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Abstract. The purpose of this article was to examine the behavior of the Little rip (LR) and Pseudo rip (PR)
models with two interacting ideal fluids related to dark energy and dark matter with the quadratic equation of
state with time-dependent parameters xðtÞ and KðtÞ in flat Friedmann–Lemaitre–Robertson–Walker
cosmological model. In this article, the gravitational equations of motion for dark matter have been solved.
The equation of the state parameter xðtÞ ! 1 has been discovered. Also, discovered KðtÞ ! 1 as t ! 1,
it shows that the future behavior of our universe depends on specific model parameters xðtÞ and KðtÞ for the
coupled dark energy. In this formalism, the properties of the early universe are pointed out.
Keywords. Cosmology models—Dark energy—Dark matter—Little rip (LR)—Pseudo rip (PR)—
Quadratic equation of state (EOS).

1. Introduction
One of the most unforeseen disclosures about our
understanding of the universe is that it is not
dominated by the ordinary baryonic matter, but
instead, by a form of nonluminous matter called
dark matter and is about five times more abundant
than baryonic matter (Ade et al. 2014). The method
for explaining the observed expansion is to introduce a dark energy fluid with negative pressure and
negative entropy for the universe that derives the
positively accelerated phase of the universe expansion (Riess et al. 1998; Perlmutter et al. 1999; Sahni
& Starobinsky 2000; Peebles & Ratra 2003; Li et al.
2011). According to present observational data, dark
energy currently accounts for about 73% of the total
mass/energy of the universe and only 27% of a
combination of dark matter and baryonic matter
(Kowalski et al. 2008).
Very little has been explored about dark energy and
its properties that determine the fate of our universe.
In addition to that, there is no clear evidence that they
interact with each other or even they are interlinked
while it is usually believed that they weakly interact
with ordinary matter. However, there is a enough

