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Abstract. We present a method of a possible physical identification of
the static and axially symmetric Weyl-type vacuum γ and nγ metrics. This
method, in which no interior solutions of any kind are involved, is based
on the comparison of the far-field forms of the γ and nγ metrics, and of
the far-field form of the metric tensor due to a bounded gravitating
perfect-fluid source given correctly to post-Newtonian accuracy. The
parameters of the vacuum solutions are expressed in terms of physical
parameters of a prolate fluid source, namely total mass-energy, semiaxes
and eccentricity, defined consistently to post-Newtonian accuracy. The
results, based on the otherwise arbitrary fluid source, appear physically
general. Possible astrophysical candidates for the far-field γ and nγ metrics
are proposed, based on the conditions imposed on them by the
identification method. The advantages and deficiencies of the identification
method are briefly discussed.
Keywords: Weyl metrics—perfect fluid sources—far field metrics—
identification

1. Introduction and motivation
A large class of vacuum solutions of the general-relativistic field equations comprises
the asymptotically flat, static and axially symmetric solutions (for a general account
see Carmeli 1982). Two members of this class have attracted interest. The first one,
the so-called γ solution (known also as the Vorhees or the Zipoy-Vorhees solution),
is a two-parametric solution known since long ago (Weyl 1917, 1919; Winicour,
Janis & Newman 1968; see also Papadopoulos, Stewart & Witten 1981) below for
the long history of the γ metric and its name). The other one, the so-called nγ solution,
is a triparametric solution (Papadopoulos & Witten 1982). Several mathematical
properties of the above solutions have been studied, especially those related to the
existence and structure of multipole directional singularities (Papadopoulos & Witten
1982; Janis & Newman 1965; van den Burg 1968; Szekeres 1968; Papadopoulos,
Stewart & Witten 1981). In contrast, not much information is available concerning
the physical properties of the above solutions, especially the probable gravitating
source producing the gravitational field described by these vacuum sources (see e.g.
Clarke & Sciama 1971; Esposito & Witten 1975), the properties of the motion of test
particles in it (Krisch 1983) and more generally the physical identification of these
solutions.
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Usually the term physical identification of a vacuum solution means to find an
interior solution of the non-vacuum field equations, matching smoothly with the
vacuum (exterior) one on the surface of the gravitating source considered. As already
noted (Szekeres 1968), this is exactly the difficult question to be answered, namely
whether the singularities can or cannot be covered with a realistic mass-energy
distribution. Towards the answering of this difficult and interesting question, in the
case of the γ-solution some efforts have been made, but the interior γ solutions
determined are not always characterised by astrophysically interesting properties.
Thus, they are expected to be dynamically unstable under adiabatic perturbations of
the gravitating source's material content, or the matter's density in the source's interior
is not always, everywhere in the source, a non-increasing function of the distance
from its centre, or even the source does not always correspond to a pure fluid (Stewart
et al 1982). Therefore the physical identification of the γ solution is still an interesting
and open problem, and to the extent of our knowledge the available relevant data
concerning the nγ solution is even poorer, if existent at all.
But in trying to physically identify a vacuum solution, it is possible to follow a
different and indirect method. More specifically, instead of determining (if possible
at all) an interior solution and matching it smoothly on the source's surface with the
known vacuum solution, it is possible to try to identify the far-field metric of the
