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Abstract. In the elliptic restricted three-body problem framework, periodic orbits are multi-revolution
(MR) orbits. In the conventional approach to design an MR orbit, the circular halo orbit initial conditions are
used with continuation on eccentricity and by dividing the whole orbit into multiple segments. An alternative
scheme based on differential evolution is developed which avoids the continuation on eccentricity and treats
the whole trajectory (MR orbit) as a single segment. The design and analysis of different MR orbits in the
Sun–Earth system are presented. Unlike in the differential correction based method, the proposed methodology could produce both Lyapunov and halo orbit MR solutions for the same period. Further, it could
capture multiple solutions for each of the halo or Lyapunov MR orbits. Multithreading technique has been
employed to reduce the computational time.
Keywords. Elliptic restricted three-body problem—Lagrangian points—multi-revolution orbit—differential evolution—multithreading—differential correction.

1. Introduction
Space mission design involves complex dynamics of
multi-body forces and so, some restrictive assumptions are introduced to obtain physical insights necessary for the preliminary mission design. The
conventional approach uses the framework of Circular
Restricted Three-Body Problem (CRTBP). It provides
an initial design which is used to initiate the real
mission design involving full force ephemeris models.
In CRTBP, the third body is governed by the gravity
dynamics of two bodies that are assumed to revolve
around their barycentre in circular orbits.
Under the CRTBP framework, the forces on the
third body are the gravitational attractions of the primaries and the centrifugal force about the barycentre
of primaries. These two forces exactly balance in five
equilibrium points known as Lagrangian points. The
dynamics of motion around Lagrangian points are
exploited for various scientific missions. A lunar
gateway station at the Earth–Moon L1 is proposed to

be a natural transportation hub for humans to travel
near Earth’s neighbourhood and beyond (Koon et al.
2000). The NASA ISEE-3 mission (Richardson 1980)
to a halo orbit around the Sun–Earth Lagrangian point
L1 studied the interaction between the solar winds and
the Earth’s magnetic field. Farquhar and Kamel (1973)
proposed the use of halo orbit as a relay hub to
communicate with the far side of the Moon. The
Lagrangian points of Sun–Earth system and Earth–
Moon system can potentially serve as hubs/destinations for spacecraft trajectories for interplanetary travel. A Lunar Orbital Platform-Gateway (LOP-G) is
proposed to be a staging point for NASA’s Deep
Space Transport concept to Mars (Scully and Bob
2018). The James Webb Telescope (Gardner et al.
2006) is proposed to be launched into a halo orbit
around Sun–Earth L2 to understand the formation and
evolution of stars and galaxies.
The halo orbits are perfectly periodic, three-dimensional orbits around Lagrangian points, that exist
in a restricted three-body problem framework. The

5

Page 2 of 18

halo orbit is represented by the amplitude of the
spacecraft’s out of plane motion, Az. The halo orbits
are categorized into northern and southern families. A
halo orbit belongs to northern family if the spacecraft
spends more time above the plane of motion of primaries and belongs to southern family if the spacecraft
spends more time below the plane of primaries. The
first step of the mission design to a halo orbit involves
the design of the halo orbit of a specified amplitude.
Richardson (1980) developed the third-order analytical solution for the design of halo orbits using Lindstedt–Poincaré method. Howell and Pernicka (1987)
used this as an initial approximation and generated
halo and Lissajous (quasiperiodic) orbits using the
multiple shooting method. However, the design based
on differential correction does not give the required
out-of-plane amplitude in a single level scheme and is
refined using numerical continuation methods such as
pseudo arc continuation. Folta and Beckman (2003)
proposed to incorporate a dynamical system based
approach for the generation of Lissajous orbits
numerically. Nath and Ramanan (2016) developed a
methodology which produces precise halo orbit design
in a single level scheme based on Differential Evolution (DE).
The halo orbits under CRTBP framework are periodic after one revolution. But in reality, the halo orbits
are periodic only after multiple revolutions. This
phenomenon is well captured by the Elliptic Restricted Three-Body Problem (ERTBP) framework, which
considers eccentricity for the orbits of primaries. The
behavior of MR orbits in ERTBP closely mimics the
behavior of quasi periodic orbits in the ephemeris
model. Therefore, the MR orbits are expected to
provide a better initial guess to the process of finding
numerical design involving full force ephemeris
models. The periodic orbits in the ERTBP framework
are characterised by periods which are multiple integrals of 2p.
Moulton et al. (1920) presented the periodicity
condition for periodic orbits in the planar ERTBP.
Broucke (1969) studied the stability of periodic orbits
systematically in the planar ERTBP. Gurfil and
Meltzer (2007) obtained an analytical estimate to the
monodromy matrix of orbits in ERTBP. Pernicka
(1990) used multiple shooting method to construct
Lissajous orbits in ERTBP numerically using a twostep differential correction scheme. In this process,
some small manoeuvres are introduced in the orbit to
arrive at the required design. Sarris (1989) used
numerical continuation methods to generate periodic
orbits in systems with large mass ratios. Ferrari and
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Lavagna (2018) generated resonant orbits in the
Earth–Moon and Sun–Earth systems and classified
them based on the number of revolutions. Peng and
Xu (2015a) constructed perfectly periodic, multi revolution halo orbits in ERTBP framework, having a
long period which is rationally commeasurable with
that of the primaries. These orbits are obtained using
numerical continuation on eccentricity, with the conditions of circular halo orbit as the initial guess.
Multiple segments are used to avoid problems associated with numerically integrating the equations of
motion for long term. Also, they produce either planar
Lyapunov or halo orbit design in ERTBP based on the
CRTBP type.
In this paper, a design approach for the design of
multi-revolution (MR) orbits in the ERTBP framework is developed using differential evolution (DE),
an evolutionary optimization technique. This single
level approach for halo orbit design produces precise
MR orbit design, avoiding the need for multiple segments and numerical continuation methods. A general
feature of such design approaches is large computation time. The reduction in computational time is
achieved through parallelization of the code. Extensive numerical results in the Sun–Earth system are
presented. This DE based methodology is able to
identify and capture planar Lyapunov and halo design
solutions for an MR orbit. These design solutions have
not been reported in the literature, to the best knowledge of the authors. Multiple design solutions for a
given MR orbit are also captured. The design of MR
orbits using a differential correction based approach is
also attempted for comparison purposes.
The paper is organized as follows: the dynamics of
the third body in the restricted problem framework is
presented in Section 2. The interpretation of Lagrangian points in ERTBP framework is presented in
Section 3. Section 4 presents a brief discussion on
periodic orbits in ERTBP framework. The proposed
methodology is presented in Section 5. Section 6
presents detailed analysis of design of MR orbits and
Section 7 presents the comparison of the proposed
methodology with a differential correction based
approach.

