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Abstract. Understanding the regular or chaotic nature of orbits in galaxies is undoubtedly an issue of great importance. We determine the
character of orbits of stars moving in the meridional plane (R, z) of an
axially symmetric time-independent galactic model with a spherical central nucleus, and a flat biaxial oblate dark matter halo component. In
particular, we try to reveal the influence of the fractional portion of dark
matter on the structure and also on the different families of orbits of the
galaxy, by monitoring how the percentage of chaotic orbits, as well as the
percentages of orbits of the main regular resonant families evolve when
the ratio of dark matter to luminous mass varies. The smaller alignment
index (SALI) was computed by numerically integrating the equations of
motion as well as the variational equations to extensive samples of orbits
in order to distinguish between ordered and chaotic motion. In addition, a
method based on the concept of spectral dynamics that utilizes the Fourier
transform of the time series of each coordinate is used to identify the
various families of regular orbits and also to recognize the secondary resonances that bifurcate from them. The investigation is carried out both in
the physical (R, z) and the phase (R, Ṙ) space for a better understanding
of the orbital properties of the system. The numerical computations reveal
that in both cases, the fractional portion of dark matter influences more or
less, the overall orbital structure of the system. It was observed however,
that the evolution of the percentages of all types of orbits as a function
of the fractional portion of dark matter strongly depends on the particular
type of space (physical or phase) in which the initial conditions of orbits
are launched. The results are compared with the similar earlier work.
Key words. Galaxies: kinematics and dynamics—galaxies: structure,
chaos.

1. Introduction
One of the most interesting, inspiring and contemporary problems in Astronomy, is
indeed the problem of dark matter, which was introduced by Zwicky (1933) about a
649

650

Euaggelos E. Zotos & Nicolaos D. Caranicolas

century ago. In simple words, this issue can be explained as follows: if we try to study
the Universe, we will see that the total visible matter present in it, is not enough to
create the required gravity to keep stable the stellar systems it is made of, like galaxy
clusters. Thus, when the blocks of the universe are not damaged, there should be a
special type of matter, which produces the missing required gravity for this stability.
Astronomers assigned the name “dark matter” to this particular type of matter.
Dark matter is present not only in galaxy clusters but also in individual galaxies,
even in the solar system. The place of accumulation of the invisible matter is considered to be the haloes of galaxies. Observations show that the masses of galaxy
clusters should be about ten times larger than those estimated based on their luminosity (Faber & Gallagher 1979). The rotational curves of a large number of disk
galaxies on the other hand, appear to be flat at large galactocentric radii indicating
the presence of dark matter (e.g., Rubin et al. 1980; Bosma 1981; Rubin et al. 1982).
Moreover, the study of vertical motions of stars in the neighbourhood of the Sun
revealed the existence of dark matter whose amount is about equal to a half of the
amount of the luminous matter (e.g., Oort 1960; Bahcall 1984, 1987). Recent studies have confirmed the existence of invisible matter in the solar system (Xu & Siegel
2008). The role of dark matter in the solar system is important due to its possible
effects on the objects of the solar system, especially on the planets (e.g., Sereno &
Jetzer 2006; Frére et al. 2008). For more information about the mean density of dark
matter near the Sun one can refer to the recent review of Read (2014). Various opinions have been expressed about the creation and evolution of disk-shaped galaxies
and their association with dark matter (e.g., Dalcanton et al. 1997; Avila-Reese &
Firmani 2000).
The presence of invisible matter in elliptical galaxies was confirmed by studying the hot gas and the existence of X-rays emission (e.g., Johnson et al. 2009; Das
et al. 2010). Moreover, the stellar kinematics provide a powerful means of studying the mass profile of the core of elliptical galaxies. In particular, recent systematic
observations in the field of spectroscopy, such as the SAURON (e.g., Bacon et al.
2001; Cappellari et al. 2006, 2007; Kuntschner et al. 2010) and also ATLAS3D (e.g.,
Cappellari et al. 2011, 2013a, b; Krajnović et al. 2011), have revealed detailed internal structures of elliptical galaxies. Over the last decade, a lot of work have been
done in an attempt to understand the orbital structure of elliptical galaxies via the
modelling of high resolution stellar kinematics (e.g., de Lorenzi et al. 2008; Das
et al. 2008; Churazov et al. 2010; Morganti et al. 2013).
The mass-to-light ratio (M/L) is also used for the estimation of the amount of
dark matter in galaxies. This ratio is high in galaxies where the fraction of young
bright stars are small, while at the same time, the fraction of dark matter is large (e.g.,
Sahni 2004; Saburova et al. 2009). A characteristic example of galaxies with a high
content of dark matter is the elliptical companions of the Milky Way which exhibit
M/L values of about 100 (e.g., Martin et al. 2007; Walker et al. 2009). The effects of
dark matter on the dynamics as well as on the evolution of galaxies through N -body
simulations have been studied in many recent works (see the reviews of Dehnen &
Read 2011; Kuhlen et al. 2012).
It is therefore obvious, that the invisible matter is a parameter that plays a key
role in the structure as well as in the evolution of galaxies. The specific regions
of dark matter concentration and its correlation with the rates of luminous matter
seem to significantly affect the motion of stars in galaxies and also the formation
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of the different families of orbits. Thus, the main families of trajectories contribute
to the structure and therefore to the evolution of the galaxy. To facilitate the reader,
we present some models associated with the distribution of dark matter in galaxies
and also its implications (e.g., Mo et al. 1998; van de Bosch 1998; Firmani et al.
2001). The reader can also find interesting information about the concept and the
development of invisible matter in the recent review by Einasto (2011).
Here, it is necessary to mention that in the previous work we have also presented
models of galaxies with dark matter. The regular or chaotic characteristics of orbits
in a 3D dynamical model for a triaxial galaxy surrounded by a spherical dark matter halo component was investigated in Caranicolas & Zotos (2011). Caranicolas
(2012) presented a new mass model which could describe either disk or elliptical
galaxies in which the portion of dark matter was controlled by a specific parameter so as to match the observational data. Furthermore, in Caranicolas & Zotos
(2013) the main body of the galaxy was described by a new mass type model, while
in Zotos and Caranicolas (2013) a modified logarithmic potential was utilized to
model the properties of the galaxy’s main body. In both cases we observed that the
type of the potential used to represent the galaxy was of paramount importance. It
was also found, that there is a strong correlation between the ratio of dark to luminous mass and the percentages of evolution of all the different families of orbits.
In this paper, we introduce a galactic model for the galaxy’s main body containing a mixture of dark and visible matter, which is a variation of the well-known
Miyamoto–Nagai potential (Miyamoto & Nagai 1975). The model was constructed
in such a way that the rate of the invisible material directly affects the geometry
of the galaxy. We believe, that this new model is more complete and realistic, as it
can describe elliptical and disk galaxies, it does not show any regions of negative
density.
The paper is organized as follows. Section 2 contains a detailed description of the
structure and the properties of the galactic gravitational model. In section 3, we discuss the computational methods used to determine the character and the classification
of orbits. In section 4, we investigate how the parameter related to the fractional
portion of dark matter influences the geometry of the galaxy as well as the nature of
the different families of orbits. Finally, section 5 contains the main conclusions of
the numerical analysis and the discussion.
2. Description of the galactic model
The main objective of this study is to reveal how the presence of dark matter in the
main body of a galaxy influences the structure of the galaxy, as well as the orbital
nature of stars moving in the meridional plane of an axially symmetric galactic model
with a spherical central nucleus and a dark matter halo component. We use the usual
cylindrical coordinates (R, φ, z), where z is the axis of symmetry.
The total gravitational potential (R, z) in the model consists of three components: the central spherical component n , the main galaxy potential g , and the
dark matter halo component h . For describing the spherically symmetric nucleus,
a Plummer potential is used (e.g., Binney & Tremaine 2008)
−GMn
n (R, z) = 
.
(1)
2
R + z2 + cn2
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Here G is the gravitational constant, while Mn and cn are the mass and scale length
of the nucleus, respectively. This potential has been used successfully previously to
model and, therefore, interpret the effects of the central mass component in a galaxy
(e.g., Hasan & Norman 1990; Hasan et al. 1993; Zotos 2012a; Zotos & Carpintero
2013; Zotos 2014). Presently, we need to emphasize that no relativistic effects are
included as the nucleus represents a bulge rather than a black hole or any other
compact object.
Furthermore, we assume that the main body of the galaxy contains a mixture of
luminous and dark matter and δ is the fractional portion of the dark matter which
controls the quota in the galaxy’s main body. The main body of the galaxy is represented by the well-known Miyamoto–Nagai potential (Miyamoto & Nagai 1975)
g (R, z) = 

