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Abstract. The work is the study of Bianchi type-I models with holographic dark energy in the framework
of f ðRÞ theory of gravitation. The exact solutions of the field equations are deduced by considering the
exponential and power-law volumetric expansion. Various physical and kinematical properties of the models
are discussed. In addition to make our interpretation more clear for that we have taken the statefinder
diagnostic pair fr; sg and cosmic jerk parameter jðtÞ to characterize different phases of the universe. The
holographic scalar fields of dark energy are reconstructed and quintessence potential for both the models
describing accelerated expansion of the universe is also obtained.
Keywords. Bianchi type-I—holographic dark energy—quintessence—f(R) theory of gravitation.

1. Introduction
High-red-shift supernova, cosmic microwave background fluctuation, galaxy clustering and large-scale
structures have confirmed the cosmic acceleration
(Riess et al. 1998; Perlmutter et al. 1999; Spergel
et al. 2003; Bennett et al. 2003; Tegmark et al.
2004a, b). These recent observations of the universe
from astrophysical data informed an entire abrupt
picture of accelerated expansion of the universe. The
major part of the universe includes dark matter and
dark energy with high negative pressure which causes
expansion of the universe. Modified or alternative
theories of gravity are attracting many researchers to
explain late-time acceleration of the universe and dark
energy. Several modified theories such as f ðRÞ gravity
(Capozziello 2002; Caroll et al. 2004), f ðTÞ gravity
(Ferraro & Fiorini 2007), f ðR; TÞ gravity (Harko et al.
2011; Houndjo 2012), f ðGÞ gravity (Zhao 2012), etc.,
are receiving keen interest now a days. Buchadahl
(1970) proposed f(R) gravity to generalize Einstein’s general theory of relativity. It is adopted to
explain the accelerated expansion and structure formation of the universe. A new type of isotropic cosmological models without singularity in f(R) was

presented by Starobinsky (1980). For the sake of
cosmologically valuable f ðRÞ models, the f ðRÞ theory
is treated as most suitable among the various modified
theories of gravitation. In this theory the functions of
the Ricci scalar are the higher-order curvature
invariants. The exact solution of cosmological models
in context of f ðRÞ gravity has been investigated by
Capozziello et al. (2008). Nojiri and Odintsov (2008)
have proposed the coalition of early time expansion
and late time acceleration applicable to f ðRÞ gravity
models. The expansion of the universe due to anisotropic fluid in f ðRÞ gravity has been discussed by
Sharif and Kausar (2011). Katore et al. (2016) discussed Bianchi type-I cosmological models which is
applicable to the early era of evolution of the universe
in f ðRÞ gravity.
The nature of dark energy can also be investigated
in keeping with some basic quantum gravitational
principles and one of that is holographic dark energy
principle. It states that the number of degrees of
freedom of a physical system should scale with its
bounding area rather than with its volume. For the
solution of the dark energy problem, the holographic
dark energy is another candidate based on the
holographic principle which was firstly advocated by
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G’t Hooft (1993) in the framework of black hole
physics. Susskind (1994) and Bousso (1999) specified
that in accordance with the holographic principle, the
entropy of a system scales with its surface area but not
with its volume. A new cosmological class of holographic principle was put forwarded by Fischler and
Susskind (1998) and Cohen et al. (1999). The generalized holographic dark energy where infrared cutoff
is identified with combination of natural FRW
parameters has been investigated by Nojiri and Odintsov (2006). The cosmological constant is the simplest form of dark energy, but it raises some other issues
like fine-tuning and cosmic coincidence puzzle. The
equation of state (EoS) parameter for cosmological
constant is given by x ¼ 1. Some dynamical models
also help to understand its nature like quintessence
(Ratra & Peebles 1998; Padmanabhan 2008), K-essence
(Chiba et al. 2000), tachyon field (Sen 2002; Padmanabhan 2002), Chaplygin gas (Kamenshchik et al. 2001;
Gorini et al. 2003), phantom model (Caldwell 2002;
Nojiri & Odintsov 2003a, b), etc. Dark energy models
and laws of thermodynamics have been investigated by
Sharif and Saleem (2012). Holographic dark energy
cosmological models with quintessence have been
obtained by Sarkar and Mahanta (2013) and Samanta
(2013) in the general theory of relativity.
Motivated by the above discussion, we investigated a study of Bianchi type-I holographic dark
energy cosmological models in the framework of
f ðRÞ theory of gravitation, which is a modification
of general theory of relativity considering two different volumetric expansion laws, viz., exponential
expansion and power-law expansion. We have
obtained the field equations of f ðRÞ gravity for
Bianchi type-I model within the presence of holographic dark energy in section 2. In section 3, we
have deduced the quadrature solutions for the scale
factors with respect to the field equations. Sections 4 and 5 are devoted to obtaining the volumetric exponential expansion and power-law
models with physical and kinematical parameters
respectively. Section 6 deals with the holographic
scalar fields of dark energy. Section 7 contains
discussion and conclusion.
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S¼

