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Abstract. The formation of spiral structure in a galaxy, as a result of the
gravitational perturbation caused by a permanent companion, is studied.
It is found that spiral structure appears only when a resonance exists
between the rotational frequency of the stars in the galaxy and the
rotational frequency of the companion galaxy. The number of spiral arms
depends strongly on the particular resonance. In the case where the
companion moves in an elliptic orbit, spiral arms are formed when a
resonance, inside the galactic body, exists in almost all the parts of the
orbit or, at least, in the largest part of it.
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1. Introduction
It is quite common for a galaxy to be accompanied, at least for a portion of its
lifetime, by one or more companion galaxies (Fried 1988). Thus it is interesting to
investigate the effects of the interaction of a companion to a galaxy.
From the early works of Toomre (Toomre & Toomre 1972) and Wright (1972)
it is well known that the first and most important effect of the galactic interactions
is the formation of spiral arms, creating a link between the two galaxies (called a
“bridge”) and a tail at the opposite side. As stated by Wright (1972) the only force
responsible for the creation of these morphological phenomena is the gravitational
interaction within the system of the two galaxies. Although the model used by Toomre
was quite simple (non interacting test particles moving initially on a ring, circulating
a central masspoint and perturbed by a mass point companion moving into a parabolic or hyperbolic orbit) it gave a rather good simulation of some observed interacting
galaxies (Toomre & Toomre 1972; Noreau & Kronberg 1986).
In the recent years more complex models have been used for the main galaxy and
usually a mass point for the companion that encounters the galaxy in an open orbit.
Using two different sets of galactic objects, gas clouds (cold component) with small
or no velocity dispersion and stars (hot component) with high velocity dispersion, it
is found (Noguchi & Ishibashi 1986; Sundelius et al. 1987; Noguchi 1988) that spiral
structure appears quite easily in the cold component, even with a small companion,
while in order to observe the same effect in the hot component, a massive companion
must be used.
It is worthy of note that the formation of the spiral structure depends on the orientation of the companion’s orbit, namely whether it is direct or retrograde with respect
to the rotation of the stars in the galaxy. In general, when the companion moves in
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a direct orbit, two trailing spiral arms may appear in the main galaxy while, when
the companion moves in a retrograde orbit, one may observe the formation of one
leading spiral arm (Thomasson et αl. 1989).
The possible mechanism, which produces the spiral structures, is a density wave
which is generated by the tidal perturbation of the companion acting resonantly in
the stellar orbits of the galaxy (Goldreich & Tremaine 1978; Sundelius et al. 1987;
Thomasson et al. 1989). In most of the previous work done the companion moves
in an open orbit (hyperbolic or parabolic). Therefore, it was not very clear if a relation
between the resonance and the formation of spiral structure exists, because of the
non constant angular velocity of the companion.
The aim of the present work is to investigate if there is a relation between the
formation of the spiral pattern and a resonance between the angular velocity of the
companion and that of the stars in the main galaxy. For this purpose three galactic
models will be used in order to obtain more general results. In section 2 we describe
the problem and present the various models. The numerical results are given
in section 3 while a discussion is given in section 4.

2. The model
Our model galaxy is an axisymmetric disk in which all stars move in circular orbits.
The potential of the galaxy does not change with the time and every star has its own
angular velocity induced by the potential. A companion galaxy moves in a circular
orbit lying on the plane of the disk of the main galaxy.
Since the companion moves in a circular orbit, we use a rotating frame of reference
with the origin at the center of the main galaxy, rotating clockwise at the same
constant angular velocity as the companion Ωp. In this frame the companion is always
at the same position (x c = R, yc = 0 where R is the distance between the centers of
the two galaxies.
We consider the companion as a spheroid which produces a potential on the
equatorial plane outside of its body given by
(1)
where Mc is the mass of the spheroid, d is the distance from its center while ε is given
by the relation
ε 2 = a 2 – c 2,
(2)
where a and c are the large and small semiaxis of the spheroid respectively. In our
model we consider a small E5 galaxy while from the series in equation (1) we use
only the first four terms.
The potential describing the motion of the stars on the disk of the main galaxy is
(3)
where Vg is the potential of the main galaxy while
(4)
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With the dot indicating derivatives with respect to the time, the equations of motion
read

