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Abstract. We obtain the x − px Poincare phase plane for a two dimensional, resonant, galactic type Hamiltonian using conventional numerical
integration, a second order symplectic integrator and a map based on the
averaged Hamiltonian. It is found that all three methods give good results,
for small values of the perturbation parameter, while the symplectic integrator does a better job than the mapping, for large perturbations. The dynamical spectra are used to distinguish between regular and chaotic motion.
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1. Introduction
About four decades ago most astronomers believed that stellar orbits in elliptical
galaxies were regular. Recent observations, both, from the Hubble Space telescope as
well as from ground-based telescopes, revealed that the star density in elliptical and
S0 galaxies rises towards the centre in a power low cusp (see Byun et al. 1996). Those
observations strongly suggest that a large number of orbits passing through the centre
of the galaxy must be chaotic.
The work presented here exploits recently developed tools from galactic dynamics
as well as from non linear dynamics, in order to better understand the properties of
orbits in a simple local galactic Hamiltonian describing motion near the centre of an
elliptical galaxy. Among others, we shall try to find the fraction of chaotic vs regular
orbits and how it changes using different methods to obtain the corresponding Poincare
phase plane.
Our dynamical model is given by the equation
V =




1 2
x + 4y 2 −  αx 4 y 2 + β x 4 + y 4 ,
2

(1)

where α and β are parameters while  is the perturbation strength.
The following lines of arguments justify the choice of the potential (1).
(i) This potential is a two dimensional perturbed harmonic oscillator and can be
derived by expanding global potentials near an equilibrium point, that is the centre
of the galaxy.
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(ii) The potential describes motion near the centre of an elliptical galaxy and displays
chaotic motion. As it was mentioned before, observations suggest that a number of
orbits in the central regions of elliptical galaxies are chaotic. Therefore, equation
(1) seems to be a good description for the behavior of orbits in the central parts
of an elliptical galaxy.
(iii) The fourth and sixth order terms have been included in order to justify the symmetry of the elliptical galaxy. In particular the coupling sixth order term is the
basic term that was selected in order to produce the desired 1:2 resonant results
for the map.
Potentials of the form (equation 1), that is potentials made up of perturbed harmonic
oscillators are among the most studied in non-linear dynamics (see Elipe 2001; Elipe
& Deprit 1999; Caranicolas & Innanen 1992).
The paper is organized as follows: The map and the position of periodic orbits are
given in section 2. In section 3 we compare the Poincare phase planes obtained by
conventional numerical integration, the symplectic integrator and the map. In section 4
we compare the dynamical spectra for different types of orbits obtained by the above
three methods. Finally, section 5 contains a discussion and the conclusion of this work.
2. The map and the position of periodic orbits
The Hamiltonian to the potential (equation 1) is

1 2
(2)
px + py2 + V = h,
2
where px , py are the momenta per unit mass conjugate to x and y while h is the
numerical value of H . In order to obtain the averaged Hamiltonian we follow the steps
described in (Caranicolas 1990).
The averaged Hamiltonian is




3β
3
(3 − J )2
1
2
2
−
cos 4θ ,
(3)
J +
+ αJ (3 − J )
2
16
8 16
H =

while the corresponding map reads
Jn+1 = Jn + f (Jn+1 , θn )
θn+1 = θn + S(Jn+1 ) + g(Jn+1 , θn ),

(4)

where
1
f (J, θ) = − αJ 2 (3 − J ) sin 4θ
4
3αJ
3
S(J ) =
(23 − 3J ) + β(17J − 3),
8
16
1
g(J, θ) = − αJ (23 − 3J ) cos 4θ
16
and we have set 3 = h. The fixed points of (4) are at
p
51β + 10α3 − −180αβ3 + (51β + 10α3)2
(i) J =
,
30α

(5)

(6)
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when θ = kπ/4 and k = 0, 2, 4, 6, . . .

p
−252αβ3 + (51β + 14α3)2
(ii) J =
,
42α
when θ = (k + 1)π/4 and k = 0, 2, 4, 6, . . .
51β + 14α3 −

(iii) J = 0, for any θ.