possibility to develop a generalized model of quintessence field that the background and the dark energy
develop independently, but have nonminimal coupling
between both dark components (Amendola 2000;
Chimento et al. 2000; Zimdahl et al. 2001; Amendola
& Tochini 2002; Chimento et al. 2003a,b; Gonzalez
et al. 2006; Farooq et al. 2011). Since the nature of the
dark matter is not completely discovered, we have the
liberty to consider additional interactions between the
dark components without bothering about the facts
observed so far. Nevertheless, solar system tests
impose some restrictions on the nonminimal coupling
between dark matter and dark energy (Will 1933).
Currently, no specific coupling between the dark
sectors has been known based on fundamental theories. Therefore, suggested coupling models will necessarily be phenomenological (Amendola & TocchiniValentini 2001; Boehmer et al. 2008), though some
models seem to have more physical justification than
others (Gonzalez et al. 2006; Boehmer et al. 2015;
Gleyzes et al. 2015; D’Amico et al. 2016; Pan et al.
2020a,b).
Here, new interaction can be phenomenologically
introduced in several ways (Koyama et al. 2009) in
the investigation, which follows similar approaches
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(He & Wang 2008; Gavela et al. 2009, 2010; He et al.
2009a,b, 2011; Jackson et al. 2009; Salvatelli et al.
2013; Costa et al. 2014; Abdalla et al. 2017; Valentino
et al. 2017; Yang et al. 2018, 2019). We phenomenologically parameterized the coupling between
dark matter and dark energy through an energy
transfer from one sector to the other.
In the coupled phantom/fluid model, dark energy
and dark matter are usually described by assuming an
ideal fluid with an unusual equation of state (EOS). In
the future, the dark energy universe may have interesting implications (Nojiri et al. 2005). It tends to be
described by an EOS dark energy parameter x. It is
the proportion of the pressure to the density
x ¼ px =qx \0, where qx is the dark energy and px is
the dark pressure. Its EOS parameter x is \  1. The
condition x\  1 corresponds to a dark energy
density that monotonically increases with time t and
scale factor R.
Brevik et al. (2004), Nojiri & Odintsov (2005,
2006) and Capozziello et al. (2006) presented the dark
fluid models with an inhomogeneous EOS. There exist
various cosmological scenarios for the evolution of
the universe with the big rip (Caldwell et al. 2003;
Nojiri & Odintsov 2003, 2004), the little rip (LR)
(Brevik et al. 2011; Frampton et al. 2011, 2012a;
Astashenok et al. 2012a,b,c; Nojiri et al. 2012;
Makarenko et al. 2012), the pseudo rip (PR) Frampton
et al. (2012b) and the quasi rip (Wei et al.
2012). Shelote & Khadekar (2018) have suggested
that both LR and PR are nonsingular and also studied
the behavior of LR and PR for dark energy in the flat
Friedmann–Lemaitre–Robertson–Walker (FLRW) cosmological model. Khadekar et al. (2015) and Vinutha
et al. (2019) are the authors who have analyzed the LR
and PR models behavior in the flat Kaluza–Klein
cosmological model.
In this article, the effect of the coupling between
dark energy and dark matter of special form through
the time-dependent parameters xðtÞ and KðtÞ has been
investigated. In this investigation, we have considered
the account of the impact of the interaction rate
between dark energy and dark matter on the evolution
of the LR and PR universe. Equation of state has an
important role for LR as well as PR phenomena in the
framework of coupled dark energy models.
With regard to general relativity, the impacts of a
quadratic EOS have been examined by Nojiri &
Odintsov (2005), Ananda & Bruni (2006) and
Capozziello et al. (2006) to describe homogeneous
and inhomogeneous cosmological models. This
quadratic EOS of the type px ¼ p0 þ aqx þ bq2x ,
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where p0 ; a, and b are parameters, is only the Taylor
expansion of arbitrary barotropic EOS, px ðqx Þ. Different EOS has been discussed by Nojiri & Odintsov (2005) and Capozziello et al. (2006) for dark
energy universe and demonstrated that the quadratic
EOS may describe dark energy or unified dark
matter.
Rahman et al. (2009), Feroze & Siddiqui (2011),
Chavanis (2013a,b), Maharaj & Takisa (2013),
Sharma & Ratanpal (2013), Malaver (2014) and
Takisa et al. (2014) are several researcher’s works
with a quadratic EOS.
Shelote & Khadekar (2018) studied the dark energy
model with quadratic EOS with time-dependent
parameters by considering the below form:
px ¼ ½1 þ xðtÞq2x þ KðtÞ;

ð1Þ

in which LR and PR behaviors were encountered.
Here px and qx are the pressure and the energy density
for dark energy, respectively.
Vinutha et al. (2019) have examined the flat FLRW
type Kaluza–Klein model within sight of ideal fluid
with a quadratic EOS with time-dependent parameters. Raushan et al. (2020) have studied the dynamical
systems analysis of the FLRW model of the universe
with a quadratic EOS and bulk viscosity in the
structure of general relativity.
Bervik et al. (2013) have studied the impact from
the interaction between dark energy and dark matter
of time parameters in the inhomogeneous EOS px ¼
e ðtÞqm for dark energy and
xðtÞqx þ KðtÞ and pm ¼ x
dark matter, respectively, upon the occurrence of LR
and PR models.
In this work, we have examined the particular dark
energy models with time-dependent parameters xðtÞ
and KðtÞ in the quadratic EOS and inhomogeneous
EOS for dark matter in which LR and PR conducts
have been experienced.

2. Model and field equations
Consider the flat FLRW cosmological model of the
following structure
ds2 ¼ dt2  R2 ðtÞ½dr 2 þ r2 ðdh2 þ sin2 hd/2 Þ;

ð2Þ

where R(t) is a scale factor.
Einstein’s field equations take the standard structure
as
1
2

Gij ¼ Rij  gij R ¼ 8pGTij :

ð3Þ
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The energy–momentum tensor of the fluid contained
in this universe is given by
Tij ¼ ðqx þ qm þ px þ pm Þli lj  ðpx þ pm Þgij ;
where px , qx and pm , qm are the pressure, the energy
density of dark energy and the pressure, the energy
density of dark matter, respectively.
Here, we neglect baryons and radiation since at the
late time they are not much significant Aghanim et al.
(2018a,b).
The Einstein field Equation (3) for the FLRW
model Equation (2) takes the form
1
3
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We will consider the development of the universe
beginning at some time t ¼ 0, which will at first be
left undefined, except that it refers to an initial
instance in the very early universe. Its precise meaning will be dependent on which model we consider.
We have considered the LR and PR models.
We will now explore LR and PR cosmological
models in which interaction between dark energy and
dark matter components is described in terms of the
quadratic EOS with time-dependent parameters xðtÞ
and KðtÞ.

