Proc. Indian Acad. Sci. (Math. Sci.). Vol. 95. No. 1, September 1986, pp. 53-59.
© Printed in India.

Some generating functions of Jacobi polynomials

BIDYUT GUHA THAKURTA

Department of Mathematics, RKMVC College, Rahara, 24 Parganas, West Bengal,
India.

MS received 30 September 1985

Abstract. In this paper, Weisner's group-theoretic method of obtaining generating
functions is utilized in the study of Jacobi polynomials P.*® (x) by giving suitable
interpretations to the index (n) and the parameter (8) to find out the elements for

constructing a six-dimensional Lie algebra.
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1. Introduction

It is known that the Jacobi polynomials, defined by [9],

(1+a), —-n, l+a+B+n; 1—x
p{x B = F -
P ) nt ! l+a; 2 (1)
satisfies the following ordinary differential equation:
,. d?u du
(1-x%) = + {B-a—(Q+a+pB)x} E+n(l+a+ﬂ+n)u=0. (2)

The object of the present note is to derive some generating functions, which are
believed to be new, of Jacobi polynomials as defined in (1) by suitably interpreting
the index (n) and the parameter (B) simultaneously with the help of Weisner’s
group-theoretic method [10] (for previous work on P{™ # (x) by the same method
see [1, 2, 4-8]). The main result (obtained by finding a set of infinitesimal operators
A;(i=1,2;j=1, 2, 3) constituting a Lie algebra) of our investigation is given in
§3.

2. Group-theoretic method

Replacing d/dx by 9/dx, B by y(d/dy), n by z(d/dz) and u(x, y, z) by v(x, y, z) in (1)
we get the following partial differential equation:

(1-22 d*v +y(1—x) v " v 42 %
- —-x 4 z-
*) x? y oy ox ’ 0z dy 9z*
ov av 3
- {(1+x)a+2x} — +(a+2)z =0. (3)
ox Jz
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Thus vy (x, y, z) = P$* P (x)yPz" is a solution of the differential equation (3) since
P{>P (x) is a solution of (2).
Now by using the following differential recurrence relations {1, 9]:

L PEOE) = L PP ()~ (k) PO (0], @
iP“”‘”(x)s ! [{(1+a+B+n)(x+1)-2B}
de ~ " 1-x2 (5)
X P& B (1) =2(n+ 1) PL LY (0],
S PP = [ ratBn) (PP - RSP @], (6)
d 1
o PP = (- (1) +26)
—X

X P B (x)+2(8+n) P -1 (x)]. (7

We define the infinitesimal operators A;(i=1,2; j=1, 2, 3) as follows:
Au=y(d/dy),
Ap=(x—-1)y z71(d/dx) ~ y(d/dz)
Ap=1-x)y '2(dlox)~ z(x — 1)(a/9y)
~(1+x)y™12%(9/9z) = (1+a)(1+x)y !z
Ay =2(8/92)
A =(1~x%)y~ " (9lox) +2(3/0y) + (1 +x)y ™ 2(3/92),
Ay =(1-x)y(a/x) —y*(3/dy) —~yz(8/9z) —(1+a)y,
such that
A (PP (x)yyPzmy =BPLP(x) yP 2",
Ap(PEP(x) yP 2"y = —(a+n) P20 (x) y B0 2,
An(PP(x) yP2") = =2+ ) PRV (1) y P 27,
Ay (PP (x) yP2") =n PP (x) yP 2",
A (PP (x) y P 2") = 2(B+m) PP (x) y oL 27,
Ap (PP (x)yP2"y = —(1+a+B+n) PlPtD(x) b+l pn

Now we shall find the commutator relations. Using the notation:

[ A, Blu=(AB—BA)u,
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we have
[An, A ] = Aw, [ A, A ]=0,
LA, Az = —Ag, [ Az1, Azz ] = As,
[A, A ] =0, [A2, A ] =0,
[An, An ] = — Ay, [A5, A2 ]=0,
[Ay, A ] = Az, [A5. An ] =0,
(A, A3 ] =0, [A, Ay ] = —2Q2A + 245 + 1+ a),
[ A1z, Ann] = Ap, [ Az, A2 ] = 0.
[Ai, An 1= 2242+ (1 +a)), (8)

From the above commutator relations we state the following theorem:

THEOREM

The set of operators {1, A; (i =1,2; j=1,2,3)} where 1 stands for the
identity operator, generates a Lie algebra.
It can be easily shown that the partial differential operator L, given by
3% i 2 &7

2 9
=(1-x°) =5 + y(l-x) — + + 25—
L={=x) ax? y(1=x) dydx yz dzdy 9z2

a+x) ot n}gi—+ (a+2)22

can be expressed as follows:
(x—1) Lu = (Ap A1z — 2A%, - 2a Ax))u
and (x=1) Lu = (A3 A3 = 2(An + Ay + DA+ Ap + 1+a))u. (9)

From (8) and (9), one can easily verify that the operators A, (i=1, 2;j=1, 2, 3)
commute with (x—1)L, i.e.,

[(x—nL,A,.,] -0, (10)

The extended form of the groups generated by 4, (i=1. 2;j=1. 2, 3) are given
by

exp(a; Ayy) ulx, y, z)=u(x, expla;) y, ), (11)
exp(ax Azp) ulx, y, z)=u(x, y. exp(as) z), (12)
exp(aizAy2) ux, y, 2)= u( o)y reay, ») (13)

zZ—aypny
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y )"H (xy+a22 (1+x)z

exp(a» A v Y, = T 3
Plazdz) ulx, y, 2) u<y+a22 (1+x)z y+as (1+x)z

y (v +2ay2) yz ) (14)
y+022 (1+X)Z ’ y+a22 (1+X)Z ’

xy+ag;s(1+x)

e A z) = ,
XP(“B 13) u(x, Y, ) u (y+a13(1 +X) y+26113,
z{y+als(1+X)}) (15)
y
exp(anAm) ulx, y, z) = (1+apy) !
X +azy y z )
X , , 16
u( Y4ay 1+any l+axpy (16)

where a;(i = 1,2; j = 1, 2, 3) are arbitrary constants. Thus we have

exp(a:3Az3) exp(a;3Ass) explanAxn) exp(a;Ar) exp(as Az)
xexp(ay An) u(x, y, z) = y(1 +axny) +anz(l+x+2a3y)} 1**}
xu(é n, §) (17)

where

z[y{y(x+any)+an(l+any) (1+x+2axy) } +anz(l+x+2a5y)
{y+ai(1+x+2a,y)}]-aply{y+2a;5(1 +ay)}
_ t2anz{y+an(1+x+2a;: ) y(1+axny) +anz(1l +x2azy)]
Ly(M+any) +anz(l+x+2axy) z{y +ap(l+x+2ay)}
—ap{y(y+ais(1+apy))+2anz(y+ai(1+x+2a3y))} ],

y{y+2a;35(1+axy) }+ 2azz{y+ai(1+x+2a,y)} (18)

= exp(a
] pla) v(l+as) +anz(l+x+2ay)

and

ZHy+ap(1+x+2a;y)—ap[y{y+2ai:(1+axy)}
+2a5z{y +a;3(1 +x +2ay3y) }]

{ = exp(az;) (19)

y(1+axy)+anz(l+x+2ayy)

3. Generating functions

From (3) v(x, v, z) = P{*P (x)yPz" is a solution of the system:
Lv=20; Ly =0, Lv=0;
(A —-Bv=0; (Ay—n)v=0; (A +A —B—n)v=0.
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From (13) we easily get

[(x— 1)L] S(P,(,“‘ B)(,\‘)_\'BZ") =S[(x—1)L] (Pf,"‘ A (x) yBZ") =1,
where
S =exp(a,3A,3) exp(a;:A;z) exp(as.. 1) exp(a;nAz) exp(as;) exp(a ).