Z

pﬃﬃﬃﬃﬃﬃﬃ
gðf ðRÞ þ Lm Þ d 4 x;

where f ðRÞ is a general function of the Ricci scalar
and Lm is the usual matter Lagrangian. It is worth
mentioning that the standard Einstein–Hilbert action
can be recovered when f ðRÞ ¼ R:
The corresponding field equations are obtained by
varying the action with respect to metric glm as
1
FðRÞRlm  f ðRÞglm  rl rm FðRÞ þ glm rl rl FðRÞ
2
¼ ðTlm þ T lm Þ;
ð2Þ
where
FðRÞ 

df ðRÞ
;
dR

The f ðRÞ theory of gravity is a modification of general
theory of relativity. The action for f ðRÞ gravity is
given by

ð3Þ

rl denotes covariant differentiation, Tlm is the standard matter energy momentum tensor derived from
the Lagrangian Lm and T lm is energy momentum
tensor for holographic dark energy.
The Bianchi type-I space-time is as follows
ds2 ¼ dt2 þ A2 dx2 þ B2 dy2 þ C 2 dz2 ;

ð4Þ

where A, B and C are the scale factors and functions of
t only.
Spatially homogeneous and anisotropic Bianchi
type-I cosmological models of the universe for perfect
fluid distribution within the framework of scalar-tensor theory of gravitation has been derived by Pradhan
et al. (2012). Harko et al. (2014) discussed Bianchi
type-I cosmological models in Eddington-inspired
Born–Infeld Gravity. Sharma and Sharma (2016)
investigated the homogeneous anisotropic Bianchi
type-I space-time with variable K containing matter in
the form of a perfect fluid.
The scalar curvature R for the metric (4) is given by
€

A B€ C€ A_ B_ A_ C_ B_ C_
;
ð5Þ
þ þ þ
þ
þ
R¼2
A B C AB AC BC
where ‘’ denotes differentiation with respect to time t.
For matter and holographic dark energy, the energy
momentum tensors are defined as
Tlm ¼ qm ul um ;

2. Metric and field equations

ð1Þ

T lm ¼ ðqK þ pK Þul um þ glm pK ;

ð6Þ

where qm is the energy densities of matter, qK is the
holographic dark energy and pK is the pressure of the
holographic dark energy.
Using Equations (2) and (6), the field equations can
be written as
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€ _



1
B_ C_ _ €
A AB_ A_ C_
F þ
þ
þ
 f ðRÞ 
FF
2
B C
A AB AC
ð7Þ
¼ pK ;




1
B€ A_ B_ B_ C_
A_ C_ _ €
þ
þ
F þ
 f ðRÞ 
FF
2
B AB BC
A C
ð8Þ
¼ pK ;
€ _ _



1
C AC B_ C_
A_ B_ _ €
F þ
 f ðRÞ 
FF
þ
þ
2
C AC BC
A B
ð9Þ
¼ pK ;
€

_

1
A B€ C€
A B_ C_
þ þ
F þ þ
 f ðRÞ 
¼ qm þ qK :
2
A B C
A B C
ð10Þ
The holographic dark energy density is of the form
_
qK ¼ 3ðaH 2 þ bHÞ;
ð11Þ
where H is the Hubble parameter and a; b are constants. This condition is introduced by Granda and
Oliveros (2008) which must satisfy the restrictions
imposed by the current observational data.
The continuity equations can be obtained as
q_ m þ q_ K þ 3Hðqm þ qK þ pK Þ ¼ 0;