vacuum solution with the far-field metric of a known gravitating source. As such a
source, we shall consider here a bounded perfect-fluid gravitating source. This choice
is not quite unjustified, because on the one hand the perfect fluid has been studied
extensively in both the Newtonian and the relativistic levels, and on the other hand
the interior of many astrophysical systems can be approximated to a (degenerate or
non degenerate) perfect fluid, quite satisfactorily. As it has already been emphasised
(Spyrou 1981a; 1981b; 1984), with the aid of this method of physical identification it
is possible to give a very precise and astrophysically useful physical meaning on the
one hand to the vacuum solution's free parameters in terms of the perfect-fluid's
internal physical characteristics, and on the other hand to the system of coordinates
in which the vacuum solution has been expressed. In view of the above, the problem
we posed (Spyrou & Papadopoulos 1990) is the following: Is it possible that the γ
metric's and the nγ-metric's (and more generally any static and axisymmetric metric's)
components, properly evaluated at large spatial distances, be written, to the extent
it is required, in exactly the same functional form as the corresponding components
of the metric tensor of a bounded perfect-fluid source, properly evaluated at spatial
distances large compared with the perfect-fluid source's linear dimensions? If this can
be achieved to the extent it appears to be necessary, then by simple comparison of
the corresponding components of the two metric tensors, and also by properly using
the integrals of the motion of test-particles (and gyroscopes) dictated by the spacetimes'
symmetries, it is possible to identify i) the origins of the two systems of coordinates
in which the vacuum (γ- or nγ-) solution and the perfect-fluid solution have been
expressed, and ii) the parameters of the vacuum solutions with physical parameters
of the fluid source, known to relativistic accuracy as volume integrals over the
perfect-fluid source's three-dimensional volume. In this way the far-field metric of the
vacuum solution from a dynamical and astrophysical point of view can be considered
as equivalent to that of the perfect-fluid source.
An outline of the papers' content is as follows: In section 2 we derive the far-field
metric tensor due to a bounded gravitating perfect-fluid source, correctly to
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post-Newtonian accuracy. In section 3 we describe the Weyl-type γ- and nγ vacuum
solutions, and derive the latters' form in properly generalized spherical polar
coordinates. In section 4 we discuss the notion of the mass-energy, associated with
the γ and nγ solution, and its possible interpretation. In section 5 we present the
vacuum metric's multipole expansion, based on earlier work. In section 6 we describe
the physical identification of the far-field expressions of the γ and nγ metrics with
the perfect-fluid's far-field metric, and describe briefly some astrophysical properties
of the corresponding fluid sources. Finally in section 7 the advantages, deficiencies
and some open problems related to the identification method are exposed, and possible
astrophysical fluid candidates for the far-field vacuum metrics are proposed, based
on the conditions imposed on them by the physical identification. In an Appendix
at the end some auxiliary formulae have been included concerning the far-field forms
of the γ and nγ metrics, their multipole expansion, and some properties of the
Newtonian gravitational potential of a prolate perfect-fluid source.
2. The far-field metric of a perfect-fluid source
The metric tensor due to a bounded gravitating perfect-fluid source to post-Newtonian
(pN) accuracy of general relativity has been given long ago (see e.g. Chandrasekhar
1965). In order to derive the far-field expression of the above metric correctly to pN
accuracy, in the gauge of (Chandrasekhar 1965) and in the standard pN notation,
the following six steps are enough:
i). Express the metric's components in terms in the fluid's inertial-mass or total
mass-energy density (Spyrou 1977)

