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A Numerical Survey of Neutron Star Crustal Density Profiles
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Abstract. An accurate numerical survey of the density profiles corresponding to the crusts of neutron stars for representative equation of state
models is presented. This will find application in calculations of thermal
and magnetic evolution of neutron stars.
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1. Introduction
The crust of a neutron star refers to a region, near the surface, that is composed of
mainly neutron-rich bare nuclei which interact electrostatically and are arranged in
a lattice. The outer crust has small admixtures of free electrons and the inner crust has,
in addition to electrons, ‘drip’ neutrons populating continuum states and permeating
the nuclear lattice space. With increasing depth from the surface, and hence with
increasing density, the neutron-to-proton ratio of the nuclei increases till a point is
reached where the nuclei ‘dissolve’ and the composition is largely a homogeneous sea of
neutrons. This point is characterized as the crust bottom. Although the crusts comprise
a relatively small fraction of the total radius of the neutron star (usually about 10%),
their importance derives from the fact that these possess interesting transport properties, and are believed to play a central role in a variety of directly and indirectly
observable properties of neutron stars. The former include glitches, X-ray emission,
and the latter concern the evolution of neutron star magnetic fields (and hence the
evolution of pulsars) and possible changes in the neutron star structure and composition due to long-term accretion from a binary companion star. In order to understand
all these and related phenomena quantitatively, it is imperative to have accurate
knowledge of the radial distribution of the density in the crust.
Calculations suggest that neutron stars possess a more or less flat density profile
from the centre to the crust bottom (Arnett & Bowers 1977; Datta 1988), and that the
crust contains negligible mass in comparison to the mass in the rest of the star. The
crust bottom (which is the boundary layer between the inner crust and the interior
region) according to realistic calculations, is roughly equal to the equilibrium nuclear
matter density, ≃ 2.4 × 1014 g cm–3. This is about an order of magnitude less than the
central densities obtained in neutron stars. Across, the crust, however, the density drop
is extremely sharp – about fourteen orders of magnitude. Clearly, an accurate knowledge of the crustal density profile needs an accurate numerical treatment while
integrating the equilibrium structure equations in this region of extremely rapid density
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variation. The equation of state (EOS) of neutron star matter is the key input parameter
in all these calculations, the crustal properties depending sensitively on which particular EOS model is adopted to describe the neutron star interior. In general, the stiffer the
EOS, the more the extent of the crust. In this paper, we present a numerical survey of
crustal density profiles for several neutron star configurations, and for a representative
choice of the EOS models.