−GMg (δ)
,

2
2
2
2
R + (α(δ) + h (δ) + z )

(2)

where Mg is the mass of the galaxy’s main body, while α and h correspond to the
horizontal and vertical scale length of the galaxy, respectively. Apparently, one may
assume that this is the classical Miyamoto–Nagai potential. However, on observing
closely we realize that this is not the case since all the dynamical parameters entering
equation (2) are not constant numbers but functions of δ. In particular,
Mg (δ) = Mg0 (1 + δ),
α(δ) = (1 + 4δ) α0 ,
h0
.
h(δ) =
1 + 198δ

(3)

Thus, the shape and the overall geometry of the galaxy is controlled by the ratio of
dark to luminous matter through the functions of the vertical and horizontal scale
length α(δ) and h(δ), respectively. Therefore, this potential allows one to describe
and model a large variety of galaxies from a flat disk galaxy when α  h to an
oblate elliptical galaxy when h  α. Combining equation (2) and the first relation
of equations (3) we can rewrite the potential of the galaxy’s main body as
g (R, z) = gl (R, z) + gd (R, z) =
where


Rg =

R 2 + (α(δ) +

−GMg0 −GMg0 δ
+
,
Rg
Rg


h2 (δ) + z2 )2 .

(4)

(5)

Now it becomes more evident that the first term in equation (4), i.e., gl , is generated
by the luminous matter of the galaxy’s main body, while the second term gd comes
from the dark matter following the approach used in Caranicolas (2012).
The potential of the dark matter halo is modeled by the flattened axisymmetric
logarithmic potential


υ02
z2
2
2
h (R, z) =
(6)
ln R + 2 + ch ,
2
q
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where q is the flattening parameter, ch stands for the scale length of the dark halo
component, while the parameter υ0 is used for the consistency of the galactic units.
Flattened logarithmic potentials were utilized successfully in several previous works
to model a dark matter halo component (e.g., Helmi 2004; Ružička et al. 2007;
Caranicolas & Zotos 2009, 2010; Zotos 2014).
We use a system of galactic units where the unit of length is 1 kpc, unit of velocity is 10 km s−1 , and G = 1. Thus, the unit of mass is 2.325×107 M , that of time is
0.9778 × 108 yr, the unit of angular momentum (per unit mass) is 10 km kpc−1 s−1 ,
and the unit of energy (per unit mass) is 100 km2 s−2 . In these units, the values of
the involved parameters are Mn = 400 (corresponding to 9.3 × 109 M ), cn = 0.25,
Mg0 = 6000 (corresponding to 1.4 × 1011 M ), α0 = 1, h0 = 10, υ0 = 20, q = 0.75
and ch = 8.5. The values of the main galaxy and the nucleus were chosen with a
Milky Way-type galaxy in mind (e.g., Allen & Santillán 1991). The above-mentioned
set of values of the parameters which are kept constant throughout the numerical
calculations secures positive mass density1 overall and is free of singularities.
The fractional portion of dark matter δ, on the other hand, is treated as a parameter
and its value varies in the interval δ ∈ [0, 0.5]. As explained previously, the fractional
portion of dark matter influences the geometry of the galaxy’s main body through
equations (3). These relations have been chosen, so as to have a smooth transition
from an oblate galaxy to a flat disk galaxy with increasing δ. In particular, when
δ = 0 equations (3) give Mg = 6000, α = 1, and h = 10, thus the main
body corresponds to an elliptical galaxy, while for δ = 0.5 the resulting values are
Mg = 9000, α = 3, and h = 0.1 which denote a flat disk galaxy. Figure 1 shows
the evolution of the ratio h/α as a function of the fractional portion δ and we can
see how the geometry of the galaxy changes, transforming smoothly from an oblate
elliptical to a flat disk galaxy as δ increases and more dark matter accumulation to
the main body of the galaxy. Here we need to clarify that since δ > 0 the galaxy’s
main body gains excessive dark matter with increasing δ and finally the disk galaxy
contains 1.5 times more the amount of dark matter of the initial elliptical galaxy.
One of the most important physical quantities in galaxies is the circular velocity
in the galactic plane z = 0,
 