2. Dynamic models
In the restricted three-body problem, the mass of the
third body is assumed to be very small and so, does
not affect the motion of the primaries. In this section,
first, a brief discussion on CRTBP framework is
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included because the initial conditions of halo orbit in
CRTBP are used to set the search domains for the DE
procedure for generating MR orbits. Then the
dynamics of ERTBP framework is provided.

2.1 Circular restricted three-body problem (CRTBP)
In the CRTBP framework, the two massive bodies
called primaries are assumed to revolve around their
barycentre in circular orbits and the third body moves
in the plane of motion of the two primaries. A coordinate frame with origin at the barycentre of the primaries and which rotates with the rotation of primaries
is found to be most useful to express the equations of
motion in a concise and elegant form. The equations
of motion of the third body in CRTBP framework are
well reported in the literature (Szebehely 1967) and
so, not included herein. Lagrangian points are the
equilibrium solutions of the equations of motion in the
CRTBP framework. There are five Lagrangian points
in the CRTBP framework. Families of periodic orbits
are known to exist around the Lagrangian points. The
halo orbits are one such class of orbits which are
perfectly periodic and three dimensional. The design
of the halo orbit involves obtaining suitable initial
state that leads to orthogonal crossing of the x  z
plane at half period, making x and z velocity components as zeros. As pointed out earlier, the design of
halo orbits in CRTBP framework is first obtained and
used to design MR periodic orbits in ERTBP
framework.

2.2 Elliptic restricted three-body problem (ERTBP)
In the ERTBP framework, the primaries are assumed
to revolve around their barycentre in Keplerian elliptical orbits. The distance between the primaries R is a
function of true anomaly t and is given by
RðtÞ ¼

að1  e2 Þ
;
1 þ e cosðtÞ

ð1Þ

where a and e are the semi-major axis and eccentricity
of either primary around the other. The equations of
motion in ERTBP can be expressed using two different coordinate systems:
(a) A synodic coordinate frame, which moves with the
same angular velocity of the primary system.
(b) A non-uniformly rotating and pulsating frame.

Figure 1. Synodic coordinate system in ERTBP.

The first frame, the synodic frame has its origin at
the barycenter of the primaries and the x axis along the
line joining the primaries, similar to those in CRTBP.
The z axis is coincident with inertial Z axis and the y
axis forms the right-handed system, as shown in
Fig. 1.
The normalized equations of motion in this frame
are (Pernicka 1990)
ð1  lÞðx þ lRÞ
r13
l½x  ð1  lÞR

;
r23
ð1  lÞy ly
 3;
y€ þ 2t_x_ þ t€x  t_2 y ¼ 
r13
r2
ð1  lÞz lz
 3;
z€ ¼ 
r13
r2

x€  2t_y_  t€y  t_2 x ¼ 

ð2Þ

where
R ¼ að1  e cosðEÞÞ;
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  e2
h
t_ ¼ 2 ¼
;
R
ð1  e cosðEÞÞ2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  e2
;
t€ ¼ 2e sinðEÞ
ð1  e cosðEÞÞ4
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r1 ¼ ðx þ lRÞ2 þy2 þ z2 ;
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 ¼ ðx  ð1  lÞRÞ2 þy2 þ z2 :

ð3Þ

In these equations, l represents the mass ratio
m2 =ðm1 þ m2 Þ, h is the angular momentum and E is
the eccentric anomaly. r1 and r2 are the distances of
the third body from the larger and smaller primaries
respectively.
The second frame, the non-uniformly rotating and
pulsating rotating frame also has its origin at the
barycenter of the primaries. Here, the system is
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instantaneously normalized by the distance between
primaries. In this frame, the independent variable is
transformed from time t to true anomaly t (Campagnola et al. 2008) using the chain rule:
d dt d
¼
;
dt dt dt
dt ð1 þ e cosðtÞÞ2
:
ð4Þ
¼
dt
ð1  e2 Þ3=2
The normalized equations of motion of the third
body in the ERTBP in the pulsating frame are (Szebehely 1967)
x€  2y_ ¼ xx ;
y€ þ 2x_ ¼ xy ;
z€ ¼ xz ;

ð5Þ

(2021) 42:5

about their average values. In the non-uniformly
rotating and pulsating frame, the system is normalised
by the instantaneous varying distance ðRÞ between the
primaries. Hence, the solution of the quintic equation
yields n=R which can be used to compute the abscissa
of the Lagrangian points (Eq. (8)). This makes the
location of Lagrangian points to coincide exactly
with those in the CRTBP framework. Lagrangian
point L1 of Sun–Earth system ðe ¼ 0:0167; l ¼
3:040357143E  6Þ in two frames are given in Fig. 2.
The transformations in the non-uniformly rotating
and pulsating frame are similar to those in CRTBP and
hence this coordinate frame is chosen for the rest of
the studies.

4. Periodic orbits in ERTBP

where
~ ðx; y; zÞ;
xðx; y; z; tÞ ¼ ð1 þ e cosðtÞÞ1 X


~ ðx; y; zÞ ¼ 1 x2 þ y2 þ 1  l þ l þ 1 lð1  lÞ
X
2
r1
r2 2
1
 e cosðtÞz2 :
ð6Þ
2

The period of halo orbits in the CRTBP framework is
not constrained. But in the ERTBP framework, the
orbits can assume only those periods which are commeasurable with the system period 2p. Campagnola
et al. (2008) stated the condition for an orbit to be
periodic in ERTBP as follows:

The epoch when primaries are at their periapsis is
set as the reference epoch. It can be seen from the
equations of motion that the ERTBP is a periodic
system with period 2p.