where, in the standard notation,

is the rest-mass density, and

→

→

ii). Taylor expands the metric's components in power series of | x '|/| x | <<1, where
→
x and x' are the Cartesian three-vectors to the field and source-point respectively,
the latter being confined in the source's three-dimensional volume V.

→

iii): Express the above expansion in the center-of inertial-mass (cim) frame, uniformly
moving to pN→accuracy (Contopoulos→ & Spyrou 1976), so that both the source's
dipole moment S and linear momentum P defined by
(Dipole moment)
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(Linear momentum)

vanish.
iv). Assume secularly stationary conditions for the source in the form of the virial
theorem (in its Newtonian form (Chandrasekhar 1969)

v). Assume axially symmetric and time-independent distributions of mass-energy and
internal velocities.
vi). Transform the metric tensor's components from the Cartesian coordinates to the
usual spherical polar coordinates R, Θ, φ
Then one can easily prove that the mixed components g0α(α= 1,2,3) in Cartesian
coordinates are of an order enough to be neglected, namely

→

→

where L(~ | x |) and D(~ | x' | >> L), measured in the cim frame, denote in orders of
magnitude the linear dimensions of the fluid source and the distance to the field-point.
Thus the metric tensor becomes diagonal to the approximation considered and we find
(1)
(2)
(3)
(4)
with
(5)
where
(6)
(7)
(8)

= Generalized moment of inertia of the source

(9)

The above results will be specialized to a homogeneous prolate fluid spheroid (of
1/2
2
semiaxes α1 = α2 << α3: =α) and eccentricity [e: = (l — α1/α32) ] close to unity~(e <:
~ 1).
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For such a homogeneous source we shall assume that f* can be treated as a constant
throughout the spheroid, whence, in view of the virial theorem, the virial density
itself (v2 — (1/2)U + (3/2)p/f*) is not expected to differ very much from zero. Then
in J αß the coefficient of 1/c2 can be omitted, so that finally we obtain
2
Q = – Mα2 P 2 (cosΘ3)+ Terms proportional to 1 – e2 or (1 –e2)1/2
(10)
5

where α and e are related to the pN invariant M via
α3 (1 –e2) = 3M/4π f *
and cos Θ3 is the direction cosine with respect to the large semiaxis α.
3. The γ and nγ Weyl-type vacuum solutions
The general form of the line element for the Weyl-type vacuum solutions, in the Weyl
canonical coordinates x0( = ct), ρ, φ, z, is
ds2 = e2λ (dx0)2 – e –2λ [e2µ (dρ2 + dz2)+ ρ2d φ2]
(11)
where λ(ρ, z) and µ(ρ, z) satisfy the Einstein vaccum field equation (a comma denotes
partial spatial derivative)

We recall here (Carmeli 1982; Kramer et al 1980) that p, z are related to the prolate
spheroidal coordinates (known also as elliptical coordinates), denoted by x and y,
through the relations

(12)
and also that the surfaces x = const, are ellipsoids, the surfaces y = const, are
hyperboloid, and they are mutually orthogonal families.
In many cases the line element (11) is reexpressed in spherical polar coordinates
x0, r, θ, φ satisfying

(13)
from which and equation (12) we see that

(14)
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and also that the surfaces of constant r are biaxial prolate ellipsoids of semiaxes

In the spherical polar coordinates the line element for the two-parametric γ solution,
with parameters m and γ ≠1, takes the form (for σ = m – n–1 in equation (13))
(15)
where

(16)
with

(17)

It is obvious that as γ →1 the γ solution tends to the exterior Schwarzschild solution
of total mass-energy m.
Moreover the line element for the three-parametric nγ solution, with parameters
m, γ ≠ 1, and n ≠ ∞ as given in Papadopoulos & Witten 1982, takes the form (for
σ =m)
(18)
where

(19)
with
(20)
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(21)

and
(22)
It is obvious that as n→∞ the nγ metric tends to the γ metric, and as n → ∞,
γ →1 it tends to the exterior Schwarzschild metric of total mass-energy m. As
far as we know the form of the nγ. metric described by equations (18) and (19)
is given here for the first time.
4. The mass-energy of the γ and nγ solutions
It is well-known (Weyl 1917; 1919; Szekeres 1968) that in the Weyl coordinates the
exterior Schwarzschild metric can be thought of as being generated by a constant
linear mass-energy density 1/2 (in geometrized units, or c2/2G in conventional units,
G being the universal constant of gravitation), distributed symmetrically along the
z-axis for a length 2m (in geometrized units, or 2GM/c2 in conventional units with
m = GM/c2, Μ being the total massenergy in conventional units), so that
Linear density 1/2 × Length 2m =m = Total mass-energy of the
Schwarzschild metric

(23)