 ∂(R, z) 

 .
θ (R) = R 
(7)
∂R z=0
In figures 2(a, b) we present a plot of θ (R) (black curve) for the galactic model
when δ = 0 and 0.5, respectively. Furthermore, in the same plot the green curve
and the red line correspond to the contributions from the luminous matter and dark
matter, respectively. It is seen, that in both cases, the component of the rotational
curve generated by the dark matter remains flat for large galactocentric distances,
thus forcing the total rotation curve to remain flat with increasing distance from the
centre, while on the other hand, the luminous matter component continues to decline
with increasing distance from the galactic centre. In the case of the elliptical galaxy

1 The flattening parameter of the logarithmic potential  used for modelling the dark matter halo
h

is only allowed to vary in the interval q ∈ [0.7, 1.3], while all other values outside this interval are
unrealistic and they produce negative density.
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Figure 1. Evolution of the ratio h/α controlling the geometry of the galaxy’s main body, as
a function of fractional portion of dark matter δ.

(δ = 0) the contribution of dark matter prevails for R > 30 kpc, while in the case
of the disk galaxy (δ = 0.5) dark matter is the dominant factor much earlier at
about R > 20 kpc. We also observe, the characteristic local minimum of the rotation
curve due to the massive nucleus, which appears at small values of R, when fitting
observed data to a galactic model (e.g., Gómez et al. 2010; Irrgang et al. 2013).
When the galactic potential is spherical then the total angular momentum L is a
third integral of motion (together with the total orbital energy and the z-component of
the angular momentum). Figures 3(a, b) shows the actual time-evolution of L for the
box orbit shown in Fig. 5(a). We see that even though L oscillates rapidly, its mean
value does not change even for hundreds of orbital times. The pattern regarding the

(a)

(b)

Figure 2. The total circular velocity of the gravitational model (black) when the galaxy is
(a) elliptical (δ = 0) and (b) disk (δ = 0.5). We can distinguish the total circular velocity
(black) and also the contributions of the luminous (green) and the dark matters (red).
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Figure 3. Time-evolution of the total angular momentum L for the box orbit shown in
figure 5a at (a) the beginning and (b) end of the numerical integration. We observe that L
remains almost constant with increasing time.

time-evolution of L is very similar to that shown in Fig. 3.6 of Binney & Tremaine
(2008). Therefore, it is evident that L is indeed an approximately conserved quantity
(integral of motion), even for orbits in potentials that are highly flattened.
Considering the fact that the z-component of the total angular momentum (Lz )
is conserved as the gravitational potential (R, z) is axisymmetric, orbits can be
described by means of the effective potential (e.g., Binney & Tremaine 2008)
eff (R, z) = (R, z) +

L2z
.
2R 2

(8)

Then, the basic equations of motion on the meridional plane are
R̈ = −

∂eff
,
∂R

z̈ = −

∂eff
,
∂z

(9)

while the equations governing the evolution of a deviation vector w =
(δR, δz, δ Ṙ, δ ż), which joins the corresponding phase space points of two initially
nearby orbits, needed for the calculation of the standard indicators of chaos (SALI
in this case), are given by the variational equations
˙ = δ Ṙ, (δz)
˙ = δ ż,
(δR)
2
2
˙ = − ∂ eff δR − ∂ eff δz,
(δ Ṙ)
∂R∂z
∂R 2
2
2
∂
∂
eff
eff
δR −
(δ˙ż) = −
δz.
∂z∂R
∂z2

(10)

Consequently, the corresponding Hamiltonian to the effective potential given in
equation (8) can be written as
H =

1 2
(Ṙ + ż2 ) + eff (R, z) = E,
2

(11)
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where Ṙ and ż are momenta per unit mass, conjugate to R and z, respectively, while
E is the numerical value of the Hamiltonian, which is conserved. Therefore, an orbit
is restricted to the area in the meridional plane satisfying E ≥ eff .
3. Computational methods
In the numerical exploration, we seek to determine whether an orbit is regular or
chaotic. Several indicators of chaos are available in the previous works; we chose the
SALI indicator (Skokos 2001). The usual method is followed according to which,
after a certain and predefined time interval of numerical integration, a check is made
to find out whether the value of SALI is less than a very small threshold value,
in order to decide if an orbit is ordered or chaotic. In this research, we define the
threshold value to be equal to 10−8 . However, depending on the particular location
of each orbit, this threshold value can be reached more or less quickly, as there are
phenomena that can hold off the final classification of an orbit (i.e., there are special
orbits called “sticky” orbits, which behave regularly for long time periods before
they finally drift away from the regular regions and start to wander in the chaotic
domain, revealing their true chaotic nature completely). In Fig. 4 we present a dense
grid of initial conditions (R0 , R˙0 ) in the phase plane for δ = 0.5, where the values
of the SALI are plotted using different colours. We clearly observe several regions
of regularity indicated by light reddish colours as well as a unified chaotic domain
(blue/purple points). All intermediate colours correspond to sticky orbits. Therefore,
the distinction between regular and chaotic motions becomes clear and obvious when
using the SALI method.

