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Abstract. We study the dynamics of a test particle around a central mass taking into account general
relativistic effects within the formalism of Lagrangian mechanics, and investigate a real astrophysical object
to probe the model. We consider a generalized potential for the Lagrangian of the particle, compute the
corresponding equations of motion, and present a numerical scheme to integrate them. Within this approach,
we run simulations to fit the orbital parameters of the star S2 around the SMBH Sgr A , using a Markov
Chain Monte Carlo method. We estimate the radius and speed of the star at periapsis, its apsidal precession
and the black hole mass. Our results are consistent with results available in previous literature.
Keywords. Gravitation–Galaxy: centre—apsidal precession—stars: kinematics and dynamics—numerical
simulation—black hole physics.

1. Introduction
The galactic centre black hole and its surrounding
stars form a suitable system for testing general relativity, since its effects can be detected by monitoring
the stellar orbits (Ghez et al. 2008; Gillessen et al.
2009; Hees et al. 2017; Zakharov 2018; Gravity Collaboration 2020). Recent observations estimate
the mass of the black hole as 4:26  106 M (Gravity Collaboration 2020) and 4:1  106 M (Peißker
et al. 2020). Among the possible post Keplerian
effects, some of which may not necessarily be beyond
the scope of Newtonian gravity, there is great interest
in the apsidal precession of some of the nearby stars,
for which recent estimations have been presented
(Gravity Collaboration 2020; Peißker et al. 2020).
The phenomena of apsidal shift can have different
origins. Price and Rush (1979) and Stewart (2005)
discussed the precession of the perihelion in Mercury’s orbit, where they found that  92.5% of its
value can be explained within Newtonian gravitation
by taking into account the interaction of Mercury with
other planets. In order to explain the remaining 7.5%
it becomes necessary to account for relativistic effects.
The residual shift is caused by strong field correction

to the Newtonian potential and is explained with
general relativity. It is known as the Schwarzschild
precession. A basic formula for the precession per
period can be derived by perturbing a circular Keplerian orbit with a term /1=r 3 in the potential (Schutz
2009), the result is the well known formula
d/ ¼

6pGM
:
 2 Þ

c2 að1

ð1Þ

In this work, we compute the complete orbit of a test
particle around a spherically symmetric central mass, in
order to determine the orbital elements to fit the observations. A first realization of the dynamics of a test
particle in general relativity can be derived from the
geodesics of the Schwarzschild metric (Schutz 2009).
Simpler representations that don’t require the full
machinery of the theory of general relativity can be
achieved with pseudo Newtonian potentials, which
attempt to represent relativistic effects within the formalism of classical mechanics (Artemova et al. 1996).
However, pseudo Newtonian potentials are not exact
(Ghosh et al. 2016). In this work, we use the generalized
potential, which is constructed from a generalization of
the energy function (Tejeda & Rosswog 2013) and from
a first principle approach in Ghosh et al. 2016). While
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both rely on the formalism of classical mechanics, the
advantage of Newtonian analogous generalized potentials, in contrast to pseudo Newtonian potentials, is that
they are developed so that their resulting equations of
motion mimic the geodesics of a particle in general
relativity, thus giving a representation that resembles the
general relativistic one more closely (Tejeda & Rosswog
2013; Ghosh et al. 2016).
By solving these equations of motion numerically we
simulate the orbit of the star S2 around the SMBH Sgr
A (Ghez et al. 2008; Gillessen et al. 2009). This is an
orbit of major interest since recent observations have
estimated its apsidal precession to be around 120 of arc
(Gravity Collaboration 2020; Peißker et al. 2020).
We run simulations within a Markov Chain Monte
Carlo (MCMC) scheme, producing estimations for
some elements of the orbit, in particular, the Schwarzschild precession, which we find in good agreement with previous literature.
Earlier simulations of this system can be found in
Zhang et al. (2015), Parsa et al. (2017) and Gainutdinov & Baryshev (2020), which employ different
models. Zhang et al. (2015) presented an approach
using the Kerr metric, which relied on the same
parameters as in this work, but also accounted for the
BH spin, resulting in different equations of motion.
Parsa et al. (2017) rely on the same parameters as
ours, but their equations of motion are slightly different. In particular, they are given in Cartesian
coordinates. The PPN approach in Gainutdinov &
Baryshev (2020) uses similar equations to Parsa et al.
(2017), but the PPN parameters are left to be fitted.
In Section 2, we present the generalized potential,
the equations of motion, and the numerical scheme. In
Section 3, we outline the details of the simulations, the
parameters of the model, and the determination of the
orbital elements. In Section 4, we show some preliminary results, discuss the introduction of MCMC fitting
and give the results of the fit. In Section 5, we discuss
the results and draw conclusions.
2. Equations of motion and solution
We begin by introducing the generalized potential
derived in Ghosh et al. (2016)
"