‘‘For an orbit to be periodic in the ERTBP, it is sufficient that it has two perpendicular crossings with
either the normal plane or the syzygy axis, or both of
them, when the primaries are at apse.’’

3. Lagrangian points in the ERTBP framework

Under the ERTBP framework, unlike in the CRTBP
framework, the periodic orbits will have multiple
revolutions around the Lagrangian point.

Lagrangian points are the equilibrium points, characterised by conditions of zero velocity and zero
acceleration. Applying these conditions to the equations of motion leads to a quintic equation, whose
solutions yield the abscissas of locations of Lagrangian points. The quintic equation obtained is as follows (Szebehely 1967):
n5  ð3  lÞn4 þ ð3  2lÞn3  ln2  2ln  l ¼ 0;
ð7Þ
xL ¼ 1  l  n:

ð8Þ

In the above, the upper sign applies to L1 and the
lower sign to L2.
In the synodic frame, solution of the quintic equation yields n, which can be directly used to compute
the abscissa of the Lagrangian points (Eq. (8)). In this
frame, the stationary equilibrium points in the same
sense as in CRTBP do not exist, but they oscillate

Figure 2. Location of Lagrangian point L1 in the Sun–
Earth system in the ERTBP framework.
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4.1 Multi-revolution (MR) orbits in ERTBP

5.1 Differential evolution

This study deals with two classes of periodic orbits in
the ERTBP framework. They are:

This technique is well reported in the literature and so,
only briefly described herein. Differential Evolution
(DE) is a direct search method which mimics the
evolution of living species (Price et al. 2005). The
unknown parameters are randomly chosen from the
respective search bounds. From these bounds, an initial population of size NP is built randomly and the
objective function is evaluated. A new feasible
member is formed using three operations: mutation,
crossover and selection. The objective function is
evaluated for the new member and it will replace the
existing member if the function value is lesser. The
process is repeated till a predefined convergence criterion is met.

(1) Three dimensional, multi-revolution halo orbits.
(2) Planar, multi-revolution Lyapunov orbits.
The multi-revolution halo orbits in the ERTBP
framework will be characterized by the average
out-of-plane amplitude, similar to halo orbits in
the CRTBP framework. The Lyapunov orbits lie
on the plane of motion of the primaries, therefore,
they have zero z components of position and
velocity.
The multi-revolution (MR) orbits generated in this
study are represented by the notation MaNb, where
a and b are integers which denote the values of M
and N respectively. In these periodic orbits, the third
body completes M revolutions around the Lagrangian point while the primaries complete N revolutions around the barycentre. For example, an orbit
M5N2 means the spacecraft makes five revolutions
around the Lagrangian point while the primaries
complete two revolutions around the barycentre.
Clearly, these multi revolution orbits are M : N
resonant orbits in the ERTBP framework, where M
[ 1. This terminology is same as the one used by
Peng and Xu (2015a). The periods of MR orbits
ðTE Þ and the halo orbits in CRTBP ðTC Þ are related
by the commeasurable constraint (Peng & Xu
2015a):
TE ¼ N  2p ¼ M  TC :

ð9Þ

5. Design of MR orbits using differential evolution
Peng et al. (2017) used halo orbit initial conditions in CRTBP to start the numerical continuation together with a multi-segment optimization
method to obtain MR halo orbits in ERTBP. The
multiple segments were used to avoid problems
associated with numerically integrating the equations of motion for long term. The main problem,
as indicated by Peng et al. (2017), is non convergence when single segment is used. As an
alternative method, the design of MR orbits is
attempted using differential evolution technique.
In this method, the whole trajectory is considered
as a single segment and the solution is obtained in
a single level scheme without numerical continuation on eccentricity.

5.2 Design philosophy
To generate the design of MR orbits, the equations of
motion (Eq. (5)) are numerically integrated for half
period with the randomly chosen values for the
unknowns. The characteristic of the MR orbits is that
they cross the x  z plane orthogonally twice, at t ¼ 0
and t ¼ T=2, where T is the period. At half-period, the
y component must be zero to ensure x  z plane
crossing and the velocity components x_ and z_ must be
zeros to ensure the orthogonal crossing. Therefore, the
initial state and the state at half period are given by
½x0 ; 0; z0 ; 0; y_0 ; 0 and ½xT=2 ; 0; zT=2 ; 0; y_T=2 ; 0 respectively. In order to accomplish the orthogonal crossing
of x  z plane, the objective function OBJ is set as
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð10Þ
OBJ ¼ y2T=2 þ x_2T=2 þ z_2T=2 :
The objective function is evaluated at half period.
The values of the unknowns that drive the objective
function to zero, is chosen as the design. The DE
technique is used for the selection of suitable values
that drives the objective function to zero.
The period of MR orbit, as discussed earlier, is
given by 2Np. For the design of a MR halo orbit in
ERTBP, the search bounds are chosen around the
design obtained in CRTBP. For obtaining the design
in CRTBP, the equations of motion of ERTBP are
numerically integrated with e ¼ 0 till half period and
the objective function is evaluated. In CRTBP, the
period of the halo orbit is given by 2Np=M (Eq. (9)).
Note that the objective function does not include
the Az amplitude of the orbit, as this information is not
available for this problem. The period of the orbit
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which is known, is used to terminate the numerical
propagation of equations of motion. The Az amplitude
and period of the orbit in CRTBP are strongly related,
and is represented through a plot (Figure 4) in
Section 6.3.