(7)

(8)

We consider positive values for β while α is negative because, when α is negative,
the system displays considerable chaotic motion. We have four resonant fixed points
(i) and four resonant fixed points (ii). It is well known that the map can also give the
stability of the resonant periodic points (i) and (ii). Algebraic calculations show that the
corresponding indices of stability are too lengthy expressions to be given analytically
and it is better to be calculated numerically for each case using the particular values
of the parameters.
3. The structure of phase plane
Let us now come to see the structure of the x − px Poincare phase plane of the
Hamiltonian equation (2). In order to visualize the properties of orbits of the system
we decided to use three different ways to obtain the corresponding phase plane, that is
conventional numerical integration, a second order symplectic integrator and the map.
Symplectic integrations are widely used to study problems in non linear dynamics
and celestial mechanics. The most popular algorithm is the second-order symplectic
integrator. The reader can find further details on symplectic integrators in (Feng & Qin
1987).
Figures 1, 2 and 3 show the x − px phase plane of the system, derived by numerical
integration, symplectic integrator and the map respectively. The values of the parameters are α = −1.5, β = 0.1,  = 0.05, 3 = 2. In the case of the map, we return to
the original x, px variables through x = (2J )1/2 cos θ, px = −(2J )1/2 sin θ. It is evident that in all three cases the corresponding phase planes look very similar. All orbits
seem to be regular while the chaotic areas, if any, are negligible.
Figures 4, 5 and 6 are the same as figures 1, 2 and 3 but for  = 0.30. Here
things look different. One observes that the majority of orbits are regular while there
is a considerable chaotic layer around the separatrix. The chaotic layer obtained by
numerical integration and the symplectic integrator is about the same width while that
obtained by the map is thicker and distorted. One also observes that the inner invariant
curves in all three cases look very similar while the outer invariant curves, derived
using the map, are “more circular” than those obtained by numerical integration or
using the symplectic integrator.
Our numerical calculations suggest that, for small values of the perturbation parameter , all three methods give very good results. In this case we believe that one must
prefer to use the map, because the map gives also analytical results for the position
and the stability characteristics of the resonant periodic orbits. Furthermore, the map
is generally faster than the other two methods. For large values of the perturbation
parameter, one must prefer the method of symplectic integrator, because it gives better results than the map and it is generally faster than numerical integration. Here, we
must emphasize that the symplectic integrator does a better job in cases when there
are large chaotic regions where the map fails to describe the true phase plane of the
system (see figures 6 and 7 in Caranicolas & Vozikis 1999).
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Figure 1. The x − px phase plane of the Hamiltonian (2) derived by numerical integration. The
values of the parameters are  = 0.05, h = 2, α = −1.5, β = 0.1.

4. Comparison of dynamical spectra
In this section we shall use the new dynamical spectrum, introduced by Karanis &
Caranicolas (2002), to distinguish between regular and chaotic in the Hamiltonian
(equation 2). Furthermore, we shall compare the spectra produced by numerical integration, the symplectic integrator and the map. In order to help the reader, we give the
definition of the new spectrum.
We define the parameter r as
ri =

xi
,
piy

(9)

where xi , piy are the successive values of the coordinate x and the momentum py per
unit mass, conjugate to coordinate y, on the x − px phase plane, respectively. We call
the dynamical spectrum of the parameter r, its distribution function
S(r) =

1N(r)
,
N dr

(10)

where 1N(r) is the number of values of r in the intervals (r, r + dr) after N iterations.
Figures 7(a–c) show the S(r) spectrum for a regular orbit derived using numerical
integration (figure 7a), the symplectic integrator (figure 7b) and the map (figure 7c).
Initial conditions are x = 0.4, px = 0, while the number of iterations is N = 20000.
The values of the parameters are α = −1.5, β = 0.1,  = 0.05, 3 = 2. One observes
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Figure 2. The x −px phase plane of the Hamiltonian (2) derived using the symplectic integrator.
The values of the parameters are as in Fig. 1.