More generally the vacuum γ metric can be thought of as being generated by a
constant linear mass-energy density γ/2 (in geometrized units) distributed symmetrically
along the z-axis for a length 2m, so that
Linear density γ/2× Length 2m = γm = Total mass-energy of the γ metric

(24)

This last result (24) can be independently verified by proving that, as is the case for
other exterior metric tensors (e.g. Schwarzschild, Kerr, Kerr-Newman), the third
Kepler's law holds for the circular (radius r) equatorial time-like geodesics of the γ
metric in the form (dϕ /dt)2 r3 = γm, implying that γm is the mass-energy associated
with the γ solution.
Furthermore, for understanding the origin of the directional singularities of the γ
and nγ solutions, it has been assumed (Papadopoulos & Witten 1982) that the nγ
metric can be thought of as being generated by the linear mass-energy density
(25)
distributed symmetrically along the entire z-axis. Although with such a choice of the
density the directional singularities are no longer present, other problems arise, either
mathematical or physical. The most important of the latter is the fact that, as it can
be readily verified,
(26)
Hence the hypothetical source of the nγ metric characterized by a density of the
form (25), has total mass-energy equal to γm, only if its linear dimension along the
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z-axis is infinite. But this is a least acceptable astrophysical property of the source
because: i) An astrophysical source would appear as of infinite dimension and ii) As
it will be proved in section 5 below, in a proper multipole expansion of the nγ (and
(γ) metrics, appropriate for static and axisymmetric vacuum metrics, the monopole
term, describing the active gravitational mass-energy of the source, is exactly equal
to γm for both the γ and nγ solutions.
So, as one is led to the conclusion that the nγ metric cannot have a bounded source
like the above, one can ask the question: Under what conditions, namely for what
values of γ, m and n could the source be approximated to one having total mass-energy
γm and also finite linear dimension? In trying to answer this question we first define
Mz via
(27)
Then M m is the hypothetical source's mass-energy contained in the region between
z= – m and z = m (which in the case of the γ metric is thought to be the total linear
dimension of the hypothetical linear source of constant density γ/2). Moreover we
readily verify that

(28)
and hence
(29)
According to equation (29) Mm can be equal to γm only for 2mn=∞, meaning,
for m ≠0, that 1/n = 0, namely only when the nγ solution is degenerated to the γ
solution.
One, however, notices that
(30)
(31)
Thus, although the exact equality M m= γm is not possible for n–1 ≠ 0, from equation
(30) it becomes transparent that, if
(32)
the mass-energy in the region (–m,m) could by approximated to the total mass-energy
γm. In section 6 below (see equations (71)–(73)) the physical meaning of the condition
(32) will be explained in detail. For the present we simply notice that the combination
2nm will be related to the linear dimension of the spheroidal fluid source perpendicular
to the semimajor axis, namely to the semiminor axis α1 = α(l — e2)1/2, and hence to
the spheroid's eccentricity (for a given α).
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5. The vacuum metric's multipole expansion
It has been recently proved (Quevedo 1986, 1989) see also (Manko 1989; Hoenselaers &
Perjes 1990; Quevedo & Mashhoon 1990) that the functions λ and µ in the metric
(11) can be written in the multipole expansion forms

(33)
where qi are unknown constants, x and y are the prolate coordinates [see equations
(12) and 14)], Pi and Qi are, respectively, the Legendre polynomials and associated
Legendre functions of the second and of the corresponding arguments, and Γ (ik) are
known functions of x, y, P i as well as Qi, and dQi /dx defined through equation (44)
of Quevedo (1986, 1989). Also in Quevedo (1986, 1989) it was proved, using the
coordinate-invariant Ehlers (Ehlers 1981) definition of the Newtonian moments, that
the parameters qi determine, modulo a constant factor, the Newtonian multipole
moments Ni of a static axisymmetric mass distribution, whose exterior gravitational
Field is described by the above multipole-expansion-form vacuum solution (33).
Specifically if U is the Newtonian gravitational potential (satisfying the Poisson
field-equation ∇2 U = – 4π(Gp) and if