H 2 ¼ v2 ðqx þ qm Þ;

ð4Þ

2.1 LR model

1
H_ ¼  v2 ðpx þ qx þ pm þ qm Þ;

ð5Þ

LR cosmology is characterized by an energy density,
increasing with time t but in an asymptotic sense so
that an infinite time is required to reach the singularity. It corresponds to an EOS parameter x\  1, but
x ! 1 asymptotically. This is a simple variant of
the future singularity approach.
Consider the two different cases of LR model in
four-dimensional cosmology with a given Hubble
parameter H:

2

where v2 ¼ 8pG with G representing the Newton’s
gravitational constant, H is the Hubble parameter, and
dot ðÞ for differentiation with respect to the proper time t.
For dark energy and dark matter, the conservation
equation takes the form
ð6Þ
q_ x þ 3Hðpx þ qx Þ ¼ Q
and
q_ m þ 3Hðpm þ qm Þ ¼ Q;

ð7Þ

where Q is the interaction rate between dark energy
and dark matter.
If Q [ 0, the energy transfer is from dark energy to
dark matter, which means dark energy decays into dark
matter, whereas if Q\0, the energy flux has the opposite direction and dark matter turns into dark energy.
Consider that the universe is filled with two interacting perfect fluids, fulfilling the quadratic EOS with
time-dependent parameters xðtÞ and KðtÞ as mentioned in Equation (1) for dark energy.
Also, in the accompanying EOS parameter between
the pressure of dark matter and the energy density of
the dark matter, a component is taken to comply with
another inhomogeneous EOS (Nojiri et al. 2005)
e ðtÞqm :
pm ¼ x

ð8Þ

After substituting the value of Pm from Equation (8)
into Equation (7), it results into
e Þqm ¼ Q:
q_ m þ 3Hð1 þ x

ð9Þ

By using Equations (1) and (4) in Equation (6), the
gravitational equation of motion for the dark energy
takes the form as below:
6H H_
 q_ m þ 3H ð½ð1 þ xðtÞÞqx þ 1qx þ KðtÞÞ ¼ Q:
v2

ð10Þ

Case (a): HðtÞ ¼ H0 ekt (Frampton et al. 2012a).
Case (b): HðtÞ ¼ ðtn =sn Þ  1.
In both cases as t ! 1, H ! 1.
Case (a): HðtÞ ¼ H0 ekt ;

k [ 0; H0 [ 0:

In Case (a), if t ¼ 0, we get H ¼ H0 , so that H0 turns
into the present-time Hubble parameter.
To solve Equation (9), assume that the thermodye ðtÞ for dark matter has the
namic parameter x
accompanying structure as below (Bervik et al. 2013):
e ðtÞ ¼ 1 þ ekt :
x

ð11Þ

Consider that interaction rate Q(t) between dark
energy and dark matter depends on quadratic on time,
in the following form:
Q ¼ Q1 t 2 þ Q2 ;

ð12Þ

where Q1 and Q2 are constants.
This choice (Equation 12) is based on the physically natural assumption that the coupling increases
when the corresponding rate of change of the scale
factor increases (it means time increases).
Also, Brevik et al. (2013) considered Q(t) dependents linearly on time and choices are motivated by
modified gravity theory (Nojiri & Odintsov
2007, 2011).
e ðtÞ from EquaBy substituting the value of x
tion (11) and the value of Q from Equation (12) in
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Equation (9), energy density of dark matter can be
written as