(5)
where

are the forces per unit mass acting on the star by the main galaxy and the companion
respectively.
The only integral of motion is the Jacobi’s integral given by
(6)
In our numerical experiments the units of length, mass and time are 20kpc,
1.8 1011M and 0.99 108 years respectively giving a velocity unit of 197km/sec. In the
above units we take for the main galaxy (hereafter the galaxy) Mg = 1.777 and a
radius of rg = 1.0. The mass of the companion is Mc = M g /10 with a = 0.15, c = 0.075
so that ε = 0.06495. The companion is moving on a circular orbit with R = 1.5 and
the value of Ω p is given by the Kepler’s law.
The galaxy is represented by three different models in order to derive more general
results. The first model (model B) was proposed by Bottlinger (see Perek 1962). In
this model the force in the plane of the disk is
(7)
where α and b are constants characterizing the disk.
The corresponding potential is
(8)
We take α = 9.1, b = 5.14 so that, with Mg = 1.777, the maximum velocity is about
1.27 (250 km/sec).
The second model (model E) is an exponential disk. In this disk the surface density
is given by a function
(9)
where Σ0 is the central density and r0 is a parameter giving the density-decrease rate.
The mass of the disk is
(10)
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while the potential (Binney & Tremaine 1987) is given by
(11)
Where In Kn are the modified Bessel functions of the first and second kind respectively
’
and
(12)
The force and the rotation curve in this model are given by the relations
(13)
(14)
In order to obtain a rotation curve similar and a mass equal to that of model B, the
following values are used
r0 = 0.25(5 kpc) and Σ0 = 4.9813.
The third model (model EH) is an exponential disk of the form of equation (9)
embedded on a halo of the form
(15)
where
In other words, we keep the total mass of the galaxy fixed and the total potential is
given by adding equations (11) and (15). The value of k is such as to obtain similar
rotation curve to that of model E.
In each of these models, a sample of 1000–1500 stars, initially moving in circular
orbits, was taken, and the positions of each of these stars were calculated as they
move by the combined forces of the galaxy itself and that of the companion. We
plotted the new positions of all these stars in order to have a global view of the
galaxy with respect to the time. Each orbit was separately integrated and the position
of the star was recorded in every time unit. For the numerical integration a BurilschStoer method with adaptive step was used and the accuracy of calculation was checked
by the constancy of Jacobi’s integral which was conserved up to 14 digits.
In this study no self gravity (interactions between individual stars) was taken into
account and the potential of the galaxy remains fixed. This is because we are interested
only in the creation of spiral arms and not in their evolution. The model remains
more or less unchanged until the first spiral structure appears. After that, self gravity
must be taken into account due to the change of the potential.
3. Numerical results
3.1 Companion in a Circular Orbit
Starting with model Β we see in Fig. 1 the “evolution” of the galaxy when the
companion moves in a direct circular orbit. No special, large scale, structure appears
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Figure 1. Evolution of model Β at six different time steps when the companion moves in a
direct orbit (orien:d).

in the galaxy except of some shell-like figures. A number of stars escape in the outer
parts of the galaxy. On the contrary, when the companion moves in a retrograde
orbit, then a well defined one-armed leading spiral is formed very early (at about t = 3)
(Fig. 2). There is no escape of stars until t = 8.

24

Ch. L. Vozikis & N. D. Caranicolas

Figure 2. Same as Fig. 1 with the companion moving in a retrograde orbit (orien:r).

Figures 3 and 4 show the results of the same experiment but now using model EH
for the galaxy. In Fig. 3, where the companion moves in a direct orbit, a two-armed
trailing spiral structure is formed in the galaxy. The spiral arms seem to start at a
radius of about 0.5 from two almost symmetric positions. The first one extends on
the direction of the companion while the second on the opposite direction, creating a
tail. The first one is like a bridge to the companion and stars move through it from
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Figure 3. Evolution of model EH at six different time steps when the companion moves in
a direct orbit.

the galaxy to the
formation of the
model B. Results,
for the galaxy.
In order to try

companion. In the retrograde case (Fig. 4) one can see again the
one-armed leading spiral, which have been already observed in
similar to those of model EH are found when the model Ε is used
to find an explanation why spirals appear in models E, EH and
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Figure 4. Same as Fig. 3 with the companion moving in a retrograde orbit.

