's implies ff~(k(O(GtJ))flp)D'(s)/D'(s))=
#'s(BipD'(s)/D'(s)), and this equals IBjpc~D'(s)[ -1 by the analogue of (3) and because
of/z(fljp) = 1. Furthermore [BipnD'(s)l = [k(U(Gr
U(K))] = Ik(0(G~J))n U(K))[ =
Ik(U(f~))[ = (U(f~): U(M)). Therefore it follows from (10) and (7) that

Is = t~- ' ~ Ea(f~)h(~)/(U(~): U(M) ),

(11)

where the sum is over all M-orders f~ of F[x] containing x. Note that any quadratic
field extension F[y] of F, where y is any root of equation (8), can be embedded as
F-algebra in the F-algebra A (s. [14], page 78). Therefore (11) remains valid, if x is
replaced by such y. Now we describe a system S (as needed in (4)) of representatives
for the conjugacy classes in D. In Case 1 different elements s represent different
conjugacy classes. Consequently the contribution of Case 1 to Tr B(G, J) is 6tjm(G).
In Case 2 elements s = k(x), s'= k(x') with x,x'~U(A)--U(F) represent the same
conjugacy class if and only if r/x and x' are conjugate in U(A) for some rl~U(M). By
the Skolem-Noether Theorem [14] this amounts to the conditions T(rlx ) = T(x'),
N(qx) = N(x'). Therefore in Case 2 we may restrict ourselves to elements s of the form
s=k(x) with T(x)=~, N(x)=efl, eER, ct~C(M, efl). Then two elements s=k(x),
s'= k(x') of this form are conjugate in D, if and only if e = e', a = _ ~t', i.e. each
conjugacy class is represented twice, except in the case T(x) = 0, there only once. This
and (11) show that Theorem 2 is true.

5. The type camber
Two M-orders G, G' of A are said to be in the same genus, if Gp and G'p are isomorphic
as Mp-algebras for all peP. The orders G, G' are said to be in the same isomorphism
class, if they are isomorphic as M-algebras. The type number t(G) of G is defined as
the number of all isomorphism classes in the genus of G. Let F(G) be the normalizer
of G in U(A), i.e. the subgroup {x~U(A)lxGx -1 = G} of U(A). Then the normalizer
r'(G) of G in U(A) equals 0(A)c~ FIF(Gp), where F(Gp) denotes the normalizer of Gp
in U(Ap). Since any isomorphism G~-~ G'p or G ~ G' can be extended to an inner
automorphism of the corresponding quaternion algebra by the Skolem-Noether
Theorem [14], the group U(A) acts via conjugation transitively on the genus of G
and the group U(A) acts via conjugation transitively on the isomorphism class of G,
hence

t(G) = If'(G)\IQ(A)/U(A)[.

(12)

From this and (1) it follows that t(G) <~h(G); inflarticular t(G) is finite. For the sequel
we shall need the group index q:= (T'(G): U(F)U(G)). Note that (F(G~): U(Fp)U(Gp)) is
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the cardinality of the central Picard group of Gp (s. [8]) and therefore finite [4] for
all p e p and equal to 1 for pXdr(G) (s. [2]). This implies
q = n'(r(G.): U(Fp)U(Gp)).

(13)

Since the factors of this product have been computed in [8], the index q is explicitly
known. Furthermore we shall need the set v(G) as defined in the second section. The
Local-Global principle shows that v(G) is the set of all integral ideals J of M such
that Jpev(Gp) for all peP. Each set v(Gp) is finite and explicitly known [8]. Since
v(Gv) = {My} for pXdr(G), the set v(G) is also finite and known. With the same notations
as in Theorem 2 we state
Theorem 3. For any M-order G of A one has

h(n)

qhFt(G ) = re(G) + ~ ~, E'G(f~)
2(U(f~): U(M))"
e , l , J at,fl
The sum is over all eeR, over all fractional ideals I of M in an arbitrarily fixed system
of representatives for the ideal classes of M and over all integral ideals J of M satisfying
Jev(G) and I2j = tiM for at least one totally positive fieF. Having fixed such fl for
each J, one takes the second sum over all aeC(I, eft) and over all M-orders ~ ofF[x]
with x = x (a, eft) and xeI~) - plf~ for all peP. Here q is obtained by (13) and E'a(~) =
l'I'E'(f~p, Gp), where E'(~p, Gp) denotes the number of classes of all optimal embeddings
~b:~p -. Gp satisfying ql(x)Gp = Gv~(x ).
For numerical applications of Theorem 3 it remains to compute the restricted
embedding numbers E'(f~p, Gp). For special orders G this can be achieved by using
results of [5], [10], [11], [12].
Proof of Theorem 3. Again we use all notations of the proof of Theorem 1. The group
U(A) is the union of the double cosets r'(G)aiU(A). Such a double coset is the disjoint
union of finitely many, say q, double cosets of the form O(G)ca~U(A) with ceF(G).
Since a(lGa~ = GI') and U(G) is a normal subgroup of F(G), we obtain for c the
condition ai- l caiO(Glr))U(A) c r'(GI'))U(A), hence t i --- (I'(GI'))U(A): O(GI'))U(A)), and
this term we denote by g(G~')). Since U(A) is the disjoint union of the double cosets
U(G)aiU(A), we see from (12) that
h