5.3 Computational algorithm
Based on the design philosophy described in the previous section, a step-by-step algorithm is described in
this section.
(i) An initial population of size NP (number of
members) is built. Each member (row) of the
population consists of three unknowns ½x0 ; z0 ; y_0 
of the current problem, represented by U vector
and the value of the objective function. The
values for these unknowns are chosen randomly
from their respective bounds. The bounds are
chosen based on relative geometry of Lagrangian
point and Earth (Nath & Ramanan 2016). To
evaluate the objective function (cf. Eq. (10)),
numerical integration of the equations of motion
(Eq. (5)) is carried out using Runge–Kutta–
Fehlberg 7/8 integrator (RKF7/8) till the half
period. Similarly, all the members (rows) of the
initial population are generated and the initial
population will be a ðNP  4Þ matrix.
(ii) A trial member, from the search bounds, is
generated for each member of the current
population through the processes of mutation,
crossover and selection:
(a) Mutation: A mutant member is generated
using some randomly selected members
from the current population such that they
are not same as the member under testing. A
scaling factor denoted by F is used for the
mutation process, and the mutant member V
is generated according to the relation
Vi ¼ UR1 þ F ðUR2  UR3 Þ. Here R1, R2
and R3 are three distinct random integers
chosen from ½0; NP and the variable i varies
between 1 and NP. These members are
chosen such that they are different from the
element under testing (i-th member) that is,
R1, R2, R3 must not be equal to i.
(b) Crossover: The member of the current
population under testing and the mutant
member together generate the trial member.
A parameter ‘crossover frequency’ (CR) is
used to generate a trial member (Price et al.
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2005). A random number randð jÞ is generated between 0 and 1, for each component
of the i-th member U for which trial
member is to be generated. For each of the
component ð jÞ; if randð jÞ [ CR, the j-th
component of the i-th member of current
population is retained for the trial vector and
if randð jÞ  CR, the component in trial
vector is replaced with the j-th component
of mutant vector.
(c) Selection: The objective function is evaluated for the trial member and the member
under testing is replaced by this trial member
if the objective function value is less.
(iii) The generation of trial member and subjecting
the trial member to the above three operations
are carried out for all the members in the
current population and thus, a new population is
generated.
(iv) The above mentioned steps are repeated till the
convergence criterion is met, i.e., the minimum
objective function value in the population is
less than a small tolerance value ðeÞ.
A FORTRAN95 code has been developed and
implemented in a computer with Linux operating
system having Intel Core i7 processor and 8 GB RAM.
All the random numbers are generated using the
GFORTRAN random number generator RAND. After
a few trial runs, the DE parameters are chosen as
NP = 40, F = 0.5 and CR = 0.8 . For numerical
integration, an initial step size, dt ¼ 0:01 is chosen
which ensures reasonable computational time and
accuracy. The value for the small tolerance ðeÞ is fixed
at 1.0E-15.

6. Numerical studies
As pointed out earlier, the position and velocity
parameters in the Sun–Earth system are normalized
with the mean Sun–Earth distance (1AU ¼
149597870.7 km) and the mean velocity of Earth
around the Sun (29.78525436 km/s). These constants
are obtained from the DE430 ephemeris files and are
used to normalize the axes in Figures 3, 7, 8 and 9.

6.1 Validation
The validation of the proposed algorithm is carried
out for the M5N2 orbit of Earth–Moon system. The
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Figure 3. Trajectory and projections of MR halo orbit M5N2 and its halo orbit.

period of the corresponding circular halo orbit is
ð2 2p=5Þ. First, the initial conditions in CRTBP
are obtained using the proposed method. They are
x0 ¼ 0.852350553614168, z0 ¼ 0.178467743252220,
y_0 ¼ 0.261607202654027. For normalization in the
Earth–Moon system, the mean distance (384,400
km) and the mean velocity of Moon around the
Earth (1.023155 km/s) are used. These constants are
obtained from the DE430 ephemeris files. The
bounds for the generation of MR halo orbit M5N2
are chosen around the above mentioned CRTBP
conditions. They are x0 2 [0.851, 0.853], z0 2
[0.175, 0.184], y_0 2 [0.258, 0.263]. The initial
conditions of M5N2 MR halo orbit obtained using
the proposed method are x0 ¼ 0:851666641652152,
z0 ¼ 0:183285539178136, y_0 ¼ 0:258289722252683.
These values compare well with the reported values
by Peng and Xu (2015b) up to 8 decimal places.

For further design and analysis purposes, the Sun–
Earth system is considered in the current study.

6.2 Reduction in computational time using
multithreading
In order to get solutions quickly, parallelization of the
code with multithreading technique is implemented. The
evaluation of objective function for the members of the
population, which is the most time consuming part, is
distributed to multiple threads. To select the number of
threads, the designs of M2N1 MR halo orbit and M4N1
MR Lyapunov orbit around the L1 point of Sun–Earth
system are generated for different number of threads.
The performance of the DE based algorithm for different
number of threads is presented in Table 1. A step size of
dt ¼ 0:01 is used for this analysis.
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Table 1. Performance of DE with varying number of threads.

No. of threads

Computational time for
the design of M2N1 MR
halo orbit (s)

Computational time for the
design of M4N1 MR
Lyapunov orbit (s)

269.9
139.8
165.4
125.6

266.0
136.2
182.0
123.6

1
2
3
4

It can be seen from Table 1 that the performance
with two threads is better compared to the single
thread version. More computational time is required
for three threads compared to two threads, because for
the population size of 40, three threads do not share
the workload equally and one thread has to wait for
others to complete their part of work (forty is not
divisible by 3). The best performance is obtained with
four threads, due to optimal workload sharing for this
problem with the given parameters. The time taken for
computation in this case is only about half of the time
taken by the single thread version. Further increase in
number of threads involves more effort of splitting
and merging the threads, resulting in more computational time. Although, the trend is presented for two
MR orbits, it is found to be same for other MR orbits
as well. So, all computations in this study are performed with four threads. The above observations are
strictly valid only for the population size of 40.