Therefore the transformation S(P4L“# (x)y#z") is also annulled by L.
Now by putting a,; =a,; =0 and replacing u(x, v, z) by PP (x)y#z" in
(19) we get
exp(ax3Az;) expla3Ags) exp(anAs) explagpA;) (PYP (x) yPz")
=y p(1+ayy)+anz(l+x+2asy)] ' TP
X[y{y+2a;(1+axy)}+2anz{y+a;(1+x+2ax»y)}]*
X (z{v+a(1+x+2a3y)}—aply{y +2a3(1 +axy)}

+2anz{y+az(1+x+2a3y) )" PL=P (€). (20)
But,

exp(ayAzs)exp(asAz)exp(anAy)explapA,) (PP (x)yPz")

o s __1 5 x r
=¥ “ﬁ,(e ) (l1+a+B-—r+n) > “'” 2(n+B—r+1),
s=0 5 r=0 T
o azlgl - n+m alkz
XE W(*Z) (n”‘k"‘l)”lz —k_‘_ —a’—n)k
m=0 """ k=0 ™
XPitcikB:r:—m_r+S) (x)y3+k—m—r+szn——k+m (21)

Equating (20) and (21) we get

<4

<

DAV +aay) +asz(l +x+ 2y ) TR v 4+ 2a0 (] Fasay) + a0,

-

) B
x{y+a13(1+x+2a23y)}] (§{y+a13<1+x+2azsy)}

—ap[y+2a3(1+azy)

+ 2a22§ {y+ap(l+x+ 2a23y)}])" P B (g)

=3 (_s'aZS) (1+a+B~r+n) > (3?13) (n+B—r+1),
s=0 ) r=0 °
el —2a m nrm (g, k
Xy (Z2a2)" - 22) (n—k+1), > (;("!) (—a—n)
m=0 * k=0 )
X Pﬁ(fl([i_:-’ﬁ—m—r+s) (x)yB+k—m—r+szn—k+m’ (22)
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2[y{y(x + azy) + a3 (1 + az3y) (1 +x + 2az39) } + a0z(1 + x +2az3y)
{y+ai3(1+x+2ayy)} —ap[yly + 2a;3(1 + axay)}

+2ax2{y +a;3(1 +x +2a239)}] [y(1 +a23y) + a2z(1 +x + 2azy)]

&=
[V(1 4+ a23y) +azz(l +x +2a53y) |2y + a3 (1 +x + 2axy) }

—ap{y(y +2a3(1 + asay)) + 2ax2(y +ay3(1 +x +2a23))}

The above generating function does not appear before from which we can get a
large number of particular generating relations by attributing different values to

aip, Az, 413, dz3.

4. Derivation of some known results

Case 1.

Putting a;3=a;; =0 in (22), we get

f y l+ a+n+ g B .
. '+ 2a,2)P{z—apn(y+2a12)}
(,V"‘ﬂzzl(l‘f‘x)) (} 22 ) { 12('} 22 )
xp(a.ﬁ)(z{xY+azzz(1+X)}—alz(y+211222){)’+a222(1+x)} )
i {v+anz(1+x)Hz—ap(y +2a,2)}
_ v (an)” m ndm (ay,)*
~m220 - (72 (n=k+1), ka)T(—a—n)k
prfifiﬁl"’")(x) yﬁ+k—m Zn—k+m (23)

which is the main result obtained by Chakraborti [1].

Case 2.
Putting a; =a;3=a,3=0, a», =1 and writing z/y = —u/2 we get
1
(1 _'u)B P(a.B) (m))
{1-tu(+))trerprr 7 \1—Zu(1+x)
|

— mz; _';' (n+ l)m P(a. B—m) (x)um'

n+m
Q
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Finally putting n=0 we get

Q=W du(l40) " F = 3 PEE (o, (24)

m=0

which is a well-known formula due to Feldhim [3].
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