Figure 4. Regions of different values of the SALI in a dense grid of initial conditions on
the (R, Ṙ) phase plane, when δ = 0.5. Light reddish colours correspond to ordered motion,
dark blue/purple colours indicate chaotic motion, while all intermediate colours suggest sticky
orbits.
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To examine the orbital properties (chaoticity or regularity) of the dynamical system, we need to establish some samples of initial conditions of orbits. The best
approach, undoubtedly, would be to extract these samples of orbits from the distribution function of the model. Unfortunately, due to its unavailablity, we follow
another approach. To determine the character of the orbits in the model, we chose,
for each value of the fractional portion of the dark matter δ, a dense grid of initial
conditions regularly distributed in the area allowed by the value of the energy E.
The analysis takes place in the physical (R, z) and also in the phase (R, Ṙ) space
for a better understanding of the orbital structure of the system. In both cases, the
step separation of the initial conditions along the (R, z) and (R, Ṙ) axes (or in other
words, the density of the grids) was controlled in such a way that there are always
at least 50000 orbits to be integrated and classified. In both cases, the grids of initial conditions of orbits whose properties will be examined are defined as follows:
for the physical (R, z) space we consider orbits with initial conditions (R0 , z0 ) with
R˙0 = 0, while the initial value of z˙0 is always obtained from the energy integral (11)
as z˙0 = ż(R0 , Ṙ0 , E) > 0. Similarly, for the phase (R, Ṙ) space we consider orbits
with initial conditions (R0 , R˙0 ) with z0 = 0, while again the initial value of z˙0 is
obtained from the energy integral (11). For each initial condition, we have numerically integrated the equations of motion (9) as well as the variational equations (10)
with a double precision Bulirsch-Stoer algorithm written in FORTRAN 77 (e.g.,
Press et al. 1992) with a small time step of the order of 10−2 , which is sufficient
enough for the desired accuracy of the computations (i.e., practically, the results do
not change by halving the time step). In all cases, the energy integral (equation (11))
was conserved better than one part in 10−10 , although for most orbits it was better
than one part in 10−11 .
Each orbit was numerically integrated for a time interval of 104 time units
(1012 yr), which corresponds to a time span of the order of hundreds of orbital
periods. The particular choice of the total integration time is an element of great
importance, especially in the case of the sticky orbits. A sticky orbit could be easily misclassified as regular by any chaos indicator2 , if the total integration interval
is too small, such that the orbit does not have enough time to reveal its true chaotic
character. Thus, all the initial conditions of the orbits of a given grid were integrated,
as already discussed, for 104 time units, thus avoiding sticky orbits with a stickiness
of the order of at least 102 Hubble time. All the sticky orbits that do not show any
signs of chaoticity for 104 time units were accounted as regular orbits since such vast
sticky periods were not considered in the research and they lack physical meaning
too.
A first step towards the understanding of the overall behaviour of the system is
identifying whether the orbits in the galactic model are regular or chaotic. Also of
particular interest is the distribution of regular orbits into different families. Therefore, once the orbits have been characterized as regular or chaotic, we then further
classify the regular orbits into different families by using a frequency analysis

2 Generally, dynamical methods are broadly categorized into two types: (i) those based on the evo-

lution of sets of deviation vectors to characterize an orbit and (ii) on the frequencies of the orbits
that extract information about the nature of motion only through the basic orbital elements without
the use of deviation vectors.
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method (Carpintero & Aguilar 1998; Muzzio et al. 2005). Initially, Binney and
Spergel (1982, 1984) proposed a technique, termed spectral dynamics, for this particular purpose. Later on, this method has been extended and improved by Carpintero
& Aguilar (1998) and Šidlichovský & Nesvorný (1996). In a recent work, Zotos &
Carpintero (2013), refined the algorithm even further, so it can be used to classify
orbits in the meridional plane. In general terms, this method computes the Fourier
transform of the coordinates of an orbit, identifies its peaks, extracts the corresponding frequencies, and searches for the fundamental frequencies and their possible
resonances. Thus, we can easily identify the various families of regular orbits and
also recognize the secondary resonances that bifurcate from them.
Finally, we would like to make a clarification about the nomenclature of orbits. All
orbits of an axisymmetric potential are in fact three-dimensional (3D) loop orbits,
i.e., orbits that always rotate around the axis of symmetry in the same direction. However, in dealing with the meridional plane, the rotational motion is lost, so the path
that the orbit follows onto this plane can take any shape, depending on the nature
of the orbit. Following the same approach of the previous papers of this series, we
characterize an orbit according to its behaviour in the meridional plane. For example, if an orbit is a rosette lying in the equatorial plane of the axisymmetric potential,
it will be a linear orbit in the meridional plane, a tube orbit will be a 2:1 orbit, etc.
We need to emphasize that the term ‘box orbit’ is used for an orbit that conserves
circulation, but this refers only to the circulation provided by the meridional plane
itself. Due to their box-like shape in the meridional plane, such orbits were originally called ‘boxes’ (e.g., Ollongren 1962), even though their 3D shapes are more
similar to doughnuts (see the review of Merritt (1999)). Nevertheless, we adapted
this formalism to maintain continuity with all the previous works of this series.