6.3 Multiple options of MR orbits for a given period
For a given period, it is known that multiple options
of MR orbits exist (Peng & Xu 2015a). That means,
the third body makes different number of revolutions
in the same period. For example, for a period of 4p,
in which primaries make two revolutions, the MR

orbit can be determined such that the third body
makes 4, 5 or 6 revolutions. As mentioned earlier,
they are represented as M4N2, M5N2 and M6N2
respectively.
For the generation of initial conditions of these
multiple options, the search bounds are chosen around
the corresponding CRTBP initial conditions. The
CRTBP initial conditions for different periods are
given in Table 2. In CRTBP framework, a periodic
orbit can fall into either the Lyapunov class or the halo
orbit class. For some periods (orbits M2N1 through
M3N2 in Table 2), Lyapunov class of orbits get
generated and for some other periods (orbits M4N2
through M6N2 in Table 2), halo orbits get generated.
The ERTBP designs obtained using the proposed
method are given in Table 3. It can be observed from
Table 3 that the MR orbits obtained in ERTBP by
choosing the search bounds around the initial conditions of CRTBP lead to the same class of orbit as in
CRTBP. A strategy to generate orbits belonging to
both Lyapunov and halo class for a given MR orbit is
mentioned in Section 6.4.
The closeness of the solutions brings out the high
sensitivity of the problem and the efficiency of the
proposed method. The trajectories of M5N2 MR orbit
are depicted in Fig. 3 along with the corresponding
halo orbit of CRTBP framework. The relation between
period and Az amplitude for the halo orbits around L1

Table 2. Period and CRTBP initial conditions.
MR
orbit
M2N1
M3N1
M4N1
M5N1
M3N2
M4N2
M5N2
M6N2

Period of orbit
in CRTBP

x0

z0

y_0

Class of
orbit

2p/2
2p/3
2p/4
2p/5
4p/3
4p/4
4p/5
4p/6

0.98846725900992624516
0.99180363216506838143
0.99345944178483476404
0.99448253421512746359
0.98458210137152243835
0.99759140868992047773
0.99244101273691078362
0.99429163926952522686

0.00000000000000039695
0.00000000000000040596
0.00000000000000031879
0.00000000000000001471
0.00000000000000146537
0.01226067968533936631
0.01192453419995794918
0.01236680691237496938

0.03185777045093148020
0.02952076395080943386
0.02940078280593460343
0.02990354141959653299
0.03661857741517163219
0.00599824386418409330
0.01488091077165336800
0.01260625979786712947

Lyapunov
Lyapunov
Lyapunov
Lyapunov
Lyapunov
Halo
Halo
Halo
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Table 3. ERTBP initial conditions for different periods.
MR
orbit
M2N1
M3N1
M4N1
M5N1
M3N2
M4N2
M5N2
M6N2

Period of MR
orbit

x0

z0

y_0

Class of
orbit

2p
2p
2p
2p
4p
4p
4p
4p

0.98825158901188546882
0.98887877612980555774
0.99334676581796968793
0.98939716263553716109
0.98449206887637485953
0.98960364279931624725
0.99262745046564209980
0.9926531999853688107

0.00000000000000014590
0.00000000000000009634
0.00000000000000031037
0.00000000000000031899
0.00000000000000057088
0.00543039495431103774
0.01223679471528681762
0.01186329510869675916

0.03186900527039848379
0.00886422752324593860
0.02918131668904101580
0.00869700083220649021
0.03658988658649539849
0.03001449391150934837
0.01430118511702036010
0.01487009359493640181

Lyapunov
Lyapunov
Lyapunov
Lyapunov
Lyapunov
Halo
Halo
Halo

in the Sun–Earth system in CRTBP framework is
given in Fig. 4.
6.3.1 Evaluation of multiple options of MR orbits.
Two parameters: radial distance from Earth to the
spacecraft and velocity of spacecraft in the orbit have
been used to analyse the multiple options. The radial
distance is an important parameter for communication
system. The radial distance and its variation for

different MR orbits are presented in Table 4 and
Fig. 5. It can be observed that the variation of radial
distance increases as the number of third body revolutions (M) increases for MR halo orbits with same
period. However, no such trend has been observed for
MR Lyapunov orbits. The magnitude of velocity in
the MR halo orbit is a critical parameter in the station
keeping aspects of the orbit. The variation of magnitude of velocity in the MR halo orbits is presented in
Table 4 and Fig. 6. It can be observed that the variation of velocity in MR halo orbits increases when the
number of third body revolutions (M) increases. This
is expected because the spacecraft is traversing longer
distances in a given time. The MR Lyapunov orbits do
not show such a trend. The choice for a particular design
among multiple options is specific to a mission and this
analysis is expected to help arrive at trade-offs.

6.4 Halo and Lyapunov design solutions for an MR
orbit

Figure 4. Period-Az amplitude profile for halo orbits
around L1 in the Sun–Earth system.

The design methodologies based on numerical continuation and differential correction produce halo or
Lyapunov orbits under the ERTBP framework
depending on the class of orbits produced in CRTBP

Table 4. Variation of radial distance and velocity in MR orbits.
MR
orbit
M2N1
M3N1
M4N1
M5N1
M4N2
M5N2
M6N2

Class of MR
orbit

Minimum radial
distance (km)

Maximum radial
distance (km)

Minimum velocity in
orbit (m/s)

Maximum velocity in
orbit (m/s)

Lyapunov
Lyapunov
Lyapunov
Lyapunov
Halo
Halo
Halo

169,339.3
507,240.7
961,715.7
141,519.3
1,740,800.5
552,237.9
241,141.0

2,330,013.7
1,663,256.5
1,094,520.4
1,585,707.0
2,382,212.8
2,136,940.5
2,087,244.5

652.1
104.0
752.6
94.8
630.5
425.9
302.6

949.2
937.8
882.5
2,234.0
954.7
1,108.0
1,763.6
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Figure 5. Evolution of radial distance from Earth in MR orbits.

Figure 6. Evolution of velocity in MR orbits.

framework. That means if the CRTBP framework
produces halo orbit, then ERTBP also will produce
halo and if CRTBP produces Lyapunov, then ERTBP
also will produce a Lyapunov orbit. But, the proposed
methodology based on DE produces both halo and
Lyapunov solutions for an MR orbit by suitable choice
of the bounds on z component of position in the
ERTBP framework.
For example, the initial conditions of the halo orbit
in the CRTBP framework which corresponds to
the M4N2 orbit are [0.99759140868992047773, 0.012
26067968533936631, 0.00599824386418409330]. The
MR halo solution, listed in Table 3, is obtained by
using the bounds as [(0.985,0.998), (0.001,0.015),
(0.002,0.05)], whereas the bounds [(0.985,0.998),
(0.0,0.000001), (0.002,0.05)] leads to a Lyapunov
solution [0.98825158899736526008, 0.000000000
33245386642, 0.03186900527425608558]. In the
selection of bounds for Lyapunov solution, the bounds
for z0 are chosen to be very close to zero using the fact
that Lyapunov orbits are coplanar with x  y plane.
The M4N2 halo and Lyapunov orbits and their projections are plotted in Fig. 7. Table 5 gives both the
design solutions for different MR orbits. These results,