c4
2GM
e
r2 r_2
r 3 X_ 2
þ
1 2
 2
V¼
2e
cr
2c ðr  rs Þ2 r  rs
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e is a constant of motion related to the specific energy
of the particle and X an angular orbital parameter that,
in usual spherical coordinates, satisfies dX2 ¼ dh2 þ
sin2 hd/2 . By restricting the movement of the particle
to the xy plane, X becomes the azimuthal angle in 2D
polar coordinates, henceforth we identify it as h. Also,
recall that rs ¼ ð2GM=c2 Þ and v2 ¼ r_2 þ r 2 h_ 2 in usual
polar coordinates. With these considerations, the
potential reduces to
"
#
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
c2 GM e
r2 r_2
r 3 h_
v2
2
 c 1  2:
þ
 2
V ¼
2
e r 2c ðr  rs Þ
r  rs
c
ð3Þ
The general form of the relativistic Lagrangian per
unit of mass is Ghosh et al. (2016)
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v2
2
ð4Þ
L ¼ c 1  2  V:
c
Then, the Lagrangian of the system results
"
#
e
r 2 r_2
r 3 h_ 2
c2 GM
þ
L¼ 2
þ
:
2c ðr  rs Þ2 ðr  rs Þ
e r

ð5Þ

With this Lagrangian, we obtain the equations of
motion for r and h from the Euler–Lagrange
equations. Notice that the equation for h can be
obtained from the conservation principle corresponding to azimuthal symmetry of the Lagrangian.
The equations are
r2
rrs
c4 GM
2
_

r
þ
r€
½r  rs 2
½r  rs 3 e2 r2
!
2r

3r
2
s
¼ 0;
 r2 h_
2½r  rs 2
ph ¼

e r3 h_
;
c2 r  rs

ð6Þ

ð7Þ

where ph stands for the conserved angular momentum.
In the limit v2  c2 , the constant e=c2 reduces to 1
(Ghosh et al. 2016). Then, the potential and the
derived equations of motion become exactly the same
as in Tejeda & Rosswog (2013)
r2
rrs
 r_2
r€
2
½r  rs 
½r  rs 3
GM
2 2r  3rs
þ 2  r 2 h_
r
2½r  rs 2

!
¼ 0;

ð8Þ
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ph ¼

r3 h_
:
r  rs
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ð9Þ

We solve (8) and (9) numerically in order to obtain
the particle orbit in 2D polar coordinates ðr; hÞ. To
perform the numerical integration of the equations
of motion we use the fourth order Runge–Kutta
_
method (Landau et al. 2015). We define gðrÞ ¼ h,
_
u ¼ r,_ hðg; r; uÞ ¼ u and, hence, we get the system
of ODEs
0 1 0
1
gðrÞ
h_
B C B
C
Q_ ¼ @ r_ A ¼ @
u
ð10Þ
A;
hðg; r; uÞ

u_

for the coordinates array Q ¼ ðh; r; uÞ. From Equations
(8) and (9), we get
ðr  rs Þ
ph ;
r3
"
!
ðr  rs Þ2 2
rrs
u
h¼
r2
½r  rs 3
!
#
2
GM
2 2 2r  3rrs
þr g
 2 :
r
2½r  rs 2

g¼

ð11Þ

ð12Þ

Then, the numerical scheme is
Qi ¼ ðhi ; ri ; ui Þ;

k1i ¼ DtQ_ Qi ;

k2i ¼ DtQ_ Qi þ1 ki ;
2 1

i
k3 ¼ DtQ_ Qi þ1 ki ;
2 2

k4i ¼ DtQ_ Qi þki ;