1
2tQ1 2Q1
qm ¼
t 2 Q1 
þ 2 þ Q2 þ ce3H0 t ; ð13Þ
3H0
3H0 9H0
where c is the constant of integration and H0 is the
present-time Hubble parameter.
In Equation (13), during evolution of the universe
(i.e., t [ 0) for the value Q1 [ 0 and Q2 [ 0, qm will
always be positive.
At t ¼ 0, Equation (13) becomes


1 2Q1
þ Q2 þ c:
qm ð0Þ ¼
3H0 9H02
In the above equation, for the value of
c ¼ ð1=3H0 Þðð2Q1 =9H02 Þ þ Q2 Þ, qm is zero. It indicates that in the universe at initial time t ¼ 0, dark
matter starts to exist.
When t ! 1, qm ! 1.
Consider the value of xðtÞ for dark energy in the
form (Brevik et al. 2013)
1
ð14Þ
xðtÞ ¼ 1  2 2 :
3v H
In Equation (14), for t\0 and t [ 0, results in
x\  1.
In the limit t ! 1, gives xðtÞ ! 1.
Subsequently when t ! 1, the accelerating
expansion happens, which may relate to the inflation
in the early universe.
By puting the value of xðtÞ from Equation (14) in
Equation (10), we obtain




1
1
KðtÞ ¼ 2 3H 2 4  1  2kH
v
v


2
qm
e 2 2 :
ð15Þ
 qm 4 þ x
v
3v H
When t ! 1 we obtain KðtÞ ! 1.
At initial time t ¼ 0, from Equations (14) and (15)
we get
1
xð0Þ ¼ 1  2 2 and
3v H0




1
2 1
Kð0Þ ¼ 2 3H0 4  1  2kH0 :
ð16Þ
v
v
From Equation (10), for the value of K ¼ KðtÞ, we
obtain xðtÞ as
1
xðtÞ ¼
2
2
qm ½ð3H =v2 qm Þ  12


ð2k þ 3ÞH
e qm þ KðtÞ  1:

þx
ð17Þ
v2
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From Equation (17), we observed that, for any value
of KðtÞ (like KðtÞ as an increasing function of t or
decreasing function of t or constant value), we get
xðtÞ ! 1. This equation corresponds to x\  1 at
any given time. As a result, LR cosmology has been
formulated in terms of the EOS parameters KðtÞ and
xðtÞ for the coupled dark energy.
Case (b): HðtÞ ¼ ðtn =sn Þ  1, where s is constant and
n [ 0.
In Case (b), if t ! 1, HðtÞ ! 1 and for t ¼ 0,
HðtÞ ! 1.
Here, we considered Case (b) as a LR model
because on solving Case (b) for the value of scale
factor R(t), it gives
 nþ1

t
tþc :
RðtÞ ¼ exp n
s ðn þ 1Þ
The above value of R(t) is of the form RðtÞ ¼ ef ðtÞ ,
where f ðtÞ ¼ ðtnþ1 =ðsn ðn þ 1ÞÞÞ  t þ c is a nonsingular function, which is satisfied as long as f€[ 0.
According to Frampton et al. (2011), all LR models
are described by an equation of the form RðtÞ ¼ ef ðtÞ ,
with nonsingular f satisfying equation f€[ 0 and
physically in the LR, the scale factor R(t) and the
density is never infinite at a finite time.
e in the
For the thermodynamic dark matter x
inhomogeneous EOS Equation (8), consider the following form:
e ðtÞ ¼ 1 þ tn :
x

ð18Þ

e ðtÞ is always 1 at an initial value
In Equation (18), x
e ðtÞ
of t, i.e., t ¼ 0, thereafter with increasing t, x
increases.
Consider the value of Q(t) in the following form:
QðtÞ ¼ ðe3t

nþ1

=ðnþ1Þ

Þ

3t2n
:
sn

ð19Þ

e ðtÞ from Equation (18) and
By using the value of x
Q(t) from Equation (19) to solve Equation (9) for dark
matter, we obtain
 ðnþ1Þ