to the best knowledge of the authors, have not been
reported in the literature.
6.4.1 Evaluation of halo and Lyapunov design solutions for an MR orbit. The evaluation is carried out
using the two parameters radial distance and velocity
in the orbit, as reported in the earlier section. The
variation of radial distance from Earth and the
velocity in orbit for the different classes of MR orbits
are given in Table 6. The difference in radial distance
and velocity for the halo and Lyapunov solutions of
the M4N2 MR orbit are comparable while the other
orbits show drastic differences. These results can be
useful in making a choice among different halo or
Lyapunov solutions. If minimum variation in radial
distance is desirable for a mission, then M4N2 MR
halo orbit is preferable. However, the magnitudes of
radial distances are very high. A trade-off study can be
conducted using this method to make a choice.
6.5 Multiple design solutions for a given MR orbit
For a given MR orbit, independent of whether they
belong to the class of halo or Lyapunov, multiple
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Figure 7. Trajectory and projections of M4N2 halo and M4N2 Lyapunov orbits.
Table 5. Halo and Lyapunov design solutions for different MR orbits.
MR orbit
M4N2
M5N2
M6N2

Class of MR orbit

x0

z0

y_0

Halo
Lyapunov
Halo
Lyapunov
Halo
Lyapunov

0.98960364279931624725
0.98825158899736526008
0.99262745046564209980
0.98981576610282744051
0.99265319998536881307
0.99024383496983269470

0.00543039495431103774
0.00000000033245386642
0.01223679471528681762
0.00000000019608344724
0.01186329510869675916
0.00000000001004048126

0.03001449391150934837
0.03186900527425608558
0.01430118511702036010
0.00771924017146069173
0.01487009359493640181
0.02881721168977450216

design solutions are identified using the proposed
method. That means, for different sets of initial conditions, the third body makes the same number of
revolutions in a given period. The proposed methodology could capture multiple initial conditions for the
same halo/Lyapunov MR orbits by varying the bounds
of the search region and the seed for random number

generation. The initial conditions of multiple designs
for different MR orbits are listed in Table 7. The
trajectory and projections corresponding to multiple
designs of MR halo orbit M4N2 are plotted in Fig. 8.
6.5.1 Evaluation of multiple design solutions for a
given MR orbit. The evaluation is carried out using the

5
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Table 6. Variation of radial distance and velocity in MR orbits having period 4p:
MR orbit
M4N2
M4N2
M5N2
M5N2
M6N2
M6N2

halo
Lyapunov
halo
Lyapunov
halo
Lyapunov

Minimum radial
distance (km)

Maximum radial
distance (km)

Minimum velocity
in orbit (m/s)

Maximum velocity
in orbit (m/s)

1,740,800.5
1,693,393.2
552,237.9
2,05,854.9
241,141.0
970,464.6

2,382,212.8
2,330,013.7
2,136,940.5
1,121,545.9
2,087,244.5
1,697,809.7

630.5
652.1
425.9
521.3
302.6
641.9

954.7
949.2
1,108.0
1,005.6
1,763.6
916.2

Table 7. Multiple design solutions for different MR orbits.
MR orbit

z0

y_0

Multiple design
solutions

0.00000000000000009634
0.00000000000000023137
0.00000000000000057088
0.00000000001488270702
0.00543039495431103774
0.00638867729496482574
0.01186329510869675916
0.00949371754195974126

0.00886422752324593860
0.00526464760751659901
0.03658988658649539849
0.03579690022753515039
0.03001449391150934837
0.02976300104918720955
0.01487009359493640181
0.01188240454762659983

Design1
Design2
Design1
Design2
Design1
Design2
Design1
Design2

x0

M3N1 Lyapunov 0.98887877612980555774
0.98929492383270287219
M3N2 Lyapunov 0.98449206887637485953
0.98539241694915569054
M4N2 halo
0.98960364279931624725
0.98910996332794314487
M6N2halo
0.99265319998536881307
0.99268738630950274759

two parameters radial distance and velocity in the
orbit, as reported in an earlier section. From Table 8,
it can be seen that extent of variation of radial distance
and velocity are different for multiple design
solutions.
To further compare these multiple design solutions, the concept of average Az amplitude is
introduced for an MR orbit in ERTBP. It is well
known that Az amplitude uniquely defines a halo
orbit in CRTBP. The Az amplitude of the halo
orbit is computed as half of the difference
between the z coordinates at t ¼ 0 and t ¼ T=2 in
the orbit. The following procedure is introduced to
represent the Az amplitude of MR halo orbit: for
each revolution, the difference between the z
coordinates of the two successive x  z plane
crossings is computed; the average of the differences of all revolutions is computed. This average
Az amplitude is used to represent MR halo orbit.
Table 9 presents the average, minimum and maximum Az amplitudes for multiple options. This
yardstick can be used for the choice of design
from among multiple options. The average Az
amplitude of MR halo orbit is nearly equal to the
Az amplitude of the corresponding halo orbit in
CRTBP. This justifies the use of CRTBP as a
reasonably good approximation to start the real

mission design in ERTBP. The trajectory
projections of MR halo orbit M5N2 and
CRTBP halo orbit (Fig. 3) also demonstrates
above mentioned argument for average
amplitude.

and
its
the
Az

6.5.2 Northern and southern family solutions for a
given MR halo orbit. In CRTBP framework, the
solution obtained for a northern family generates
southern family halo orbits if the sign of z0 is changed,
keeping the values of other two variables the same.
The same strategy applies to MR halo orbits also. For
example, the initial conditions of the MR halo orbit
M4N2 (Design1) in the northern family are [0.989
60364279931624725, 0, 0.00543039495431103774,
0, 0.03001449391150934837, 0]. The initial conditions of the corresponding MR halo orbit in the southern family will be given by [0.98960364 27993162
4725, 0, –0.00543039495431103774, 0, 0.03001449
391150934837, 0]. The trajectory and projections of
the MR halo orbit M4N2 belonging to the northern
and southern families are plotted in Fig. 9. Because
the sign of z component of position only is different
and the magnitude remains the same, the x  y projections of both the northern and southern family
orbits are the same.