then
(34)
where m is the source's mass in geometrized units.
Furthermore, the relativistic multipole moments Gi of static (and more generally
axisymmetric) vaccum solutions are evaluated with the aid of the original method of
Geroch (1970a, b) and Hansen (1974) (see also Thorne 1980; Gursel 1983), and are
essentially the derivatives of the conformally transformed Ernst (Ernst 1968) potential,
as it is described in the Appendix of Quevedo (1986, 1989). In the case of static and
axisymmetric vacuum solutions,
Gi = Ni + Ri (i = 0, 1, 2, . .)

(35)

where Ri can be expressed in terms of Ni as
R0 = R1 = R2=0, R3 = – (2/3)m 2N1...

(36)

Especially for the γ metric equations (34) imply
N0 = q0 m, N1= (l/3)q1 m2 , N2 = (2/15) q2 m 3 ...

(37)

Furthermore according to the Geroch-Hansen method and after some algebraic
calculations performed with the aid of the 1986 version of the µ-tensor computer
language for a computer Model IBM 80-11l/PS/2 we find
G0 = γm
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G1=0
G2= – (l/3)γ(γ2 – l)m3

(38)

Simple comparison of equations (35) supplied by equations (37) and (38) yields the
following values of the first few constants qi
q 0= γ,q1 = 0,q2 = (5/2)( γ – γ3)

(39)

the knowledge of which enables us to evaluate λ and µ through equations (33) and
furthermore gik by appropriate Taylor expansion through equations (16).
As described in the Appendix at the end, the result is
(40)
(41)

(42)
(43)
where ℛ is defined by equation (A3) in the Appendix, and the symbol 0 1
terms of order l in γm/ ℛ.

denotes

6. A physical identification of the γ and nγ metrics
In deciding in which way the identification of the γ and the fluid far-field metrics will
be accomplished, we notice that for the static and axially symmetric solutions i) the
purely temporal components of the two metrics must be equal,
(44)
because g00 is the squared norm of the time-like Killing vector, and ii) the purely
azimuthal components of the two metrics must be equal,
(45)
because gϕϕ is the squared norm of the space-like Killing vector
and
and in their respective
Noticing now that in view of equations (1) and (40)
coordinates, are of the same functional form, they dictate the following three steps
of physical identification:
i). Identify the origin of the γ metric-coordinate system with the fluid's cim.
ii). Identify the γ metric's radial coordinate with the fluid's radial coordinate R
(measured from its cim).
Then equation (44) reduces to an identically vanishing third-order polynomial in
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Recalling now [see equation (10)] that for a prolate spheroid qf is proportional to
P2 (cos Θ3),
iii). Identify the γ metric's polar angle θ with the fluid metric's polar angle Θ (and
both with Θ3). Then equations (46) and (47) reduce to
(48)
(49)
and so
(50)
Through equations (48)–(50) the parameters γ and m are expressed in terms of the
fluid's parameters, and this completes the identification.
We remark that practically the identification has been based on the fact that only
(γ )
(f)
the two components g00 and g00 have been put in the same functional form (this is
not independent of the fact, that (Clarke & Sciama 1971) in the underlying method and
especially Geroch's (1970a, b) method, only the purely temporal component g00 was
used to define multipoles). As a consequence the condition (45) was not used. However,
this is not necessary, because to the approximation equations (4) and (43) have been
given, the condition (45) is trivially satisfied. In this case, this does not cause any
problems in the identification procedure, because the condition (44) provides us with
two conditions, (46) and (47), sufficient for determining m, γ in terms of M, α.
According to the interpretation of the mass-energy of the γ solution in section 4,
the combination γm is identified with the fluid's total mass-energy. Furthermore these
two mass-energies ought to be included in linear regions of dimensions 2m and 2α.
If, in this sense, these two linear dimensions are assumed of the same order of
magnitude
m=α

(51)

then equations (48)–(50) reduce to
(52)
(53)
and, for the source's linear mass-energy density along α, to
(54)
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Table 1. Astrophysical linear mass-energy densities.