4. Orbit classification
In this section, we will numerically integrate several sets of orbits, in an attempt to
distinguish the regular or chaotic nature of motion of stars. We use the sets of initial
conditions described in the previous section to construct the respective grids, always
adopting values inside the zero velocity curve (ZVC). In all cases, the energy was
set equal to 500 and the angular momentum of the orbits was Lz = 10. Here, we
point out that the energy level controls the size of the grid and particularly the Rmax
which is the maximum possible value of the R coordinate. We choose the energy
level (E = 500) which yields values of Rmax from about 8–15 kpc when δ = 0
and 0.5. To study how the fractional portion of the dark matter δ influences the level
of chaos, it is allowed to vary while all the other parameters of the galaxy model
are fixed. As already mentioned, the values of all the other parameters are fixed and
orbits in the meridional plane are integrated for the set δ = {0, 0.1, 0.2, . . . , 0.5}.
Once the values of the parameters are chosen, a set of initial conditions are computed
as described in section 3 and the corresponding orbits are integrated computing the
SALI of the orbits and then the regular orbits are classified into different families.
The numerical investigation reveals that the galaxy model consists of
several types of orbits: (i) chaotic orbits, (ii) box orbits, (iii) 1:1 linear orbits, (iv) 2:1
banana-type orbits, (v) 2:3 fish-type orbits, (vi) 3:2 resonant orbits, (vii) 4:3 resonant
orbits, (viii) 7:5 resonant orbit, (ix) 10:7 resonant orbits, and (x) orbits with other
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resonances (i.e., all resonant orbits not included in the former categories). It turns
out that for the last type of orbits the corresponding percentage is less than 1% in all
cases, and therefore their contribution to the overall orbital structure of the galaxy is
insignificant. A n : m resonant orbit would be represented by m distinct islands of
invariant curves in the (R, Ṙ) phase plane and n distinct islands of invariant curves
in the (z, ż) surface of section. In Fig. 5(a)–(j), we present an example of each of
the basic types of regular orbits, along an example of a chaotic one. In all cases, we
set δ = 0.5 (except for the 3 : 2 resonant orbit, where δ = 0). The orbits shown in
figures 5(a) and (j) were computed until t = 100 time units, while all the parent
periodic orbits were computed until the completion of one period. The black thick
curve circumscribing each orbit is the limiting curve in the meridional plane (R, z)
defined as eff (R, z) = E. Table 1 shows the model, the type and the initial conditions for each of the depicted orbits; for the resonant cases, the initial conditions and
the period Tper correspond to the parent3 periodic orbits.
At this point, it should be noted that the 1 : 1 resonance is usually the hallmark of
the loop orbits and both coordinates oscillate with the same frequency in their main
motion. Their mother orbit is a closed loop orbit. Moreover, when the oscillations
are in phase, the 1 : 1 orbit degenerates into a linear orbit (the same as in Lissajous
figures made with two oscillators). In the meridional plane, however, 1 : 1 orbits do
not have the shape of a loop. In fact, their mother orbit is linear (e.g., Fig. 5c), and
thus they do not have a hollow (in the meridional plane), but fill a region around the
linear mother orbit, always oscillating along the R and z directions with the same
frequency. We designate these orbits as ‘1:1 linear open orbits’ to differentiate them
from true meridional plane loop orbits, which have a hollow and also always rotate
in the same direction.
4.1 Structure of the physical (R, z) space
We start the exploration with the physical (R, z) plane and in Figs. 6(a)–(f) we
present six grids of initial conditions (R0 , z0 ) of orbits that we have classified for
different values of the fractional portion of the dark matter δ. Figure 6(a) shows the
structure of the physical space for δ = 0, that is the case of an oblate elliptical galaxy.
We see that the vast majority of the plane is covered by initial conditions corresponding to regular orbits, while initial conditions of chaotic orbits are confined mainly to
the outer parts of the grid. It is evident, that among regular orbits, box orbits are the
most populated family, while the 2 : 1 resonant family is the second most abundant
type of regular orbits which form two distinct stability islands in the (R, z) plane.
Furthermore, the initial conditions of 3 : 2 resonant orbits also occupy a significant
area on the physical plane. The stability islands corresponding to the 4 : 3 orbits on
the other hand, are tiny and embedded in the chaotic domain. The computations suggest that initial conditions of the 1 : 1 resonant orbits do exit however, the islands
of the 1 : 1 resonant orbits are extremely small, deeply buried in the chaotic sea and
3 For every orbital family there is a parent (or mother) periodic orbit, i.e., an orbit that describes a

closed figure. Perturbing the initial conditions which define the exact position of a periodic orbit,
we generate quasi-periodic orbits that belong to the same orbital family and librate around their
closed parent periodic orbit.

(g)

(f)

(h)

(c)

(i)

(d)

(j)

(e)

Figure 5. Orbit collection of the basic types of orbits in the galaxy model: (a) box orbit; (b) 2 : 1 banana-type orbit; (c) 1 : 1 linear orbit; (d) 2 : 3
fish-type orbit; (e) 3 : 2 boxlet orbit; (f) 4 : 3 boxlet orbit; (g) 7 : 5 boxlet orbit; (h) 10 : 7 boxlet orbit; (i) 13 : 10 boxlet orbit, one of the ‘orbits with higher
resonance’; (j) chaotic orbit. The model and the initial conditions of the depicted orbits are given in Table 1.

(b)

(a)
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Table 1. Model, type and initial conditions of the orbits shown in Fig. 5(a)–(j). In all cases,
z0 = 0, z˙0 is obtained from the energy integral, equation (11), while Tper is the period of the
resonant parent periodic orbits.
Figure 5
(a)
(b)
(c)
(d)
(e)
(f)
(g)
(h)
(i)
(j)

δ

Type

R0

R˙0

Tper

0.5
0.5
0.5
0.5
0.0
0.5
0.3
0.5
0.5
0.5

box
2:1 banana
1:1 linear
2:3 boxlet
3:2 boxlet
4:3 boxlet
7:5 boxlet
10:7 boxlet
13:10 boxlet
chaotic

1.80000000
6.86889206
4.05715130
14.23115421
1.25376858
12.62275748
1.95383766
10.80119197
10.55163658
13.79000000

0.00000000
0.00000000
44.35285881
0.00000000
10.71269809
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

–
1.51929094
1.15080460
2.34839893
3.26379031
4.48226519
7.14234754
10.97647040
12.74946710
–

therefore, they appear only as lonely points in the grid. We observe in figure 6(b)
that for δ = 0.1 the orbital structure of the physical plane changes dramatically
and the most visible differences are the following: (i) the area occupied by box and
chaotic orbits have been reduced; (ii) the 3 : 2 resonance has disappeared and its sibling resonance 2 : 3 has emerged; (iii) the extent of the 4 : 3 stability islands have
been increased significantly and (iv) the physical plane has become more rich in resonant families taking into account that more resonances (i.e., the 7 : 5, the 10 : 7 and
other types) have appeared. Things are quite similar in figure 6(c) where δ = 0.2.
It is seen, that the extent of the chaotic region has been reduced even further giving
place to box orbits, while in contrast, the stability islands of the 10 : 7 resonance
look more prominent. The structure of the physical plane exhibits great alterations
when δ = 0.3. One may observe in figure 6(d), that the main 4 : 3 stability islands at
the centre of the grid are now absent and box orbits dominate the grid. This sudden
change on the structure of the (R, z) plane can be explained if we take into account
that the value δ = 0.3 is very close to the halfway point of [0, 0.5], where the transition from elliptical to disk main body is peaked. The pattern of the (R, z) plane
continues as the value of δ increases and as we see in Figures 6(e)–(f), the extent
of the stability islands corresponding to higher resonant orbits (i.e., 7 : 5 and 10 : 7)
reduces, while at the same time, the 1 : 1, 2 : 1 and 4 : 3 resonances seem to enlarge
their islands.
The resulting percentages of the chaotic and all families of regular orbits as the
fractional portion of dark matter δ varies are shown in Fig. 7. We observe, that box
orbits are always the most populated family of orbits. In the case of the elliptical
galaxy (δ = 0) box orbits correspond to about 45% of the physical plane, while for
large values of the fractional portion of dark matter (δ ≥ 0.3), i.e., the case of a disk
galaxy, their percentage seems to saturate around 55%, thus occupying more than
half of the (R, z) plane. The rates of chaotic and 2 : 1 resonant orbits exhibit a similar evolution until δ = 0.1 but then they start to diverge. In particular, for δ ≥ 0.3
the 2 : 1 resonant orbits occupy about one fourth of the physical plane, while on the
other hand, chaotic orbits populate about 10% of the same plane. Moreover, the 3 : 2
resonant family is present only when δ = 0, covering roughly about 10% of the grid,
while for all other tested models (δ ∈ [0.1, 0.5]) this family disappears and the sibling resonant family (i.e., the 2 : 3 resonance) emerges although retaining extremely

(e)

(b)

(f)

(c)

Figure 6. Orbital structure of the physical (R, z) plane of the galaxy model for different values of the fractional portion of the dark matter δ.