not in the direct case of model B, we plot in the r – Ω plane the “curves of resonance”
for the models Β and EH, which are shown in Figs. 5a and 5b respectively (the “curves
of resonance” of model Ε has the same properties with that of model EH). These
curves are the angular velocity curves of the stars Ω and the curves Ω – k/n, where k
is the epicyclic frequency while n is an integer number which we call “number of
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Resonance” (we take n = 1,2). In these figures the two horizontal lines show the value
of the companion’s rotational velocity Ωp in the case of the direct (positive) and
retrograde (negative) orbit. The rotational velocity Ω of the stars was taken positive.
As we can see, in the direct case there is no resonance in model Β inside the body
of the disk. Note that in this case there is no spiral structure present. In models Ε
and EH, where the creation of a two-armed spiral has been observed, there is an
inner Lindblad resonance (ILR) (Ω p = Ω – k/2 ) present in the disk. In the retrograde
case, where the creation of onearmed spiral in all models has been observed, there
is a Ω p =Ω – k resonance. This suggests that there is a connection between the
formation of spiral structure and the existence of resonances in the galaxy. Moreover
it seems that the number of spiral arms depends on the number n of the resonance
i.e. Ω – k gives one spiral arm, Ω – k/2 two spiral arms.
Going one step further we take model Ε again but now we give to the companion
a greater angular velocity in direct orbit. This angular velocity is greater than the one
predicted by Newton’s law but we take it so that no resonance appears inside the
body of the disk. As it was expected, no spiral structure appears in the galaxy.
3.2 Companion in Elliptical Orbit
In the following we study the effects of a companion moving in an elliptical orbit
around the galaxy. In this experiment we use an inertial frame of reference with its
center to coincide with the center of the galaxy. We start our experiment with the
companion in the far end of its elliptical orbit (this is yc = 0, xc = Rmin(l + e)/(1 – e),
where Rmin is the nearest distance of the companion and e is the eccentricity of the
orbit). In our experiments we keep Rmin constant, change only e, while the companion
is rotating in a counterclockwise orbit.
Starting with model Ε with e = 0.1, 0.3, 0.5, 0.7 and Rmin = 1.5, we observe that
two spiral arms are formed in all cases, when the companion moves in a direct orbit,
while a single spiral arm is formed when it moves in a retrograde orbit. The only
role the eccentricity seems to play, is on the lifetime of the spiral arms. This happens
because the period of the rotation of the companion depends on e; the smaller
the value of e the faster the rotation will be, causing in every rotation a different
perturbation to the galaxy since every passage of the companion is not “in phase”
with the spiral structure. Similar results are obtained if we use model EH instead of
model E.
With the companion galaxy in a direct orbit, model Β presents spiral arms in only
some cases. When e = 0.1 no spiral arms appear and the pattern looks similar to that
of the circular orbit (e = 0). When e = 0.3 we observe something like a “spiral” structure
but we cannot take that for real spiral arms. After some time shells are created and
the model appears with an irregular structure (Fig. 6). In the cases of e = 0.5 and
e = 0.7 the formation of spiral arms is obvious. If we define the mean angular velocity
of the companion by Ωn = 2π/Τ, where T is the period of the rotation, we find that
(16)
Figure 7a shows a plot of Ωn versus the eccentricity e. One can see that only when
e > 0.204561 an ILR (Ωn = Ω – k/2) exists causing the formation of spiral structures.
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Figure 6. Evolution of model Β when the companion moves in an elliptic direct orbit with
e = 0.3.

The position inside the galaxy where the ILR occurs, is shown, in Fig. 7b. When
e = 0.3 the ILR is located rather in the mid and outer parts of the main galaxy while
when e= 0.5 or 0.7, it is located near the center. It seems that when e= 0.3 there is not
enough space and matter in the outer parts of the galaxy in order to form spiral
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Figure 7. (a) Mean angular velocity Ω n of companion with respect to its orbital eccentricity
e (b) Position r of ILR (Ω n = Ω–– k/2) inside the galactic body with respect to companion’s
orbital eccentricity e.