ð12Þ

q_ K þ 3HðqK þ pK Þ ¼ 0:

ð13Þ

The barotropic equation of state is
pK ¼ xK qK :

ð14Þ

From Equations (12)–(14), the equation of state
(EoS) parameter becomes
€
2aH H_ þ bH
xK ¼ 1 
:
ð15Þ
2
_
3HðaH þ bHÞ
Holographic dark energy principle should be
restricted by an infrared cutoff scale L and ultraviolet
cutoff scale K without decaying into a black hole.
The quantum vacuum energy should be less than or
equal to the mass of a black hole that is L3 qK  LMp2
(Zhang 2005), where qK is the vacuum energy density and M ¼ ð8pGÞ1=2 is the reduced plank mass.
p

3. Solutions of field equations
Equations (7)–(10) lead to the following set of
equations:
 Z

A
dt
¼ d1 exp k1
;
ð16Þ
B
ABCF

12

 Z

B
dt
¼ d2 exp k2
;
C
ABCF
 Z

A
dt
¼ d3 exp k3
;
C
ABCF

ð17Þ
ð18Þ

where k1 ; k2 ; k3 ; d1 ; d2 and d3 are constants of integration which satisfy the relation k1 þ k2 þ k3 ¼ 0 and
d1 d2 d3 ¼ 1:
Solving Equations (16)–(18), we obtain the
quadrature solutions for scale factors A, B and C of the
form
 Z

dt
A ¼ p1 a exp q1
;
ð19Þ
a3 F
 Z

dt
;
ð20Þ
B ¼ p2 a exp q2
a3 F
 Z

dt
:
ð21Þ
C ¼ p3 a exp q3
a3 F
1
3

Here a ¼ ðABC Þ is average scale factor and




p1 ¼ ðd1 d3 Þ ; p2 ¼ d12 d3 ; p3 ¼ d1 d32
1
3

1
3

1
3

k3 2k1
k1 2k3
3
, q1 ¼ k1 þk
3 ; q2 ¼
3 ; q3 ¼
3 , which satisfies
the relations p1 p2 p3 ¼ 1 and q1 þ q2 þ q3 ¼ 0.
In order to solve the integrals in Equations (19)–
(21), we have considered the power-law relation
between the average scale factor ‘a’ and the scalar
function f ðRÞ as assumed by Johri and Desikan
(1994) in Brans–Dicke theory. Kotub Uddin et al.
(2007) have determined the result F / ai in the
context of f ðRÞ gravity, where i is an arbitrary
integer. Sharif and Shamir (2009; 2010) have used
the relation between scalar and derivative of f ðRÞ
gravity.
Therefore, we can take a power-law relation
between F and aðtÞ as in Kotub Uddin et al. (2007)
and Shaif and Shamir (2009; 2010):

F ¼ ka2 ;

ð22Þ

where k is constant.
Here we take i ¼ 2; then Equations (19)–(21)
reduce to
 Z 
q1 dt
A ¼ p1 a exp
;
ð23Þ
a
k
 Z 
q2 dt
;
ð24Þ
B ¼ p2 a exp
a
k
 Z 
q3 dt
:
ð25Þ
C ¼ p3 a exp
a
k
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Since the field equations (7)–(10) are highly nonlinear, an extra condition is needed to solve the system
completely. We considered two different volumetric
expansion laws expressed as
V ¼ c1 e3nt

ð26Þ

and
V ¼ a0 t3m ;