ð13Þ
ð14Þ
ð15Þ
ð16Þ
ð17Þ

3

1
Qiþ1 ¼ Qi þ ðk1i þ 2k2i þ 2k3i þ k4i Þ:
6

ð18Þ

In order to asses the simulation reliability, we also
compute the Hamiltonian, which is conserved. As
noted in Parsa et al. (2017), the conservation of energy
may only hold for short overall time simulations and
with a small time step. The Hamiltonian is
"
#
1
r 2 r_2
r 3 h_ 2
GM
:
ð19Þ

þ
H¼
2
2 ðr  rs Þ
r
ðr  rs Þ
We use a variable time step given by


rn1 2
Dtn ¼ Dt0
;
rper

ð20Þ
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where Dt0 is a simulation parameter. This is just an ad
hoc tweak with the purpose of using larger time steps
for larger values of r, in order to reduce the computation time. Analyzing several test simulations, we
find that this tweak does not affect neither the behaviour of the Hamiltonian nor the values of the orbital
parameters, if Dt0 has a small enough value.

3. Simulation
3.1 Parameters and initial conditions
Our simulation input parameters will consist of the
mass of Sgr A and the initial conditions ðh0 ; r0 ; r_0 Þ of
the test particle. By setting the initial position at
periapsis, we get r0 ¼ rper and r_0 ¼ 0. h0 can be set as
h0 ¼ 0, without losing generality. To compute Equation (11) we need ph , which is calculated at the initial
instant plugging r0 h_ 0 ¼ vper into (9).
We take the values for our initial conditions and
MSgr A in solar masses from the observations (Gravity
Collaboration 2020; Peißker et al. 2020). We obtain
some of the initial values from other reported elements assuming that the orbit can be approximated as
Keplerian for small time scales. Notably, we use
(Goldstein et al. 2002; Hintz 2015)


2 1
2
v ¼ GM  ;
ð21Þ
r a
rper ¼ ð1  Þa;

ð22Þ

a3 GM
¼
:
T 2 4p2

ð23Þ

The used data is shown in Table 1.
We take an integration time step of Dt0 ¼ 0:05
hours, and extend the simulation for a total of five S2
years (  80 Julian years), in order to report the orbital
period and periapsis shift as an average over five full
orbits. This would account for a periapsis shift of
roughly 1 (Gravity Collaboration 2020; Peißker et al.
2020).

3.2 Determination of the orbital elements
To obtain each of the output orbital elements, a, , T,
and d/, we proceed as follows. We begin the simulation from the initial position ðr0 ¼ rper ; h0 ¼ 0Þ and
deploy the numerical integration until the condition
ri r i1 is met. In this way, the position at the step
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Table 1. Expected orbital elements for two cases. The values were tweaked from Gravity Collaboration (2020) and Peißker et al. (2020).

Cases
1
2

rper
(a.u.)

vper
(Km/s)

MSgr A
(106 M )

a
(a.u.)



T
(Julian years)

d/
(0 of arc)

119.0
0:9
119.3
±0.3

7740
40
7582
±8

4.26
0:01
4.10
±0.02

1031.3
7:1
1034.6
±1.6

0.88465
0:00008
0.8847
±0.0005

16.05
0:18
16.44
±0.08

13
2
11.7
±0.6

i  1 corresponds to apoapsis, thus allowing us to
calculate a ¼ ðrper þ rap Þ=2. Then we calculate the
eccentricity as  ¼ 1  rper =a.
After determining a and , we resume the simulation with a new loop that runs while h 10p. This
would give us five periods of a Keplerian orbit,
however, due to the precession effect, at h ¼ 10p the
particle hasn’t reach periapsis yet. To find the final
periapsis we resume the simulation until the condition
ri r i1 is met, then reporting the final values at the
i  1 step. The period will simply be ti1 =N. The
periapsis precession per period is given by
d/ ¼ ðhf  h0 Þ=N, since hf is the polar angle at the
ðN þ 1Þth periapsis. And, since we set h0 ¼ 0, the
periapsis shift is just d/ ¼ hf =N.
To illustrate the determination of d/ we show in
Figure 1 the complete motion of a particle in a mock
case. In Figure 2 we give a closer look of the orbit in
the region where periapsides are occurring. The angle
N  d/ corresponds to the difference between the
polar angles at the initial periapsis and the final
periapsis.