(d)

(a)
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Figure 7. Evolution of the percentages of all the different types of orbits in the physical plane
(R, z) of the galaxy model, when varying the fractional portion of the dark matter δ.

low rates (less than 5%) throughout the range of δ. It is seen, that the evolution of
the percentage of the 4 : 3 resonant family is very interesting. Indeed, this resonance
has a strong presence only for 0.1 ≤ δ ≤ 0.2 occupying about one fifth of the physical plane, while in other cases its rate is very low. Furthermore, it is evident that in
general, all the remaining types of regular orbits (i.e., the 1 : 1, 7 : 5, 10 : 7 and
other higher resonances) remain almost unperturbed and with very low percentages throughout (less than 5%, apart from the 10 : 7 family which presents a sudden
increase above 10% when δ = 0.2). Therefore, one may reasonably conclude that
in the physical (R, z) plane box, 2 : 1, 4 : 3, and chaotic orbits are the ones mostly
affected by the fractional portion of the dark matter. We would like to emphasize that explaining why the rates of box and chaotic orbits change with increasing
δ is very difficult. In a previous work, Zotos & Carpintero (2013) showed that
determining the dynamical origin of the onset of chaos is a very elusive and challenging task. Nevertheless, we concluded that a necessary condition for an orbit to
be chaotic is to pass near the centre of the potential where the effective potential on
the meridional plane has cusp at the origin, caused by the centrifugal term, while
a sufficient condition for an orbit to be regular is not to pass near the centre of the
potential.
4.2 Structure of the phase (R, Ṙ) space
The study continues in the phase (R, Ṙ) space and in Figs 8(a)–(f) we present six
grids of initial conditions (R0 , R˙0 ) of orbits that we have classified for different

Figure 8. Orbital structure of the phase (R, Ṙ) plane of the galaxy model for different values of the fractional portion of the dark matter δ.
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values of the fractional portion of the dark matter δ. The outermost black thick curve
is the limiting curve which is defined as
1 2
Ṙ + eff (R, 0) = E.
2

(12)

We see in Fig. 8(a), that when the galaxy’s main body is oblate elliptical (δ = 0), an
extended chaotic sea covers the majority of the phase plane, while several stability
islands corresponding to different types of resonant orbits are present and are mainly
embedded in the chaotic domain. As the value of the fractional portion of dark matter
increases the structure of the phase plane changes significantly4 . Indeed, in Fig. 8b
when δ = 0.1 we observe several noticeable differences with respect to phase plane
shown in Fig. 8(a): (i) the area covered by initial conditions of chaotic orbits has
been reduced giving place to regular orbits; (ii) the size of the 1 : 1 stability islands
have been increased; (iii) the 3 : 2 resonance is completely absent and its dynamical
sibling, i.e., the 2 : 3 resonance, emerged in the outer parts of the phase plane (note:
the very same behaviour has been observed previously also when studying the structure of the physical plane); (iv) the stability islands of the 4 : 3 resonance have been
relocated and enhanced and now there are two different sets of the 4 : 3 resonance and
(v) higher resonant orbits such as the 7 : 5 and the 10 : 7 families exist inside the box
region. The structure of the phase plane remains almost unperturbed when δ = 0.2
(see Fig. 8c). However, when δ = 0.3 it is seen in Fig. 8(d), that the main set of
stability islands of the 4 : 3 resonance (the set which so far was located between the
regions of box and 2 : 1 resonant orbits) disappears. At higher values of δ (δ ≥ 0.4),
the orbital structure is more or less maintained and the only noticeable change (see
Figs 8(e, f) is the fact that the size of stability islands corresponding to higher resonant orbits (i.e., 7 : 5, 10 : 7 and other families) located inside either box or chaotic
regions are constantly reduced with increasing δ.
Figure 9 shows the evolution of the percentages of the chaotic and all types of
regular orbits as a function of the fractional portion of dark matter δ. In the case
where the galaxy’s main body has an oblate elliptical shape (δ = 0), we see that half
of the phase plane is covered by initial conditions corresponding to chaotic orbits5 .
However, as the value of δ increases and the main body becomes increasingly disk
shaped, the rate of chaotic orbits reduces but this tendency is reversed when δ ≥ 0.3.
The percentage of box orbits exhibits fluctuations and a sudden peak at about 35% is
observed when δ = 0.3 (which is also the case of the least observable chaos). At the
highest value of δ studied (δ = 0.5), box orbits hold a rate about 25%, thus sharing
along almost half of the phase plane with chaotic orbits. The percentage of 2 : 1
resonant orbits is much less affected by the increase of dark matter and in most cases
it occupies about 20% of the available space. The linear 1 : 1 resonant orbits present
a slow but constant increase for δ > 0 and their rate seems to saturate around 12%
when the main body has obtained a disk type shape. The evolution of the 2 : 3 and

4 It should be noted that the maximum allowed values of the coordinates R and z as well as of the

radial velocity Ṙ increase as we proceed to higher values of δ as the main body of the galaxy
becomes excessively massive according to the first equation of equations (3).
5 A similar elevated rate of chaotic orbits (more than 50%) has also been measured in Zotos &
Caranicolas (2013) while studying the orbital structure of the phase plane of an elliptical galaxy.
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Figure 9. Evolution of the percentages of all the different types of orbits in the phase plane
(R, Ṙ) of the galaxy model, on varying the fractional portion of the dark matter δ.