ð27Þ

where c1, n, a0 and m are positive constants. The
models exhibit accelerating volumetric expansion,
volumetric expansion with constant velocity and
decelerating volumetric expansion for m [ 1; m ¼ 1
and m\1 respectively. These volumetric expansions
have been studied by Akarsu and Kilinc (2010) in the
framework of Bianchi type-III anisotropic dark energy
cosmological models. Sharif and Zubair (2010) have
investigated the dynamics of Bianchi type-VI0 universe in the presence of electromagnetic field with
anisotropic dark energy.

nt

B ¼ p2 c2 e

C ¼ p3 c2 ent



q2
nt
;
exp
e
nc2 k


q3 nt
e
exp
:
nc2 k

ð30Þ
ð31Þ

From Figure 1, we see that the scale factors
approach a similar values asymptotically at large
time.
The Bianchi type-I cosmological model with volumetric exponential expansion becomes



2q1 nt
2
2
2 2nt
2
dx2
e
ds ¼ dt þ c2 e p1 exp
nc2 k



 
2q2 nt
2q3 nt
2
2
2
e
e
þp2 exp
dy þ p3 exp
dz2
nc2 k
nc2 k
From Equations (29)–(31), it is observed that the
metric potentials are non-zero at t ¼ 0 and they
diverge to infinity as t ! 1.

4.1 Physical and kinematical properties
4. Model for exponential expansion
The average scale factor yields
a ¼ c2 ent ;
1=3
where c2 ¼ c1 .
The metric potentials are obtained as


q1
nt
nt
A ¼ p1 c2 e exp
e
;
nc2 k

ð28Þ

ð29Þ

Figure 1. The asymptotical behaviors of scale
p1 ¼ p2 ¼ p3 ¼ k ¼ c2 ¼ n ¼ 1.

The directional Hubble parameters are expressed as
q1 nt
q2 nt
B_
A_
e þ n; H2 ¼ ¼
e þ n;
H1 ¼ ¼
B kc2
A kc2
q3 nt
C_
e þ n:
and H3 ¼ ¼
C kc2
The mean Hubble parameter is obtained as
a_ 1
H ¼ ¼ ðH1 þ H2 þ H3 Þ ¼ n:
a 3

factors

vs. cosmic

ð33Þ

time t, for q1 ¼ 3; q2 ¼ 2; q3 ¼ 1,
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Figure 2. The plot of shear scalar r2 and mean anisotropic parameter D vs. cosmic time t, for q1 ¼ 3, q2 ¼ 2, q3 ¼ 1,
k ¼ c2 ¼ n ¼ 1.

The directional Hubble parameters are time
dependent, whereas the mean Hubble parameter is
constant. The directional Hubble parameters approach
the mean Hubble parameter as t ! 1. The derivative
of the mean Hubble parameter with respect to cosmic
time vanishes, which implies the rapid rate of
expansion of the universe. Thus, to describe the
dynamics of the late time evolution, the derived model
can be considered.
The deceleration parameter yields
a€
a
H_
ð34Þ
q ¼  2 ¼ 1  2 ¼ 1:
a_
H
The negative sign of q shows an accelerating universe, whereas the positive sign of q shows a decelerating universe. In our investigated model, q is
negative. It implies the accelerated expansion of the
universe, which is consistent with the recent observations of Supernovae Ia (Riess et al. 1998; Perlmutter et al. 1999). Also, our result resembles the
investigations of Rao and Nilima (2013).
Scalar expansion h is obtained as
A_ B_ C_
ð35Þ
h ¼ 3H ¼ þ þ ¼ 3n:
A B C
The expansion scalar h exhibits the constant value,
which shows uniform exponential expansion.
The shear scalar r2 and the mean anisotropic
parameter D were found to be

" 2  2  2
#
1 2
B_
A_
C_
þ
þ
 h
3
B
A
C
1
¼ 2 2 ðq21 þ q22 þ q23 Þe2nt ;
ð36Þ
2k c2