Figure 1. Mock orbit, N ¼ 5 periods. The parameters
were tweaked to exaggerate the precession effect.

4. Preliminary simulations and model fitting
Our first approach was to directly simulate the orbits
by using as inputs the means of rper , vper , and MSgr A
from Table 2. We show the resulting orbital elements
in Table 2. With respect to H, we have found that it
oscillates around its initial value. In order to asses the
quality of its conservation, we compute
DH

1
2 ðHmax

 Hmin Þ
100%:
jHj

ð24Þ

In all cases the order of magnitude of this deviation
was found to be  1014 , similar to that found in
energy preserving methods (Reich 2000; Casetti
1995). This implies that the deviation is not a problem
specific to our numerical procedure.

Figure 2. Determination of the precession. Here we can
see that the ðxf ; yf Þ position corresponds to the periapsis
after N periods, then the total precession after N periods
corresponds to the polar angle at this position.
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Table 2. Preliminary simulations results. Columns 1–3 display input parameters and columns
4–7 display output parameters.
rper
(a.u.)

vper
(Km/s)

MSgr A
(106 M )

a
(a.u.)



T
(Julian years)

d/
(0 of arc)

119.0
119.3

7740
7582

4.26
4.10

1059.9
1054.1

0.8877
0.8868

16.72
16.90

12.1
11.7

Table 3. Fitting results. The uncertainties correspond to 1r. When the deviation is not
symmetric we show the greatest value. See Figure 3 for corner plots.
rper
(a.u.)

vper
(Km/s)

MSgr A
(106 M )

a
(a.u.)



T
(Julian years)

d/
(0 of arc)

119.3
0:6

7580
±40

4.10
±0.05

1035
±2

0.8847
±0.0005

16.44
±0.08

11.7
±0.1

Figure 3. Results of the emcee fitting.

The analysis of the results in Table 2 tells us that
there are significant discrepancies with the expected
values from the observations. We run several tests
varying the initial parameters, within the uncertainties
reported in Gravity Collaboration (2020) and Peißker

et al. (2020), and found that the resulting orbital elements, in particular a and T, are very sensible to the
input parameters, mainly vper . As an example by fixing
rper ¼ 120 a.u. and MSgr A ¼ 4:25  106 M we
obtain fag ¼ f748; 1075; 1927g in a.u. for fvper g ¼
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f7600; 7700; 7800g in km/s respectively. These discrepancies may be a consequence of the nonlinearity of
the equations of motion. Notice that this is not inherent
to our proposed model, as similar discrepancies can be
found by using Keplerian equations. Thus we propose
to fit the model using an MCMC scheme, since it
allows us to infer a posterior distribution for the input
parameters, which provides us a median and an
uncertainty (Table 3).
We fit the model using the emcee Python package, which has been extensively used in the astrophysical literature, in particular, to fit orbital
parameters in similar systems (Parsa et al. 2017;
Peißker et al. 2020). To implement our code we
follow the guidelines provided by Foreman-Mackey
et al. (2013) and Pasha (2020). The results are presented using the corner Python package (ForemanMackey 2016). We use a uniform prior centred at the
best fit, obtained by optimizing the likelihood function with the brute force and Powell methods provided in scipy.
For the likelihood function, we calculate v2 using
the reported values of a,  and T in Peißker et al.
(2020), making the posteriors for those parameters to
match said observation.
5. Discussion and conclusions
We have obtained a set of distributions for each orbital
parameter, some of which present strong correlations
(Figure 3). We check that the correlations are consistent with what was expected from Equations (1), (21),
(22), and (23), by fitting correlated dispersions to a
linear model and obtaining a slope that matches with
said equations.
Under the constraints we set on a,  and T, we get
estimations for rper , vper , MSgr A and d/ that are
consistent with recent observations (Gravity Collaboration 2020; Peißker et al. 2020). In particular, we
have found that the generalized potential model is
eligible to reproduce the pericentre shift of S2.
We conclude that this generalized potential can be
useful in orbital parameter fitting, employing simpler
equations than other models that also reproduce relativistic features, such as Zhang et al. (2015), Parsa
et al. (2017) and Gainutdinov & Baryshev (2020).
Moreover, it could be used to represent a wider range
of relativistic phenomena than the ones studied in this
work, as noted by Ghosh et al. (2016).
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