structure. Therefore the spiral arms appear weak. On the contrary, when e = 0.5 or
0.7, there is plenty of space and matter and consequently one observes two well-defined
spiral arms.
Using the actual angular velocity Ωp ≡ dθ/dt of the companion and defining the ILR
as Ω p = Ω – k/2, we see that, when e is large enough, there are some parts of the
companion’s orbit where an ILR exists in the galaxy. In Fig. 8a we see the change
of Ωp with respect to the distance of the companion for one revolution. An ILR exists
when Ω p is below the line which is the maximum value of Ω – k/2 for model B. As
we see, when e = 0.1, there is almost no ILR; in the case e = 0.3, in a large part of
the companion’s orbit (about 50%) Ωp is such that ILR exists (as we see also in
Fig. 8b, where we plot Ωp with respect to the time for one revolution of the companion)
but it seems not enough for the creation of the spiral arms. When e = 0.5 or e= 0.7
the companion spends most of the time in positions where an ILR exists and in spite
of the far distance we observe the formation of spiral arms, (see Fig. 9, where we
have plot the case of e = 0.7). The use of Ωp rather than Ωn is better in the sense that
we can use it also in the case where the companion is moving in a parabolic or
hyperbolic orbit where Ωn cannot be used because it is, by definition, equal to zero.
Interesting results are obtained in the case when the companion is in an orbit with
Rmin = 2.0 and e = 0.3. Then an ILR is present in almost all (95%) of the orbit. One
can see the appearance of two faint (because of the far distance) spiral arms. By
increasing the mass of the companion the spiral structure appears stronger (see
Fig. 10). On the other hand, in the case of a retrograde orbit, a single spiral arm was
formed in all cases.
Therefore our numerical experiments suggest that in order to observe a two-armed
spiral structure, in the case of the direct elliptic orbit, an ILR must be present in
almost all of the companion’s motion or, at least, in the longer part of it.
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Figure 9. Same as Fig. 6 with the companion moving in an e = 0.7 orbit.
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Figure 10. Evolutin of model B using a massive companion (2M c) and taking Rmin =2.0
and e =0.7
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5. Discussion

Using simple models (non self-gravitating disk), for our numerical experiments, we
have studied the influence of an orbiting companion in the structure of a galaxy. In
the direct case a twoarmed spiral structure was formed in the galaxy as a result of
ILR between the rotational frequency of the stars and the rotational frequency of the
companion galaxy. The formation of the two spiral arms seems to be a general
property of the models used and does not depend on the particular model but only
on the presence of a resonance between the two frequencies. For example, in model
EH, which in all cases favours the formation of spiral arms, did not create spiral
structure when a bigger Ωp was used and there was no ILR. On the other hand using
model Β in the elliptic case, with e = 0.5 and e = 0.7 spiral arms were formed. On the
retrograde case we have always seen the creation of a long onearmed leading spiral
no matter what model was used. In all of our models we had a resonance of Ωp = Ω – K/1
and we believe that this resonance is responsible for the formation of a single spiral
arm.
In the model used by the Toomre brothers (Toomre & Toomre 1972) the companion’s
effect on the main galaxy was the creation of spiral arms when it was moving in a
direct orbit. In the case of the retrograde orbit no great spiral pattern was formed.
Thus, it was believed that only the direct orientation of the orbit of the companion
affects the galaxy so that spiral arms are formed. If we try to find the conditions to have
an ILR in that model we see that
(17)
In the direct case, as we can find from equation (17), there is an Ωp = Ω – k/2 resonance
inside the galaxy. On the contrary when the companion moves in a retrograde orbit
we have,
(18)
and there is no resonance to produce a onearmed spiral. That is why it was believed
that a retrograde companion did not affect significantly the orbit of the stars in the
galaxy.
Moreover, the number of spiral arms that are formed seems to depend strongly
on the ‘‘number of the resonance” n. So we can expect to observe one spiral arm
when n = 1, two spiral arms when n = 2 and so on. Since in our models there are no
ILRs with n > 2 we did not observe spiral structures with more than two arms. It is
interesting to notice that the spiral arms that have been formed always follow the
rotation of the companion. For that reason we have trailing spiral arms in the direct
case and leading spiral arms in the retrograde case.
For the duration that the spiral structure lives, we cannot say for sure, because of
the limitations of the models. Self-gravity seems to play an important role after the
creation of the spiral pattern. The models, that have been used, are quite good for
the early time of the interaction and one can trust them (and their results) at least
until the first spiral structure appears.
Our numerical experiments suggest that, when an ILR exists inside the body of
the galaxy and the perturbation is strong enough (Thomasson et al. 1989), then a
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spiral pattern trailing the rotation of the companion will be formed, while the number
of spiral arms depends on the “number of resonance”.
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