3 : 2 resonances are very similar to that discussed earlier in Fig. 7. Similarly, the 4 : 3
resonance has low rates apart from the interval 0.1 ≤ δ ≤ 0.2 where its presence is
very strong, covering roughly about 20% of the grids. Moreover, we observe that in
general terms, all the other higher resonant families take small percentages (less than
5%), so varying the value of δ only shuffles the orbital content among them. Thus,
taking into account all the earlier analysis we may argue that in the phase (R, Ṙ)
plane the types of orbits that are primarily influenced by the fractional portion of the
dark matter are the box, 1:1, 4:3, and chaotic orbits.
4.3 A general overview
The grids in physical (R, z) as well as in the phase (R, Ṙ) plane can provide information on the phase space mixing for only a fixed value of the fractional portion
of dark matter δ. Hénon however, as early as in the 60s (Hénon 1969), considered
a plane which provides information about regions of regularity and chaos using the
expression z = Ṙ = 0, ż > 0, i.e., the test particles start on the R-axis, parallel
to the z-axis and in the positive z-direction. Thus, in contrast to the previously discussed grids, only orbits with pericentres on the R-axis are included and therefore,
the value of the δ is used as an ordinate. Fig. 10 shows the orbital structure of the
(R, δ) -plane when δ ∈ [0, 0.5]. In order to monitor with sufficient accuracy and
details the evolution of the families of orbits, we defined a dense grid of 105 initial
conditions in the (R, δ) -plane. It is evident, that the vast majority of the grids are
covered either by box or 2:1 resonant orbits, while initial conditions of chaotic orbits
are mainly confined to right outer part of the (R, δ)-plane. We also observe that for

Dark Matter and Galactic Structures in Galaxies

667

Figure 10. Orbital structure of the (R, δ) -plane. The diagram gives a detailed analysis of the
evolution of orbits which start perpendicularly to the R-axis when the fractional portion of dark
matter varies in the interval δ ∈ [0, 0.5].

very low values of δ (δ < 0.05), which corresponds to an oblate elliptical galaxy
main body, there is a strong presence of ‘other’ types of resonant orbits. The numerical calculations indicate that these orbits belong to the bifurcated 4 : 5, 6 : 5 or 8 : 5
families which however vanish for larger values of δ and therefore, are not included
to the main types of orbits. This diagram also reveals that the main stability island of
the 4 : 3 resonance is present only when 0.032 < δ < 0.227. Here we must emphasize that the (R, δ) -plane contains only orbits which starts perpendicularly to the
R -axis, while orbits whose initial conditions are pairs of position-velocity (i.e., the
1 : 1 and 3 : 2 families) are obviously not included.
The previous studies (e.g., Zotos 2011, 2012a, 2014; Zotos & Carpintero 2013)
indicates that one of the most important parameter that influences greatly the orbital
structure of galaxies is the isolated integral of the z-component of the angular
momentum (Lz ). Therefore, we decided to perform some additional calculations in
order to explore how the fractional portion of dark matter affects the nature of low
and high angular momentum stars. The results are shown in Fig. 11(a, b) where we
followed a similar approach to that explained in Fig. 10 varying only the value of
the angular momentum in the interval Lz ∈ [1, 60] for two different values of δ. In
Fig. 11(a) shows the structure of the (R, Lz )-plane when δ = 0 which corresponds
to an oblate elliptical galaxy main body. It is seen, that as we move to higher levels
of angular momentum the vast majority of stars move in either box or 2 : 1 resonant
orbits. The horizontal red dashed line at Lz = 31.74 marks the last indication of
chaos; for Lz > 31.74 the motion of stars is entirely regular and there is no evidence
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Figure 11. Orbital structure of the (R, Lz ) -plane when (a): δ = 0 and (b): δ = 0.5. The
horizontal red dashed line marks the last indication of chaotic motion; for higher values of Lz
the motion of stars is completely regular.