1 X DHi 2
1
D¼
¼ 2 2 2 ðq21 þ q22 þ q23 Þe2nt ;
3
H
3n k c2
i ¼ 1; 2; 3:

1
r2 ¼
2

ð37Þ
The shear scalar r2 and mean anisotropy parameter
D measures a constant value at an initial epoch i.e.
t ¼ 0; while both vanish at large time as shown in
2
Figure 2. It is interesting to note that rh2 ! 0 as
t ! 1, which implies that the universe expands
isotropically at later times, which resembles with the
investigations of Sharif and Kausar (2011).
The holographic dark energy density and pressure
become
qK ¼ 3n2 a;

ð38Þ

pK ¼ 3n2 a:

ð39Þ

The physical behavior of holographic dark energy
density and pressure is constant. As pressure is negative, it indicates that the derived model is accelerating, which is similar to the behavior of Samanta
(2013) in general relativity.
The EoS parameter yields
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ð40Þ

The SN Ia data suggests that 1:67\xK \  0:62
(Knop et al. 2003), while the limit imposed on xK by
a combination of SN Ia data (with CMB anisotropy)
and galaxy clustering statistics is 1:33\xK \ 
0:79 (Tegmark et al. 2004a, b). If xK \  1, then we
observe the phantom-dominated universe and, for
xK [  1, the quintessence dark era occurs. It is
interesting to observe that the holographic dark energy
EoS parameter xK in Equation (40) behaves like
cosmological constant; this is mathematically equivalent to cosmological constant K, which is a suitable candidate to represent the behavior of dark
energy in the derived model at late times and resembles with the values obtained for holographic dark
energy (Granda & Oliveros 2008; Li 2004; Zhang
2007; Setare 2007; Kumar 2011; Sahoo et al. 2015).
Using Equations (5) and (29)–(31), the Ricci scalar
turns out to be


1
2
2nt
: ð41Þ
R ¼ 2 6n  2 2 ðq1 q2 þ q2 q3 þ q1 q3 Þe
k c2
Solving Equation (7), we get the scalar function as
f ðRÞ ¼ 6n2 ðkc22 e2nt  aÞ:

The scalar curvature R, scalar function f ðRÞ and
energy density of matter qm for the exponential model
become constant at all the stages of evolution of the
universe (Figure 3).
The matter density parameter Xm and holographic
dark energy density parameter XK are given by
q
1
1
ð44Þ
Xm ¼ m2 ¼
ðq21 þ q22 þ q23 Þe2nt  ;
2
3kn
n
3H
q
XK ¼ K2 ¼ a:
ð45Þ
3H
From Equations (44) and (45), we get the overall
density parameter:
1
1
ðq2 þ q22 þ q23 Þe2nt  þ a:
X ¼ Xm þ XK ¼
3kn2 1
n
ð46Þ
The values of total energy density parameter
X [ 1; X ¼ 1; X\1 correspond to the open, flat and
closed universe respectively. From Figure 4, it is
observed that the sum of energy density parameter
approaches 1, i.e. the universe becomes flat, so the
derived model is in accordance with the observations
(Kumar 2011).

ð42Þ

From Equations (10), (38) and (42), we obtain the
energy density of matter as
1
qm ¼ ðq21 þ q22 þ q23 Þe2nt  3n:
ð43Þ
k

4.2 Statefinder diagnostic
Sahni et al. (2003) introduced diagnostic proposal for
dark energy that makes use of parameter pair {r, s},

Figure 3. The plot of Ricci scalar R, scalar function f(R) and matter density qm vs. cosmic time t, for
q1 ¼ 3; q2 ¼ 2; q3 ¼ 1, k ¼ c2 ¼ n ¼ 1; a ¼ 1.
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Figure 4. Plot of overall energy density parameter vs. cosmic time t, for q1 ¼ 3; q2 ¼ 2; q3 ¼ 1, k ¼ c2 ¼ n ¼ 1;and
a ¼ 2.

the so-called ‘statefinder’ which investigates the
expansion dynamics of the universe through higher
...
derivatives of the expansion factor a and is a natural
companion to the deceleration parameter q which
depends upon a€:
It is defined and given as follows:
...

r

a
¼1
aH 3

and s 

r1
¼ 0:
3ðq  1=2Þ

ð47Þ

The KCDM model corresponds to r ¼ 1 and s ¼ 0,
which differs from the investigations of Sahoo et al.
(2015) and resembles those of Samanta (2013).