J. Astrophys. Astr.

(2021) 42:5

Page 13 of 18

5

Figure 8. Trajectory and projections of MR orbits corresponding to M4N2 Design1 and M4N2 Design2.

Table 8. Variation of radial distance and velocity in multiple design solutions for a given MR orbit.
MR orbit
M3N1 Lyapunov
M3N2 Lyapunov
M4N2 halo
M6N2 halo

Multiple design
solutions

Minimum radial
distance (km)

Maximum radial
distance (km)

Minimum velocity
in orbit (m/s)

Maximum velocity
in orbit (m/s)

Design1
Design2
Design1
Design2
Design1
Design2
Design1
Design2

507,240.7
299,297.6
2,299,284.0
2,184,808.4
1,740,800.5
1,667,265.5
241,141.0
263,472.5

1,663,256.5
1,601,001.7
3,513,167.7
4,053,855.7
2,382,212.8
2,731,959.6
2,087,244.5
1,792,433.0

104.0
62.6
650.7
625.7
630.5
584.9
302.6
252.0

937.8
1392.0
1091.1
1101.7
954.7
953.5
1763.6
1627.3

7. Comparison between differential correction
and differential evolution methodologies
for the design of MR orbits
In CRTBP framework, the design of halo orbit is
conventionally carried out using analytical solutions
initially (Richardson 1980) and then refined using a
differential correction (DC) scheme (Connor Howell

1984). Extending the same approach, Peng and Xu
(2015a) produced MR orbits in the ERTBP framework, with numerical continuation methods. They
used multiple segments because of the sensitivity of
differential correction to the initial guess. Even with a
very good initial guess, differential correction based
methodologies for the design of MR halo orbits do not
guarantee the solution in a single level scheme. To

5
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Table 9. Az amplitudes of multiple designs of MR halo orbits.
Az amplitudes of different revolutions of MR
halo orbit (km)
MR halo orbit Multiple design solutions
M4N2
M6N2

Design1
Design2
Design1
Design2

Average

Minimum

Maximum

490,335.6
566,806.9
1,087,030.6
669,747.1

484,760.2
551,952.1
1037,742.0
572,508.6

495,899.1
578,859.3
1154,663.5
850,835.8

Az amplitude of halo orbit
in CRTBP (km)
490,321.6
1096,394.8

Figure 9. Trajectory and projections of MR halo orbit M4N2 belonging to northern and southern families.

demonstrate this phenomenon, design of MR halo
orbits is carried out using differential correction with
the initial guess based on DE solution (the information
on fourth order approximation being unavailable to
the authors). The methodology for design of MR halo
orbit using differential correction scheme is as
follows:

(i) Using the initial guess, the trajectory is numerically propagated till half period and the x and z
velocity components are computed. These
components are expected to be zeros. The aim
of the differential correction procedure is to
reduce the deviations in these velocity components to zeros.
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Table 10. Performance of DC and DE methodologies for the design of MR orbits.
Number of digits
of DE solution
for initial guess
4
5
6
7
10
12

True anomaly
of converged DC
solution (deg)

Period corresponding
to convergence

Computational
time for DC
process (s)

Deviation
on x0 ðdx0 Þ

Deviation
on y_0 ðdy_0 Þ

Computational
time for DE
process (s)

23.14
66.17
67.32
82.21
89.83
94.82

0.064278
0.183805
0.187000
0.228361
0.249805
0.263389

78.4
193.6
228.2
232.8
306.3
327.9

9.641E-10
3.252E-7
1.062E-7
2.748E-7
3.439E-7
1.835E-7

4.805E-10
8.385E-7
3.014E-7
1.684E-7
9.508E-7
5.348E-7

794.3
170.1
61.0
60.2
57.2
56.7

(ii) To achieve this, the State Transition Matrix
(STM) /ðt; t0 Þ is utilized. The STM is initiated
to be an identity matrix and is updated using
numerical integration of 36 differential equations (Rausch 2005). Together with the six state
equations, a total of 42 equations are to be
integrated numerically.
(iii) x0 ; z0 and y_0 are the three initial non-zero
variables of this problem. The orthogonal crossing of x  z plane at half period automatically
ensures that yT=2 ¼ 0. Thus, there are only two
variables which are to be reduced to zeroes and to
assess the sensitivity of the initial variables. This
underdetermined system with two equations and
three unknowns is solved by fixing the value of
one of the three unknowns. Here, the initial z
coordinate is kept unchanged and the following
relation is obtained (Rausch 2005):
2
3
x€
x€ 1 "
#


/45  /25
/  /21
6 41
7
x_T=2
dx0
_
_
y
y
7
¼6
4
z€
z€5
z_T=2
dy_0
/61  /21
/65  /25
y_
y_
ð11Þ

268929190525, 0.01241813059910885289, 0.0059588
9129677015144]. This design solution is truncated to
four decimal places and is used as the initial guess for
the DC process. For numerical integration, Runge–
Kutta–Fehlberg 7/8 integrator (RKF7/8) is used in both
DE and DC-based approaches. It is observed that the
solution diverges rapidly when propagated till the half
period. This trend continues, even when the actual DE
solution is truncated to 12 decimal places and used as
initial guess. This is attributed to long-term numerical
integration of equations of motion with a single segment
approach by Peng and Xu (2015a).
To overcome this problem, the trajectory is divided
into multiple segments. For this, the states of DE solution are used as the target points. The states at some
selected true anomalies are used as target states in the
DC process and segment-wise convergence is attempted. The objective function is modified as follows:
3
2
x€
x€ 1




/41  /21
/45  /25
6
x_T  x_A
dx0
y_
y_ 7
7
6
¼4
:
z€
z€5
dy_0
z_T  z_A
/61  /21
/65  /25
y_
y_
ð12Þ

The state transition matrix / is a ð6  6Þ matrix and
its variation is given by /_ ¼ A/. The elements of
matrix A are given in Appendix A.