of chaotic motion. In fact, Lz = 31.74 is the critical value of the angular momentum
(Lzc) which is the maximum value of the angular momentum for which the orbits
can display chaotic motion (e.g., Zotos 2011, 2012a; Zotos & Carpintero 2013).
Figure 11(b) shows the structure of the (R − Lz ) -plane when δ = 0.5, i.e., the case
of a highly flattened disk galaxy body. Once again, we observe that box and 2 : 1
resonant orbits are the most populated families throughout. However, we see that for
Lz > 22 another stability island of the 4 : 3 resonance emerges at the left-hand side
of the plane which increases in size as we proceed to higher values of Lz . It is interesting to note that when δ = 0.5, chaotic orbits are still present up to Lz = 54.12,
thus we may say that the critical value of the angular momentum in disk galaxies
with dark matter is much higher than in elliptical shaped galaxies with dark matter.
Here, we should point out that in both cases the permissible area on the (R, Lz ) plane is reduced (more rapidly especially when δ = 0) as the value of the angular
momentum increases. In particular, the minimum value of the R coordinate (Rmin )
is reduced with increasing Lz . This is an issue of great importance because as discussed in Zotos & Carpintero (2013) and Zotos (2014), we proved that a necessary
condition for an orbit to be chaotic is to pass near the centre of the potential. Therefore, only low angular momentum stars can approach very close to the galactic centre
(or in other words, near the massive nucleus) thus receiving a large acceleration and
exhibit chaotic motion. High angular momentum stars on the other hand, are not
allowed to come close to the central nucleus and this explains why the majority of
high angular momentum stars move in regular orbits, while chaotic motion is very
limited.
5. Conclusions and discussion
The aim of the this work was to investigate how influential is the fractional portion of dark matter of a galaxy on the level of chaos and on the distribution
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of regular families among its orbits. For this purpose, we used an analytic, axially symmetric galactic gravitational model that embraces the general features of
a dense, massive, central nucleus and a biaxial oblate dark matter halo component. To simplify the study, we chose to work in the meridional plane (R, z), thus
reducing three-dimensional to two-dimensional motion. We kept the values of all
the other parameters constant, as the main objective was to determine the influence of the portion of dark matter δ on the percentages of the orbits. The thorough
and detailed numerical analysis suggests that the level of chaos as well as the
distribution in regular families is indeed much dependent on the portion of dark
matter in galaxies. Here, it is needed to point out that the present paper is the last
part of a series of papers (Zotos & Carpintero 2013; Caranicolas & Zotos 2013;
Zotos & Caranicolas 2013, 2014) that have as their main objective the orbit classification (not only regular vs. chaotic, but also separating regular orbits into different
regular families) in different galactic gravitational potentials. Thus, we decided to
follow a similar structure and also the same numerical approach in all of them.
Undoubtedly, a galaxy with a central spherical nucleus and dark matter halo component is a very complex entity and therefore, we need to assume some necessary
simplifications and assumptions in order to be able to study mathematically the
orbital behaviour of such a complicated stellar system. For this purpose, the total
gravitational model is intentionally simple and contrived, as all the other models of
this series, in order to give us the ability to study all the different aspects regarding the kinematics and dynamics of the model. Nevertheless, contrived models can
surely provide an insight into more realistic stellar systems, which unfortunately are
very difficult to be explored, if we take into account all the astrophysical aspects (i.e.,
gas, spirals, mergers, etc). Self-consistent models on the other hand, are mainly used
when conducting N -body simulations. However, this application is out of scope of
this present paper. Once again, we need to point out that the simplicity of model is
necessary, otherwise it would be extremely difficult, or even impossible, to apply the
extensive and detailed numerical calculations presented in this study. Similar gravitational models with the same limitations and assumptions were used successfully
several times in the earlier studies in order to investigate the orbital structure in much
more complicated galactic systems (e.g., Caranicolas & Innanen 2009; Zotos 2012b,
2013).
The numerical investigation takes place in the physical (R, z) and also in the phase
(R, Ṙ) space for a better understanding of the orbital structure of the system. Since a
distribution function of the galaxy model was not available to use for extracting the
different samples of orbits, we had to follow an alternative method. Thus, for determining the regular or chaotic character of orbits in the models, we defined dense
grids of initial conditions regularly distributed in the area allowed by the value of
the orbital energy E, in both the physical and the phase space. To show how the
fractional portion of dark matter influences the orbital structure of the system, we
presented for each case, color-coded grids of initial conditions, which allowed to
visualize the types of orbits occupying specific areas in the physical/phase space.
Each orbit was integrated numerically for a time period of 104 time units (1012 yr),
which corresponds to a time span of the order of hundreds of orbital periods. The
particular choice of the total integration time was made in order to eliminate sticky
orbits (classifying them correctly as chaotic orbits) with a stickiness of at least 100
Hubble times. Then, a further step was made in an attempt to distribute all regular
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orbits into different families. Therefore, once an orbit has been characterized as regular applying the SALI method, we can then further classify it using a frequency
analysis method. This method calculates the Fourier transform of the coordinates
and velocities of an orbit, identifies its peaks, extracts the corresponding frequencies
and then searches for the fundamental frequencies and their possible resonances.
The novel element of this paper is beyond any doubt the new dynamical model
which was used to describe the properties of the galaxy’s main body. It should be
emphasized that even though the potential utilized for the description of the main
body is the classical Miyamoto–Nagai potential, it is still considered as a new and
also improved version since all the dynamical parameters of the main body (the mass
and the scale lengths) are not constant numbers but functions of the fractional portion
of dark matter δ. Hence, the shape and the overall geometry of the galaxy’s main
body is controlled by the amount of dark matter through the relations connecting δ
with the horizontal and vertical scale length. We strongly believe that this new model
is more complete and realistic for two main reasons: (i) it takes into account the
presence of dark matter in the main body of the galaxy and in particular the ratio of
dark to luminous matter and (ii) it can describe equally well the disk and elliptical
galaxies due to the fact that the scale lengths are adaptive functions.
In the earlier papers of the series (e.g., Zotos & Carpintero 2013; Zotos 2014),
it was demonstrated that the two isolating integrals of motion (the z-component of
the angular momentum and total orbital energy) significantly influence the orbital
structure of galaxies. Therefore, it was not necessary to re-investigate the influence
of the isolating integrals in this case. The main outcomes of the research can be
summarized as follows:
(1) Several types of regular orbits were found to exist in the galactic gravitational
model, while there are also extended chaotic domains separating the areas of
regularity. In particular, a large variety of resonant orbits (i.e., 1 : 1, 2 : 1, 2 : 3,
3 : 2, 4 : 3, 7 : 5, 10 : 7, and higher resonant orbits) are present, thus making the
orbital structure very rich. Here, we need to clarify that the term ‘higher resonant
orbits’ refers to resonant orbits with a rational quotient of frequencies made
from integers > 5, which indeed do not belong to the main families.
(2) It was found that in the physical (R, z) space the presence of dark matter mainly
influences box, 2 : 1, 4 : 3, and chaotic orbits. Moreover, the vast majority of stars
move in regular orbits and box orbits is the most populated family throughout
the δ values range. The largest amount of chaos was measured in such values
of δ corresponding to elliptical main body, while as δ increases and the galaxy
becomes increasingly flat, the chaotic orbits rate is reduced.
(3) It was also observed that in the phase (R, Ṙ) space the types of orbits that are
predominantly affected by the fractional portion of the dark matter are the box,
1 : 1, 4 : 3, and chaotic orbits. The computations revealed, that for low values of
δ, or in other words when the main body of the galaxy is oblate elliptical, about
50% of the tested orbits are chaotic, while as more dark matter gets accumulated
and the galaxy is transformed from an elliptical to a disk, the percentage of
chaos drops and there is a rate of increase in several types of regular orbits.
(4) Using the Hénon’s method the (R, δ)-plane was constructed with a continuous
spectrum of δ values, rather than a few discrete ones, where it was found that the
vast majority of the grid is covered either by box or 2 : 1 resonant orbits, while
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the initial conditions of chaotic orbits are mainly confined to the right outer part
of the (R, δ) -plane.
(5) The drastic decrease of the observed chaos with increasing Lz was justified
taking into account the fact that high angular momentum stars are not allowed to
approach very close to the central and massive nucleus thus encountering strong
forces which is a necessary condition for exhibiting chaotic motion, while low
angular momentum stars on the other hand, do pass close to the galactic centre.
We consider the results of this study as an initial effort and also as a promising
step in the task of exploring the orbital structure of disk and elliptical galaxies with
dark matter present not only in the haloes but also in the main body. Taking the
encouraging outcomes into account, the future plans will be to modify the galaxy
model accurately, in order to expand the investigation into three dimensions. This
will allow to unveil how the parameters of the system and obviously the presence
of dark matter influences the nature of three-dimensional orbits. Also, it would be
of particular interest to reveal the evolution of the percentages of all the families of
orbits while varying the different dynamical quantities of the galactic model.
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