t(6) = y~ (o(G?)) -~,
i=1

where

0(6) = (f'(6): f'(6) n 0(6)U(A)) = (P(6): t3(a)r(6))
q(U(F) 0(G): U(F) U(G))
- (U(G)F(G):U(F)O(G))

q(U(F): O(F) c~ U(F) U(G) )
(F(G):F(G)~U(F)O(G))

q(U(F): U(F)U(M)) =
qh v
(F(G): U(F)U(G))
(F(G): U(F)U(G))'
hence
h

qhet(G) = ~, (F(GI')): U(F)U(G~'))).
i=1

(14)
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We fix any system {Cplp = 1. . . . . he} of representatives for the ideal classes of M. In
particular we have C o --- ),pM for some 7oe U(F). For xeF(G) the set Gx is a two-sided
ideal of G, hence Gx = ~CoA with c~c-U(F), some primitive two-sided ideal A of G and
some p. The pair p, A is uniquely determined by the coset xU(F)U(G), and conversely.
Therefore
(F(G): U(F)U(G)) = ~ a p(G),
P
where ao(G) denotes the number of all sets of the form Gx = CoA with xeU(A) and
a primitive two sided ideal A of G; in particular N(x)M = C2j for some Jev(G). We
denote by f'o(G) the set of all yef'(G) satisfying y p e @ - p G p for all peP. Then
[aylyef'o(G)} is the set of all primitive two-sided ideals of G. Therefore from (14) it
follows that

(15)

qhvt(G) = ~ So(J),
p,J

where the sum is over p = 1. . . . . hv and over all Jev(G) and where
h

Sp(J) = ~ q,(p, J)
i=1

and qi(p,J) denotes the number of all sets Glr)x with xeU(A)c~Vpf'o(G~")) and
N(x)M = C~J. Now for any fixed p we compute the sum Sp(J) by the method that
we used for the evaluation of Tr B(G, J) in the proof of Theorem 2. For this we define
a function f on L as follows. Let yeO(A). Put f(k(y))= 1, if yevpf'o(G) and
N(yv)Mp = Cpjp
2
for all pEP. Otherwise put f(k(y))=O. By L e m m a 2 and (5),
equation (4) holds for f with xi = k(ai). As in the proof of Theorem 2 it follows that
Sp(J) equals the left hand side of (4). We suppose that Sp(J) ~ O. Then there exists a
totally positive fieF with Cp2 J = tiM. For computation of the integrals Is on the right
hand side of (4) we write s = k(x) with xeU(A) and distinguish two cases.
Case l: xeU(F).
As in the proof of Theorem 2 we conclude that I s -- re(G) or 0, according as Co = Mx
and J = M or not.
Case 2: x(~U(F).
We put K = F[x] and D'(s)= k(U(K)) and obtain as in the proof of Theorem 2
equation (7), and in the case I's 4:0 also equation (8), but now with the conditions

eeU+(M),

~eC(Cp,l~[J).

(16)

Under the conditions (8) and (16) we have 1's = p's(u W(y)), where W(y) = Bk(yO(K))/D'(s)
and the union w is over all yeO(A) with xef'(y-~Gy) and

xeCpg'~-pCpf~

for all

peP.

(17)

Here f2 denotes the M-order y-1Gyc~ K of the F-algebra K. If f~ is kept fixed and x
satisfies (8), (16) and (17), we denote by W(yi) (j = 1. . . . . E'(~)) the different sets W(y)
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with ye U(A), y- 1Gy ~ K = f~ and yxy- 1eF(G). Then we have E'(~) = I-IE'(f~,, Gp) by
Lemma 4. For pXd,(G) the element zp = y;plx of y~- 1Gpvp satisfies N(zp)Mp = Jp = Mp,
hence z ~ U(y; 1Gpyp), hence xeF(y; IGpyp), hence E'(f~p,Gp) = E(Dp, Gp) = 1 by
Lemma 4. Therefore E'(f~) = E~(f~). It is clear that from here on the evaluation of Is
and the construction of the system S can be carried out as in the proof of Theorem
2. This way we obtain for Sp(J) an expression analogous to that for TrB(G, J) in
Theorem 2. Inserting this in (15) completes the proof of Theorem 3.
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