Here, the subscript T represents the target state of
the current segment to be achieved and the subscript A
represents the corresponding actual state from the DC
process. The DC process modifies the initial guess on
unknowns to match the target states, by reducing the
deviations to zeros. The convergence criterion used is
that the deviations must be less than 1.0E-6 or iterations reach the value of 50.
It can be seen from Table 10 that in the DC process a
closer initial guess guarantees convergence for a larger
segment of the orbit. That means, for an initial guess
truncated to twelve decimal places, convergence happens till a true anomaly of 94.82°, whereas, for four
decimal places convergence happens only till 23.14°.

(iv) All the above steps are continued till the
deviations becomes less than a pre-defined
tolerance value.
During this process, starting from the initial guess,
the initial values for the unknowns ½x0 ; z0 ; y_0 are
modified to ensure orthogonal crossing of the orbit at
half period ðT=2Þ. In other words, the x and z velocity
components at half period are ensured to be zeros.
For the design of MR halo orbit M4N1, the initial
conditions obtained using DE are [0.9975 6513

5

Page 16 of 18

J. Astrophys. Astr.

(2021) 42:5

Table 11. Qualitative comparison of DC and DE processes for the design of MR orbits.

Nature of technique
Good initial guess
Single/multiple segments
Numerical continuation
Computational time

DC-based method

DE-based method

Gradient
Essential
Multiple segment approach
On eccentricity
Large (1000 s for a typical case)

Non gradient/evolutionary
Bounds for the unknowns
Single segment approach
Single level
Comparable (800 s)

Even with a good initial guess with twelve decimal
places, the DC process diverges well before the half
period, pointing out the requirement of multiple segments. With the same set of truncated initial conditions,
the DE-based process converges till the half period for
all cases. Also, the computational time for the DC
process increases when the initial guess is closer to the
actual solution, because the numerical integration proceeds till a higher fraction of the period.
The time taken for DE process varies with the
search bounds. The bounds around truncated values of
about 12 and 10 decimal places are so good that the
process converges in the first generation itself. The
time taken for the DE process is larger compared to
the DC process for some initial guesses, but the
comparison here is made in the context of a single
segment DC process. The design approach of Peng
and Xu (2015a) is based on numerical continuation on
eccentricity even with multiple segments. They report
that the average time for one step of continuation in
eccentricity ðde ¼ 0:001Þ is about 60 s for Earth–
Moon system. Assuming the same amount of time for
the Sun–Earth system, about 1000 s will be required
for computation whereas DE takes about 800 s with a
very fine step size ðdt ¼ 0:0001Þ and with wide search
bounds. Thus, it can be concluded that the time taken
for DE-based process is comparable to that of DC.
The main advantage of DC process on computational
time is lost because of multi segment approach and
numerical continuation. The DE-based scheme works
with bounds for the unknowns, eliminating the need of
a very good initial guess, multiple segment and
numerical continuation methods. The features of both
the schemes are summarized in Table 11.

8. Conclusions
The design of multi-revolution (MR) periodic orbits in
ERTBP framework is carried out using differential
evolution, an evolutionary optimization technique.
This single level, single segment approach for halo

orbit design produces precise MR orbit design,
avoiding the need for multilevel continuation methods. Numerical designs for different MR orbits in
Sun–Earth system are presented. In order to reduce the
computational time, multithreading technique has
been employed successfully. The time taken for
computation with four threads is only about half of the
time taken by the single thread version. The concept
of average Az amplitude is introduced for an MR halo
orbit in ERTBP framework. The average Az amplitudes of MR halo orbits are found to be nearly equal to
that of corresponding circular halo orbits. For example, Az amplitudes of MR halo orbit M4N2 and the
corresponding halo orbit are 490,335 km and 490,321
km respectively. Multiple options of MR orbits for the
same period have been generated and analysed. For
multiple options of MR halo orbits with same period,
it is found that the variation of radial distance from
Earth and the variation of velocity in orbit increases as
the number of third body revolutions increases. For
example, the variation of radial distance from Earth
for the MR halo orbit M4N2 is lesser all along the
orbit compared to that for the MR halo orbit M5N2.
Both halo and Lyapunov design solutions are captured
for an MR orbit. Further, for a given halo or Lyapunov
orbit, multiple design solutions are also captured. For
example, [0.9896036427, 0, 0.0054303949, 0, 0.030
0144939, 0] and [0.9891099633, 0, 0.0063886772, 0,
0.0297630010,0] are the multiple design solutions for
the MR halo orbit M4N2. Many of these results have
not been reported in the literature. The design of MR
orbits using a differential correction based approach
needs multiple segments. The computational time for
both the methods are found to be comparable. In
future work, the use of ERTBP design to arrive at
realistic design under ephemeris model can be
demonstrated. The transfer trajectory design to MR
orbits can be generated and analyzed. The transfers
obtained under ERTBP system are expected to provide more realistic velocity impulse requirements for a
realistic mission. Also, the station keeping aspects of
MR orbits can be investigated.
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 3 ;
 3 þ
r1
r2
r25

oy€
1
¼
oy 1 þ e cosðtÞ


3ð1  lÞy2 1  l 3ly2 l
 1þ
 3 þ 5  3 ;
r1
r2
r15
r2

C22 ¼

o€
z
1
¼
oz 1 þ e cosðtÞ


3ð1  lÞz2 1  l 3lz2 l

þ


e
cos
ð
t
Þ
;

r13
r23
r15
r25

C33 ¼

ox€
1
¼
oy 1 þ e cosðtÞ


3yð1  lÞðx þ lÞ 3lyðx  ð1  lÞÞ

þ
r15
r25

C12 ¼

¼ C21 ¼

oy€
;
ox

ox€
1
¼
oz 1 þ e cosðtÞ


3zð1  lÞðx þ lÞ 3lzðx  ð1  lÞÞ

þ
r15
r25

C13 ¼

o€
z
oy€
1
; C23 ¼
¼
ox
oz 1 þ e cosðtÞ


3yzð1  lÞ 3lyz
o€
z
þ 5 ¼ C32 ¼ :

oy
r15
r2

¼ C31 ¼

The equations for the rates of the elements of state
_ are available in the Appendix of
transition matrix ð/Þ
Nath and Ramanan (2016).
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