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The a r e a w i t h i n a c u r v e
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Abstract. The area of a simple closed convex curve can be estimated in terms of the number
of points of a square lattice that lie within the curve. We obtain the usual error bound without
integration using a form of the Hardy-Littlewood-Ramanujan circle method, and also
present simple estimates for the mean square error.
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1. Introduction

This note treats an old and familiar problem: to estimate the area A within a simple
closed convex curve C, drawn on graph paper which carries a square lattice of sides
1/R. T o clear fractions we take the side of the lattice squares as the new unit of length;
C has area A R 2 in these units. There are three usual methods of estimating the area.
The trapezium rule adds up the distances intercepted by the curve along lattice lines
parallel to the y-axis. The lattice squares rule counts the n u m b e r of lattice squares
whose centres lie within the curve. The lattice points rule counts the n u m b e r of lattice
points (crossings of the lattice lines) within the curve. To be more precise, if the curve
is given by two equations y = F(x), y - - f ( x ) for a ~< x ~< b, where f(a) -- F(a),f(b) = F(b),
the trapezium rule estimate is
T=

~

( F ( n ) - f(n)),

a<~n~b

and the lattice squares and lattice points estimates are special cases of the integer
part sum (in which square brackets denote the integer part)
N(u, v) =

~

([F(n + u) - v] - [ f ( n + u) - v])

a-u~<n<~b-u

with (u, v ) = (89 89 and (0, O) respectively.
We write D(u, v) for the discrepancy
D(u, v) = N(u, v) - A R 2,
and similarly
E(u) = T(u) - A R 2 =

~

(F(n + u) - f ( n + u)).

a-u<~n<~b-u

If the curve C is contained in a rectangle with sides parallel to the coordinate axes,
III
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lengths B and H respectively, then it is easy to see geometrically that

IE(u) l <%2H,
[D(u, v) l ~<2B + 2H + 4.
The error bounds on the right are both order of magnitude O(R) as R tends to infinity.
If the curve C is itself a rectangle, these bounds cannot be improved. We use the
following order of magnitude notation: g(R) << G(R) as R tends to infinity means that
Ig(R)l
limR~osup~
< oc.
Any term g(R) in an estimate may be replaced by O(G(R)), read as 'an error term of
order of magnitude G(R)'.
From now on we suppose that C is a smooth curve with continuous non-zero
radius of curvature. Estimates of the form
D(u,/)) << R ~2/3)+~

(1)

(for any e > 0) were given by Voronoi, Sierpiflski, van der Corput, Landau, Jarnik and
Vinogradov, sometimes as special cases only. Jarnik also showed that the exponent
2/3 cannot be reduced without further smoothness conditions. The problem is treated
at length in Landau [7] and briefly in Vinogradov [10]. A remark apparently missing
from Landau is that the bounds

E(u) <<R 1/2,

(2)

;~lEtu)12du<-f~f~lO(u,v)12dudv<<R

(3)

and, if the curve C is three times differentiable,

f

/ [E(u)l2 du >>R

(4)

are easy to establish using Fourier series. Thus the error term E(u) in the trapezium
rule for a closed curve is well understood. Moreover (3) suggests that if C is sufficiently
smooth, then the exponent in (1) should fall, perhaps to 89+ e.
A related problem, considered by Swinnerton-Dyer [9], is to bound P, the number
of lattice points on the curve C. He found the result
P << R 3/5 +~.
The ambiguous status of lattice points on the curve means that

D(O,O)>/P/2.
Swinnerton-Dyer has suggested that the geometrical ideas in [9] could be applied to
the lattice point problem.
Recently Iwaniec and Mozzochi [5], building on previous work by Bombieri and
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Iwaniec [1], obtained
D(O,O) << R 7'11 +'

for the circle. Their method can be generalized [3, 4]. In this note we give a strictly
elementary proof of (1), taking ideas from [5] and [10] (and thus ultimately from
Sierpifiski I-8]). We use the continued fraction algorithm, which tradition ascribes to
Brahmagupta, and the circle method, which first appears in Hardy and Ramanujan's
great paper on the partition function [2]. For completeness we also prove (2), (3) and
(4) using exponential sums. We hope to shed light on the Iwaniec-Mozzochi memoir,
which uses the circle method, exponential sums and the large sieve, and on Jutila's
work on Voronoi summation (see for example 1-6]), which rests on the transformation
formula for an Eisenstein series just as Hardy and Ramanujan rely on the transformation formula for the discriminant function. Applying the circle method to exponential
sums is a new and exciting development, which may go as far as the circle method
for exponential integrals in the hands of Hardy, Littlewood and Vinogradov.