3t
3t2nþ1
3tnþ1 =ðnþ1Þ
þ c1 exp

;
qm ðtÞ ¼ e
n þ 1 sn ð2n þ 1Þ
ð20Þ
where c1 is constant of integration.
At t ¼ 0, Equation (20) simply yields
qm ð0Þ ¼ 1 þ c1 :

ð21Þ

By considering the value of constant of integration
c1 ¼ 1 in Equation (21), it gives qm ¼ 0.
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In the far future, t ! 1, we additionally observed
that the dark matter qm ð1Þ ! 1.
To get the value of KðtÞ, put the value of parameter
xðtÞ from Equation (14), Q(t) from Equation (19) and
qm ðtÞ from Equation (20), in Equation (10), gives




1
2ntn1
2 1
KðtÞ ¼ 2 3H
1 
v
v4
sn


2
q
e  2m 2 :
ð22Þ
 qm 4 þ x
v
3v H
From Equations (14) and (22), for a Case (b) at t ¼ 0,
gives
xð0Þ ¼ 1 

1
3v2

 

1
1
Kð0Þ ¼ 2 3 4  1
v
v


2
1 þ c1
:
 ð1 þ c1 Þ 4  1 
v
3v2

q2m ½ð3H 2 =v2 qm Þ  1

ðnþ1Þ

ð25Þ

;

where H0 , H1 , k, and n are positive constants,
H0 [ H1 when t [ 0.
For the solution of Equation (9) for dark matter for
e ðtÞ has the
the PR model, consider the parameter x
structure as in Equation (18).
Let us consider Q(t) as
 

3H1
n
ðnþ1Þ
Þ : ð26Þ
expðkt
QðtÞ ¼ 3H0 t exp
kðn þ 1Þ

ktðnþ1Þ

Þ

nþ1

½1 þ c2 e3H0 =ðnþ1Þt ;
ð27Þ

ð23Þ

e qm þ KðtÞ  1;
½A þ x
2
ð24Þ

where
2ntn1 3
A¼ 2 n þ 2
v
vs

H ¼ H0  H1 ekt

qm ¼ eðð3H1 =kðnþ1ÞÞe

For HðtÞ ¼ ðtn =sn Þ  1 and the value of K ¼ KðtÞ in
Equation (10), gives the value of xðtÞ as
1

Let us consider that PR model with different
behavior of Hubble parameter has the following form:

With respect to above equation, we found that the
solution of Equation (9) for dark matter is

and

xðtÞ ¼

94

 n 
2
t
1 :
sn

Up to this point, we have in this manner built two
instances of LR cosmology, regarding time-dependent
parameters in the EOS, by considering an interaction
rate Q(t) between dark energy and dark matter.
It should be noted that for both LR model’s Cases
(a) and (b) at the point t ! 1, it is observed that
qm ! 1. At initial time t ¼ 0, for Case (a) at c ¼
ðð2Q1 =9H02 Þ þ Q2 Þ and for Case (b) at c1 ¼ 1,
energy density for dark matter is zero. This implies, in
the universe there might be a time in this model when
there is no dark matter in it or it begins to appear.

where c2 is constant of integration.
From Equation (27), the dark matter energy density
At t ! 0; qm ! e3H1 =ðkðnþ1ÞÞ ð1 þ c2 Þ:
At t ! 1; qm ! 1:
At t ! 1; qm ! 0:
For the PR model, from the above expression, we
observed that at a past time, there is no dark matter. It
will start to appear in the universe with increasing time.
Energy density for dark matter has value ranging from
0 to 1 for the elapsed time from t ! 1 to t ! 1.
If the thermodynamic parameter xðtÞ for dark
energy has the form as in Equation (14), we obtain
from Equation (10) the following expression for the
cosmological constant:




1
2 1
ktðnþ1Þ n
 1  2ðn þ 1ÞH1 ke
t
KðtÞ ¼ 2 3H
v
v4


2
qm
e :
ð28Þ
 qm 4  2 2 þ x
v
3v H
At t ¼ 0, for PR model from Equations (14) and (28)
gives
1
xð0Þ ¼ 1 
2
3v ðH0  H1 Þ2
and

2.2 PR model
In this section, a model has been investigated, in
which the Hubble parameter moves toward a constant
in the far future. That implies, the universe approaches
asymptotically to a de-Sitter space.