2. Equations of state
The structure of neutron star depends sensitively on the EOS at high densities.
Although the main composition of degenerate matter at densities ≳ 2.4 × 1014 g cm–3,
that characterize neutron star interiors, is expected to be dominated by neutrons,
significant admixtures of other elementary particles (such as pions, muons and
hyperons) are not ruled out. Α persistent problem in determining the EOS (namely,
pressure as a function of density) of such high density matter is what to choose for the
interaction among the various particles, for which reliable experimental information is
not available. All calculations involve either extrapolations from known nuclear matter
properties or field theoretical approaches. Another unresolved problem is: what manybody technique is adequate for the purpose of evaluating the higher order correlation
terms for the pressure. In this paper we do not address these problems, but choose for
our purpose, eight EOS models based on representative neutron star matter interaction
models. A brief description of these is given below.
A. Pandharipande (neutron matter): Pandharipande (1971a) studied behaviour of
dense neutron matter using a many-body theory based upon the variational approach
suggested by Jastrow (1955). The two-body wave function was taken as satisfying
a simplified form of the Bethe-Goldstone equation, in which, terms representing the
Pauli exclusion principle were omitted but simulated by imposing a ‘healing’ constraint
on the wave function. Instead of a state-dependent correlation function, an average was
used with spin dependence. To describe the nuclear interaction, the Reid nucleonnucleon potential was used (Reid 1968). This potential model is now considered to be
inadequate as it does not fully describe known nuclear matter properties.
Β. Pandharipande (hyperonic matter): At high densities that prevail in neutron star
interiors, it is possible that elementary particles heavier than neutrons, such as hyperons,
may also be present. The suggestion that hyperons may be additional baryonic constituents of neutron star interiors was first made by Ambartsumyan & Saakyan (1960) based
on energetic arguments. Although our knowledge of hyperonic interactions is meagre
(primarily because of Jack of experimental data), there have been several theoretical
attempts aimed ±at deriving the EOS of baryonic liquid made up of neutrons, protons,
hyperons (Λ, ∑ 0 ). One of the early such attempts is due to Pandharipande (1971b), who
assumed the hyperonic potentials to be similar to the nucleon-nucleon potentials, but
altered suitably to represent the different isospin states. The many-body method adopted
to derive the EOS was similar as in the case A. Several EOS models of hyperonic matter
have since been proposed by different authors. However, this still remains an open
problem because our knowledge of hyperon-nucleon and hyperon-hyperon interactions and their coupling constants have large uncertainties.
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C. Bethe-Johnson: Bethe & Johnson (1974) devised phenomenological potentials for
nucleon-nucleon interaction that have more realistic short-range behaviour than the
Reid potentials. These authors then used the lowest order constrained variational
method as given by Pandharipande (1971a) to calculate the EOS of neutron star matter.
The work of Bethe & Johnson (1974) consists of two different parts: (1) determination of
the EOS for a pure neutron gas and (2) derivation of a hyperonic equation of state. For
purpose of illustration here, we have chosen their EOS model V (neutron matter).
D. Walecka: The exchange of vector and scalar mesons among nucleons is known to
provide the short-range repulsion and intermediate-range attraction in the nucleonnucleon potential. The effective interaction will be characterized by the meson parameters, such as their masses and coupling constants. If these parameters are specified,
the meson wave functions can be easily solved as a function of density (assuming the
wave functions to be space-time independent). From this, one can evaluate the stress
tensor, which then provides the EOS. Walecka (1974) chose the meson parameters so as
to reproduce the binding energy of nuclear matter (assumed to be – 15.75 MeV/nucleon)
at a saturation density of 0.193 nucleons fm–3. More recent analysis of experimental data
suggests the nuclear matter binding energy to be – 16.3 MeV/nucleon and a saturation
density of 0.153 nucleons fm–3 (Möller et al. 1988). The EOS model of Walecka
corresponds to pure neutron matter. Both the scalar and vector mesons are assumed to
have zero isospin by Walecka, so the model does not give the right asymmetry energy
for nuclear matter.
Ε. Friedman-Pandharipande (neutrons): This model (Friedman & Pandharipande
1981), is also based on the lowest order constrained variational method. However,
instead of the Reid potentials, the authors have made use of an improved phenomenological nucleon-nucleon potential containing a two-body part as well as threebody correlations. This interaction fits the nucleon-nucleon scattering cross-section
data, deuteron properties, and also the nuclear matter properties rather well.
F. Wiringa, Fiks & Fabrocini (1988): These authors gave a model of EOS for dense
nuclear and neutron matter which includes three-nucleon interactions. This is a nonrelativistic approach based on the variational method. The three-body potential
considered by the authors includes long-range repulsive parts that are adjusted to give
light nuclei binding energies and nuclear matter saturation properties. This work
represents an improvement over the calculation of Friedman & Pandharipande (1981)
regarding the long-range attraction term in the Hamiltonian. The authors have given
three models. We consider here their model for beta stable case: UV14 + UVII
(neutrons, protons, electrons and muons).
G. Prakash, Ainsworth & Lattimer (1988) proposed EOS models for neutron stars,
based on an extrapolation of the energy per particle of symmetric nuclear matter. The
approach is empirical, and involves several parameters. The total energies are obtained
by inclusion of the nucleon kinetic energy and the effect of finite forces between nucleons.
Four models have been suggested by the authors; we use model 1 for our purpose.
H. Sahu, Basu & Datta (1993) gave a field theoretical EOS for neutron-rich matter in
beta equilibrium based on the chiral sigma model. The model includes an isoscalar vector
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field generated dynamically and reproduces the empirical values of the nuclear matter
saturation density and binding energy and also the isospin symmetry coefficient for
asymmetric nuclear matter. The energy per nucleon of nuclear matter according to Sahu,
Basu & Datta (1993) is in very good agreement, up to about four times the equilibrium
nuclear matter density, with estimates inferred from heavy-ion collision experimental data.
Models Α, Β and G are relatively soft EOS, models E, C and F are roughly intermediate
in their stiffness whereas models D and Η are very stiff EOS. The composite EOS for the
entire span of neutron star densities was constructed by joining the selected high density
EOS to that of Negele & Vautherin (1973) for the density range (1014 – 5 × 1010) g cm–3,
Baym, Pethick & Sutherland (1971) for densities down to ~ 103 g cm–3 and Feynman,
Metropolis & Teller(1949) for densities less than 103 g cm–3.

3. Calculations
The Tolman-Oppenheimer-Volkoff (Oppenheimer & Volkoff 1939) equations that must
be integrated numerically to obtain stable, non-rotating neutron star structure are:
dm
= 4πr 2 ρ
dr
dp
G (m + 4πr 3 P / c 2 ) ( ρ + P / c 2 )
,
=−
dr
r (r − 2 Gm/ c 2 )

Figure 1. Pressure as a function of density for the EOS models (A–H).

(1)
(2)
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Table 1. Neutron star structure parameters for the EOS Models (A–H).

NOTE: In Tables 1–9, the numbers following the letter Ε represent powers of ten.

where Ρ and ρ stand for pressure and density and m is the gravitational mass contained
within a sphere of radius r. The integration of equations (1) and (2) is done for a given
EOS which specifies P(ρ), and with initial condition ρ = ρc, a chosen value for the
central density. The numerical integration started from the centre of the star is
terminated at the radius of the star, defined as the point where the density
≲ 7.86 g cm–3, expected to correspond to the neutron star surface. The total gravitational mass is then given by Μ = m(R).
We integrate equations (1) and (2) simultaneously using Runge-Kutta fourth order
method, having an adaptive step size control. The step size is adjusted for the required
accuracy from a calculation of the local truncation error (Antia 1991). We find that this
provides an extremely accurate method to integrate equations (1) and (2) for neutron
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Table 2. Crustal density profiles: Pandharipande (neutrons).