5. Model for power-law expansion
The value of the average scale factor is considered as
(Singh & Chaubey 2008; Singh & Kale 2011; Adhav
et al. 2011)
a ¼ a0 tm ;

ð48Þ

where m is positive constant.
Using Equations (23)–(25), the metric potentials
yield


q1 t1m
A ¼ p1 a0 tm exp
;
ð49Þ
ka0 ð1  mÞ


q2 t1m
;
B ¼ p2 a0 t exp
ka0 ð1  mÞ


q3 t1m
m
C ¼ p3 a0 t exp
:
ka0 ð1  mÞ
m



ð50Þ
ð51Þ

From Figure 5, we see that the scale factors
approach similar values asymptotically at large time.
Hence, the metric (4) with power-law expansion
becomes



2q1 t1m
2
2
2 2m
2
dx2
ds ¼ dt þ a0 t p1 exp
ka0 ð1  mÞ



 
2q2 t1m
2q3 t1m
2
2
2
þp2 exp
dy þ p3 exp
dz2 :
ka0 ð1  mÞ
ka0 ð1  mÞ
The metric potentials vanish at an initial epoch and
diverge to infinity for t ! 1. Hence, the model has initial
singularity at t ¼ 0 and shows late-time accelerated
expansion of the universe. Thus, the model is consistent
with the Big Bang scenario of the universe, which
resembles the investigations of Santhi et al. (2018).

5.1 Physical and kinematical properties
The Hubble parameter yields
m
H¼ :
t

ð53Þ
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Figure 5. The asymptotical behaviors of scale
m ¼ 2; p1 ¼ p2 ¼ p3 ¼ k ¼ c2 ¼ 1.

factors

vs. cosmic

time t, for q1 ¼ 3; q2 ¼ 2; q3 ¼ 1,

Figure 6. Plot of deceleration parameter q vs. m.

One can observe that the Hubble parameter is a
decreasing function of time t. It is infinite at t ¼ 0 and
decreases with increasing in time t. Therefore, the rate
of expansion of the universe is decreasing.
The deceleration parameter q becomes
1
ð54Þ
q ¼  1:
m
The universe is expanding and accelerating, as
revealed by the recent observations of SNe Ia and

the value of deceleration parameter lies in the
range 1\q\0: If m\1, then q [ 0; and hence
the universe exhibits a decelerated model, and if
m [ 1, then q\0; and the universe is accelerating
and expanding, which resembles with the
investigations of Sarkar and Mahanta (2013)
(Figure 6).
The scalar expansion h; shear scalar r; mean anisotropic parameter D; the holographic dark energy
density qK and pressure pK respectively calculated as

J. Astrophys. Astr. (2020)41:12

3m
;
t
1
r2 ¼ 2 2 ðq21 þ q22 þ q23 Þt2m ;
2k a0

h¼
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ð55Þ
ð56Þ

1
D ¼ 2 2 2 ðq21 þ q22 þ q23 Þt2ðm1Þ ;
3m k a0

ð57Þ

qK ¼ 3mðam  bÞt2 ;

ð58Þ

2
pK ¼ 3mð  1Þðam  bÞt2 :
3m

ð59Þ

The EoS parameter yields
2
xK ¼
 1:
3m

ð60Þ

qm ¼

12

1 2
ðq þ q22 þ q23 Þt4m  3mt1  2ð3m
ka40 1
 1Þðam  bÞt2 :