that all three spectra are well defined “U type” spectra, which are typical for regular
motion. Note that the three spectra are very similar.
Figures 8(a–c) show the S(r) spectrum for a regular orbit producing two islands.
Initial conditions are x = 1.4, px = 0.8, while the number of iterations is N = 20000.
The values of the parameters are as in figure 7. Again figure 8(a) was derived using
numerical integration, (figure 8b) using the symplectic integrator and (figure 8c) using
the map. In all three cases we observe two separate “U type” spectra. It is well known
(see Karanis & Caranicolas 2002) that the S(r) spectrum signals island motion. Here
we must remember that it is not possible to tell from the number of spectra what the
real number of islands is. In the present case, we have two spectra corresponding to
the two islands, because the two islands do not produce overlapping projections on the
x-axis. Note that the three double spectra are of the same type but one can see some
differences. The spectra produced by the map are wider than those produced by the
two other methods. Furthermore the spectra derived using the symplectic integrator
are similar to those produced by numerical integration but appear more crispy.
Figures 9(a–c) show the S(r) spectrum for a chaotic orbit. The initial conditions
are x = 1.4, px = 0 for the figure 9(a) and 9(b), which are produced by numerical
integration and the symplectic integrator, while for the figure 9(c) produced by the
map the initial conditions are x = 1.57, px = 0. This happens because the chaotic
layer appears for different initial conditions in the map. The number of iterations is
N = 20000 in all cases. The values of the parameters are the same as in figure 7,
except for the value of  which is 0.30. As one can see, in all cases the spectrum is a
typical chaotic spectrum with a large number of small as well as large peaks.
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Figure 3. The x − px phase plane of the Hamiltonian (2) derived using the map. The values of
the parameters are as in Fig. 1.

Figure 4. Same as Fig.1 when  = 0.30.
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Figure 5. Same as Fig. 2 when  = 0.30.

Figure 6. Same as Fig. 3 when  = 0.30.
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Figure 7 (a and b). (Continued)
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Figure 7 (a–c). The S(r) spectrum for a regular orbit described in text. (a) Numerical integration;
(b) Symplectic integrator; (c) Map. The values of the parameters are as in Fig.1.

Figure 8(a). (Continued)
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Figure 8 (a–c). The S(r) spectrum for a regular orbit producing two islands. (a) Numerical
integration; (b) Symplectic integrator; (c) Map. The values of the parameters are in Fig. 1.
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Figure 9 (a and b). (Continued).
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Figure 9 (a–c). The S(r) spectrum for a chaotic orbit described in text. (a) Numerical integration; (b) Symplectic integrator; (c) Map. The values of the parameters are  = 0.30, h = 2,
α = −1.5, β = 0.1.

5. Discussion
In this paper we have studied the properties of orbits in the Hamiltonian system (equation 2) which can be considered to describe motion in the central parts of an elliptical
galaxy. In order to obtain our results we have used the x − px phase plane, which
was obtained using three different numerical methods, that is conventional numerical integration, symplectic integrator and a map based on the averaged Hamiltonian. The conventional numerical integration was made using a Bulirsh–Stoer method
in double precision and the accuracy of the calculations was checked by the constancy of the energy integral which was conserved up to the fifteenth significant
figure.
If we accept the idea that the results of the conventional numerical integration
are those displayed by the real system, then the symplectic integrator and the map
give similar results, when small values of the perturbation parameter  are used. For
large values of the perturbation parameter, the phase plane derived by the symplectic
integrator is similar to that found by conventional numerical integration, while that
obtained by the map shows some differences mainly near the separatrix, where chaotic
regions are observed.
Given the above, one concludes, that for weak perturbations one must prefer the
map which gives fast results as well as additional analytical results for the position of
the periodic orbits. For large perturbations, it is better to use the symplectic integration
because it gives results similar to those given by conventional numerical integration
but it is generally faster than numerical integration.
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Symplectic integrators are very useful in many problems in Solar System Dynamics,
where fast and accurate integrations algorithms are needed (see Saha and Tremaine
1992 and references therein). Experience gained from this research suggests that the
symplectic integrator does a very good job in galactic dynamics as well. The authors
are not aware of any other similar comparative study published before.
In order to see the behaviour of orbits from another point of view and to compare
the corresponding results obtained by the three different methods, we decided to find
the S(r) spectrum for a number of orbits. Our numerical calculations show that the
spectra, obtained by all three methods, corresponding to regular motion, that is box
orbits producing invariant curves closing around the central invariant point, are very
similar. On the other hand for island and chaotic motion there are some differences in
the corresponding spectra. Anyway, for island and chaotic motion, the spectra derived
using the symplectic integrator seem to be closer to those derived by conventional
numerical integration than to those obtained by the map.
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