Note: In the crustal density profiles presented here and in the subsequent tables, the third
mass column corresponds to that of the maximum stable mass.

star configurations varying widely in their density profiles. The method, of course, gives
bulk properties such as masses, radii and moments of inertia that agree with the values
already reported in the literature.
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Table 3. Crustal density profiles: Pandharipande (hyperons).

4. Results and discussions
The EOS models (A–H) are illustrated in Fig. 1 (which is a plot of pressure versus
density). This plot refers to the high density region corresponding to the neutron star
interior. We have already mentioned in section 2 the EOS that is used for the crustal
region. It is important to note that because of substantial variation in the various EOS
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models (A–H), the crustal thicknesses and density profiles are expected to exhibit
variation even though the crustal EOS is assumed to be the same for all cases.
In Table 1, we have summarized the results for the mass (M), radius (R), central
density (ρc), the crustal thickness (Δ) and the mass contained in the crust as a fraction of
the total gravitational mass (Mcr /M). We have done this for three configurations of the

Table 4. Crustal density profiles: Bethe-Johnson Model V (neutrons).
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Table 5. Crustal density profiles: Walecka.

gravitational mass, namely, 1.33 M, 1.4 M and the maximum stable mass. A look at
Table 1 shows that, for the EOS models considered here, the maximum neutron star
mass (M) and their corresponding radii (R) lie in the range (1.414–2.593) M, and
(7.082–14.096) km respectively, with the lower value of each of the quantities corresponding to the Pandharipande hyperonic matter EOS (a very soft one) and the higher
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to the EOS due to Sahu, Basu & Datta (a very stiff EOS). The values of the crust
thickness (Δ) for maximum mass configurations lie in the range (0.2940–0.975) km.
Clearly, the crust thickness, and therefore the crustal density profile, depend sensitively
on the EOS model chosen to describe neutron star matter. Of the three mass
configurations listed in Table 1, the 1.4 M neutron star models are of particular
interest because analysis of available binary pulsar data suggests the pulsar masses in
Table 6. Crustal density profiles: Friedman-Pandharipande (neutrons).
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Table 7. Crustal density profiles: Wiringa et al. (UV14 + UVII).

these binaries to be close to this value. For the 1.4 M models, the Δ is in the range
(0.361–2.970) km, a much wider range than for the maximum mass cases. In Tables 2–9,
we give the crustal density variation with the depth in normalized units with respect to
the radius (1 – r/R), (where r is the radial distance from the centre of the star) from the
surface of the neutron star for the three mass configurations. These tables will be of
direct application in calculations of magnetic field evolution of pulsars. The same thing,
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namely, the crustal density variations, is graphically illustrated in Figs. 2 and 3 for
1.4 Mc configurations for the various EOS models. The dashed lines in these figures
represent the core-inner crust boundary (which corresponds to r = R – Δ) and the
dot-cum-dashed lines represent the surface of the neutron star (r = R). The variation is
sharpest for the softest EOS considered here (Pandharipande hyperonic matter) and
gets to be comparatively less sharp as the EOS gets to be more stiff. The dependences on
Table 8. Crustal density profiles: Prakash, Ainsworth & Lattimer Model 1.
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Table 9. Crustal density profiles: Sahu, Basu & Datta.

neutron star mass of the radius and of the crustal thickness respectively are illustrated
in Figs. 4 and 5. From Fig. 4, it can be seen that for the EOS models Walecka (1974),
and Sahu, Basu & Datta (1993), i.e. curves D and H, the slope for the lower values of the
stable mass is noticeably positive. This is because of the substantial contribution of
attractive force brought on by the scalar σ-meson interaction present in these equations
of state. It may be mentioned here that the σ-interaction plays an important role at
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Figure 4. Neutron star mass-radius dependences for the EOS models (A–H).

Figure 5. Neutron star crustal thickness (Δ) as a function of the gravitational mass (M) for the
EOS models (A–H).
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intermediate densities providing nuclear saturation, and must be included in any field
theoretical EOS model. At high densities the contribution of the vector meson (ω)
interaction, which provides repulsive force dominates, and the slope becomes negative.
The crustal thickness (Δ) is decided by how much mass is contained in the core and
interior regions of the neutron star, so that, in general, the more the mass of the neutron
star, the less the value of Δ for any EOS.
As already emphasized, the crustal density profile of neutron stars is a key input in
the proper understanding of a variety of important features associated with pulsars,
such as the cooling rate. Another important application, that is of much current interest
in astrophysics, relates to the evolution of magnetic fields of pulsars. However, several
calculations reported in the literature on the problem of magnetic field evolution have
considered cooling models for a specific EOS model while using the crustal model that
corresponds to a different EOS model. This is mainly because of non-availability of
detailed, numerical crustal density profiles. The survey presented here is a preliminary
step towards a uniform and consistent investigation of the problem of evolution of
neutron star magnetic fields, which will be reported in a forthcoming paper (Bhattacharya & Datta 1995).
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