ð63Þ

From Figures 7, 8, 9, 10, 11 and 12, the physical
parameters H; h; D; r; qK ; pK ; R and qm are
decreasing functions of time. They all become
infinite at t ¼ 0 and vanish for t ! 1. For m [ 1;
2
we can find rh2 ! 0 as t ! 1: Therefore, the model
isotropizes for large time if m [ 1;; otherwise it is
anisotropic for other finite values of m: Scalar
function f ðRÞ increases with time for m ¼ 2 and it
vanishes for t ! 1 with m  1, as represented in
Figure 13.
The matter density parameter Xm and holographic
dark energy density parameter XK are found to be
1
t
2
Xm ¼
ðq21 þ q22 þ q23 Þt2ð12mÞ   2 ð3m
4
2
m 3m
3km a0
 1Þðam  bÞ

The holographic dark energy EoS parameter xK lies
between 1 and  13 for m [ 1. In this case it behaves
like quintessence, which resembles with investigation
of Sarkar and Mahanta (2013).
Using Equations (49)–(51) in Equation (6), the
Ricci scalar turns out to be

 and
1
2
2
2m
R ¼ 2 3ð2m  mÞt  2 2 ðq1 q2 þ q2 q3 þ q1 q3 Þ t
:
am  b
k a0
XK ¼
:
m
ð61Þ
The overall density parameter is given by
Solving Equation (7), we obtain




X ¼ Xm þ XK
2
2
2 mþ1
1
t
f ðRÞ ¼ 6mt ðm  1Þka0 t
þ
 1 ðam  bÞ :
¼
ðq21 þ q22 þ q23 Þt2ð12mÞ 
3m
4
2
m
3km 
a0

ð62Þ
1 2
 1 ðam  bÞ:
þ
m 3m
Using Equations (10), (59) and (62), we obtain

Figure 7. The plot of Hubble parameter H vs. cosmic time t, for m ¼ 1.

ð64Þ

ð65Þ

ð66Þ
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Figure 8. The plot of scalar expansion h vs. cosmic time t, for m ¼ 1.

Figure 9. The plot of anisotropic parameter D vs. cosmic time t, for q1 ¼ 3; q2 ¼ 2; q3 ¼ 1, k ¼ a0 ¼ 1and m ¼ 2.
...

As the present day universe is very close to flat, so
the derived model in Equation (66) is in accordance
with the observations (Kumar 2011).

5.2 Jerk parameter
The dimensionless third derivative of the scale factor
with respect to cosmic time is termed as jerk parameter in cosmology and is given by

jðtÞ ¼

a
m2  3m þ 2
q_
2
¼
q
þ
2q
¼

:
m2
H3a
H

ð67Þ

It is believed that the cosmic jerk is the main route
cause of the transition from the decelerating to the
accelerating phase of the universe (Capozziello et al.
2006). This transition of the universe occurs for different models with positive value of the jerk parameter and the negative value of deceleration parameter
(Chiba & Nakamura 1998; Blandford et al. 2004;
Visser 2004, 2005). The jerk parameter is positive

J. Astrophys. Astr. (2020)41:12
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Figure 10. The plot of holographic dark energy density qK and shear scalar r vs. cosmic time t, for
q1 ¼ 3; q2 ¼ 2; q3 ¼ 1, k ¼ a0 ¼ m ¼ b ¼ 1and a ¼ 2.

Figure 11. The plot of holographic pressure pK and Ricci scalar R vs. cosmic time t, for q1 ¼ 3; q2 ¼ 2; q3 ¼ 1,
k ¼ a0 ¼ m ¼ b ¼ 1and a ¼ 2.

constant value for appropriate choice of m. Hence, in
this scenario there is a smooth transition of the universe from the decelerating to the accelerating phase
of the universe. From Figure 14, we observe that
j [ 1; for 0:3\m\0:7 and then according to Luongo
(2013), the investigated cosmological model resembles the standard KCDM model of the universe. For
m  0:55; the value of jerk parameter specified by
Equation (67) overlaps with value j  2:16 (as
depicted in Figure 14) obtained from the data sets of
type of Ia supernovae (Riess et al. 2004; Astier et al.