2. The circle

method

The circle method in its usual form divides the circle into a large finite number of
arcs, each containing a point whose polar angle is 2np/q where p and q are small
integers. We divide the curve into a large number K of arcs, each of length <<L = R / K ,
and also of length >>L, and we pick a point on each arc where the tangent has a
rational gradient p/q, with p and q numerically as small as possible. We draw the
tangent at these points, forming a K-sided polygon circumscribed to the curve. We
also draw a polygon with parallel sides inscribed to the curve. Since "by assumption
the radius of curvature lies between multiples of R, the distance between corresponding
sides of the two polygons is <<6 = R / K 2 and the difference in area of the two polygons
is <<6 K L .
The discrepancy of a polygon is treated in Vinogradov [10], but only through
worked examples. There is a contribution from each side and from each vertex: the
bound is
<<~

S(~k, Lk),

k

where the sum is over sides of the polygon, L k being the side length and ak its gradient.
The sum S(~. l) is defined as follows. Take the continued fraction
I~l = ao + l/al + 1/a2 + ...

and truncate it at an index r with q, ~< l. Then
S(~, l) = ao + a~ + ... + a, + l/q,.

We have L k << L for each side k. Since q, <<L, we have r <<log L. Fixing ao . . . . . ai-1
in a continued fraction determines an interval of length A say, on which a i = n for a
subinterval of length <<A/n 2. For I~1 ~< 1 the arc on the curve corresponds to an
interval of length >> 1/K within which we must choose a rational number. (For I~1 > 1
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the same argumenl applies to 1/[~1). The expectation of al is thus

1

<< ~ ~:" f < < l o g L
n

<<

L

ti

independently of a~..... , a~_ 1- Finally for fixed p,/q, there are
<< 1 + K / q , L
tangents for which the truncation of the continued fraction for the gradient p/q gives
p,/q,. Thus
~S(~k,Lk)<<Klog-L +

1+

"q<<KlogZ L +

k

Since the area of the curve lies between the areas of the circumscribed and inscribed
polygons we have
D(0, 0) << 6 K L + K log 2 L + L2,
Taking
K = R2/a(logR) -2/3 + O(1)
gives
N(O, O) = A R 2 + O(R 2/3 (log R)4/s),
and the same estimate holds for N(u, v) on translating the curve by the vector (u, v).

3. Fourier analysis of the discrepancy
In this section we use ~ to indicate 'possesses the Fourier series', ~ to indicate 'is
asymptotically equal to', and write e(t) for exp 2nit. Since N(u, v) is periodic in u and
in v, it has a Fourier series

N(u,v)... ~
h=

-

~ %ke(hu+ kv)
oo k =

- oo

with Coo = A. Writing the 'row of teeth' function as
e(kt)
p(t) = It] -- t + 89 ".~ 2 2nik'
k~O

we have
N(u, v) = T(u) +

~
a-u<~n<.h-u

(p(F(n + u) - v)) - p ( f ( n + u) - v)).
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The second term can be expanded again as

e(-krl
y" - - ~ - ~ -

e{ -

~"

kv) ~

(e(kF(n + u)) - e(kf(n + u)))

(' 1

- ~o-~2~r[s

"

2
~n<~b

(e(kF(n+x))-e(kf(n+x)))e(-hx)dx.
x

Thus for k 4= 0

2nik %_~ =

(e(kF(x) - e(kf(x)))e( - h x ) d x = 11 - 12,
I

say. Since f " and - F " are both >> !/R, van der Corput's second derivative test gives
I 1,

I , << IR/lkl) 1:2,

chk << Rl(e/lkl 3/2.

Similarly we could consider x as a function of y on the curve and obtain

Chk<<R12/Ih]3~2.
Thus
Ich~i2 << R/(h 2 + k2) 3'2.
Now
Elu) ~ V choe(hu)<< ~,
h~-O

Ichol << R 12,

h#0

which gives (2), and by Parseval's identity

fo'

IE(")iZdu= ZlChoi 2d
h~(I

fo'fo'

IO(u,r)] zdudt;= ~ Z [Chkt2<<R'
Ih, k}#(0,0~

which is (3).
For the lower bound we assume that the curve is three times differentiable. If x o, x~
give the m a x i m u m of F(x) and the minimum of f ( x ) respectively, then

1 l -~ -kf,;iXo;

e(kF(xo)),

I2 ~

e(kJix,)),

/;;ix~i

where the square roots of complex numbers are taken with positive real part. If these
two integrals cancel, then

e i k F i x , d - k / ( x l )) ~ - i .
This approximate equality cannot hold for k = I and for k = 2, so
leo, I; + Ic,,=i "~>> R.
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By symmetry between the x and y directions, we have
]Cto[ z + lezo[ 2 >> R,
which gives (4).
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