1
2 1
 1  eð3H1 =vðnþ1ÞÞ
Kð0Þ ¼ 2 3ðH0  H1 Þ
v
v4
"
#
2 eð3H1 =kðnþ1ÞÞ ½1 þ c2 
e : ð29Þ
 ½1 þ c2  4 
þx
v
3v2 ðH0  H1 Þ2
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For PR model Equation (25), for the value of K ¼
KðtÞ in Equation (10), we get the value of xðtÞ as
follows:
1
e qm þ KðtÞ  1;
½B þ x
xðtÞ ¼
2
2
qm ½ð3H =v2 qm Þ  12
ð30Þ
where
B¼

2H1 kðn þ 1Þtn ekt
v2

nþ1

þ

3H 2
:
v2

From the above equation, we observed that for any
value of KðtÞ, we get xðtÞ ! 1 for the PR model.
Thus, the influence of the coupling between dark
energy and dark matter on the evolution of the LR as
well as the PR model has been investigated by the
time-dependent parameters of the quadratic EOS.
3. Conclusion
The physics of dark matter and dark energy has
remained challenging even after a series of astronomical missions.
In this paper, we have presented models with two
interacting ideal fluids corresponding to dark matter
and dark energy with quadratic EOS with time-dependent parameters xðtÞ and KðtÞ, in which LR and
PR behaviors, described in flat FLRW model, have
been encountered in the far future. It shows that LR
and PR cosmology changes exponentially with
parameter KðtÞ.
For the coupled dark energy, we have obtained
expression for dark energy, the dark matter density,
and time-dependent parameters xðtÞ and KðtÞ. In this
expression, the descriptions of the LR and PR universes in terms of the quadratic EOS parameters were
given.
For LR model Case (a), LR model Case (b), and PR
model (Equation 25), the gravitational equations of
motion for dark matter were solved as Equations (13),
(20), and (27), respectively. For LR model, Equations (13) and (20) at t ¼ 0 simply yield
qm ð0Þ ¼ ð1=3H0 Þðð2Q1 =9H02 Þ þ Q2 Þ þ c
and
qm ð0Þ ¼ 1 þ c1 :
It indicates that, at the initial time t ¼ 0, dark matter is
constant in the universe. For the result
qm ð0Þ ¼ ð1=3H0 Þðð2Q1 =9H02 Þ þ Q2 Þ þ c;

if we take the value of constant of integration
c ¼ ð1=3H0 Þðð2Q1 =9H02 Þ þ Q2 Þ;
we obtain qm ð0Þ ¼ 0. In short, at t ! 0, it is seen that
p and q exist, whereas qm and pm tend to zero and this
implies there might be a period in this model when
there is no dark matter in it.
Dissimilar to a model containing simply pure dark
energy, the presence of an interaction rate between
dark energy and dark matter in the gravitational
equations prompts changes in the EOS parameters
(Bervik et al. 2013).
Similarly for LR model Case (b) and PR model, if
we consider the value of integration constants c1 and
c2 as 1 in Equations (20) and (27), at the initial
value of t, i.e., t ¼ 0, we found that energy density for
dark matter is also zero. For PR model at t ! 1, we
found qm ! 1 and at t ! 1, we found qm ! 0.
From this expression, we observed that in the past
time, there is no dark matter and it will start to appear
in the universe with increasing time. So, we can say,
energy density for dark matter has a value between 0
and 1, which means it is negligible for the elapsed
time from t ! 1 to t ! 1.
From Equations (17), (24), and (30), we observed
that for any value of KðtÞ, like if we take the value of
KðtÞ as an increasing function of t or decreasing
function of t or constant value, we always get the
value of xðtÞ ! 1 for both cases of LR model as
well as PR model. It shows that the effect of coupling
between dark energy and dark matter is responsible
for the accelerated expansion of the universe.
Additionally, discovered behavior of LR and PR for
coupled dark energy with quadratic EOS with timedependent parameters xðtÞ and KðtÞ.
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