2006) and galaxy cluster distance measurements
(Rapetti et al. 2007).

5.3 Stability of the model
dpK
is positive, i.e., c2s [ 0, then
If the value of c2s ¼ dq
K

the model is stable, and for a negative value of c2s ¼
dpK
dqK

; the model is unstable (Sadeghi et al. 2013). The

value of c2s is independent of cosmic time t, whereas it
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Figure 12. The plot of matter energy density qm vs. cosmic time t, for q1 ¼ 3; q2 ¼ 2; q3 ¼ 1, k ¼ a0 ¼ m ¼ b ¼ 1 and
a ¼ 2.

Figure 13. The plot of scalar function f ðRÞ vs. cosmic time t, for k ¼ a0 ¼ b ¼ 1 and a ¼ 2.

depends upon the parameter m: Therefore, the universe is stable for 0\m\0:6 and unstable for others
finite positive values of m, as shown in Figure 15.

6. Holographic scalar field models of dark energy

power-law model and exponential expansion can be
written as
Vð/Þ ¼ ð3m  1Þðam  bÞt2 :
Vð/Þ ¼ ð3m  1Þðam
"


Sarkar and Mahanta (2013), Samanta (2013) and
Santhi et al. (2018) discussed the correspondence
between the holographic dark energy with quintessence dark energy models in general theory of relativity in different contexts. Using the approach of
above authors, it is interesting to note that the quintessence potential Vð/Þ in f ðRÞ theory for both the

ð68Þ

bÞt02 exp

#
1
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ð/  /0 Þ :
2ðam  bÞ
ð69Þ

Here the quintessence potential Vð/Þ has initial
singularity at t ¼ 0 and it is decreasing function of
cosmic time t, which indicates that it vanishes for
large time. For m [ 1, the quintessence potential for

J. Astrophys. Astr. (2020)41:12
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Figure 14. The plot of jerk parameter j vs. m.

dpK
Figure 15. Plot of c2s ¼ dq
vs. m.
K

the exponential form given by Equation (69) can
produce an accelerated expansion of the universe
(Copeland et al. 2006).

7. Conclusion
Here we have presented Bianchi type-I models with
holographic dark energy in the framework of f ðRÞ
theory of gravitation proposed by Buchadahl (1970).
We have considered exponential expansion and
power-law expansion. The isotropy condition is satisfied during evolution of the universe in both the
expansions. One of the essential features of a

gravitational theory is the possibility of asymptotic
flatness, i.e., the universe being Minkowskian far
away from a localized distribution of mass and
energy, as discussed by Capozziello and Laurentis
(2011). The physical feature of this concept is consistent in comparison with the general relativity theory
but may or may not for alternative theories of gravitations. In this respect, Aktas et al. (2012) solutions
remove these shortcomings since the Marder spacetime becomes asymptotic flat in power and exponential laws in the context of dark energy and mesonic
scalar field for anisotropic universe in f ðRÞ gravity.
Therefore, in both expansions, our derived scale factors are physically meaningful, approaching similar
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values asymptotically. This is so that the observed
isotropy of the universe as seen from the CMBR is
maintained. Also, in both derived models, the universe
becomes flat and reduces to KCDM.
In exponential expansion, the derived model is free
from singularity. The universe expands with the fastest rate of expansion. The negative sign of deceleration parameter indicates that the model inflates. The
EoS parameter xK behaves like the cosmological
constant. In power-law expansion, the universe follows the expansion just after the Big Bang singularity.
The metric represents a decelerating and an accelerating universe with constant decelerating parameter
when q [ 0; for m\1 and q\0; for m [ 1 respectively. The behavior of the EoS parameter of the
holographic dark energy seems to be like quintessence. The positive sign of jerk parameter indicates
that the transition of the universe is smooth. It would
be interesting to construct exact solutions in the
presence of holographic dark energy for other Bianchi
type models in f ðRÞ theory.
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