These results, although only indicative due to the arbitrariness of the condition
(51), impose certain restrictions on the properties of the possible astrophysical source.
In view of the content of Table 1, these sources are relativistically active (see also
section 7 below).
Applying in the case of the nγ-metric the same procedure, we find
(55)
and furthermore, by using equations (A2) and (A3) in the Appendix at the end,
(56)
which differs from equation (40) by the appearance of only the additional term
3/γ2 m2 n2 proportional to P2(cosθ).
Thus following the same steps of identification we find the following generalizations
of equations (48)–(50)
(57)
and
(58)
or, equivalently
(59)
The two equations (57) and (59) contain the maximum information for the three
parameters m, γ, n as functions of the fluid's parameters. So we need one further
condition to complete the identification. As such we could use the condition (45) and
(nγ )
so we should evaluate also the rest of g ik (beyond g00(nγ) . However, unless we calculated
(nγ )
g ϕϕ correctly up to and included terms of order (γm/ ℛ )3 , the use of condition (45)
would not provide any further information concerning the relation of m, γ, n to the
fluid's parameters, because it would be trivially satisfied. But, furthermore, even if
(nγ)
such an extended form of gϕϕ
was obtained, it would be of little physical significance,
because in this way the three parameters m, γ, n would finally be related to only two
and the same fluid parameters, namely Μ and α, something that would obviously
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imply that one of γ, m, n can be expressed in terms of the other two, its probable
astrophysical importance being severely restricted.
Furthermore we notice that the assumption-choice (51; m = α) used in the γ metric
implies
(60)
(61)
the last of which can be valid provided that
(62)
Equations (61) and (62) look reasonable and the assumption (60) seem to avoid
the difficulty of the infinite dimensions (along z) of the possible nγ-solutions source.
However, a simple inspection of equations (60) and (61) reveals that again through
them the parameter n as well (beyond the parameters m, γ)is related to the two
parameters (M , α) only of the fluid source.
The physical identification of the γ solution so far was made possible by considering
only the linear dimension along z, which implies that the fluid source is considered
as strictly linear, corresponding to a degenerate spheroid with e = 1. Furthermore
the identification was also complete, because the two parameters m, γ were expressed
in terms of the fluid's two parameters M. and α. In the case of the triparametric nγsolution we have to consider a third characteristic of the probable fluid source. Quite
naturally we shall use as such a characteristic the divergence of the fluid-source's
shape from the strict linear one. So beyond demanding satisfaction of the condition
(32), so that γm (which is equal to mf) can be approximated to the mass-energy Mm,
we shall relate m to the semiminor axis α1 of the (elongated, e <
~ 1) fluid source. Thus
putting in equation (59)
we obtain

m= kα1, k > 0

(63)
(64)

which can hold provided that
(65)
with obviously
(66)
It is interesting that through equations (64)–(66) for any permitted value of k (and
α1, of course), upper limits can be determined for the fluid source's eccentricity (and
hence semimajor axis) and linear mass-energy density along a,
(67)
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Also, for k ~
<1, the maximal permitted value of the eccentricity (e max ~ 0.63) does not
exceed the values of the observed eccentricities of the elliptical galaxies e <
~ 0.95
[derived from the observed oblatenesses ω <0.7; (see e.g. Taylor 1978)] which
correspond to k ~ 3.609.
In what follows we shall prove that the above results can also guarantee the validity
of the conditions 2nm 1 and Mm ~ γm. Thus, from the definition of f (z) [equation
(25)] we readily obtain
(68)
(69)
Hence
(70)
On the other hand, the homogeneous fluid's maximal linear mass-energy density is,
for obvious reasons, along the semiminor axis α1,
(71)
Consequently, as the required third condition for independently determining m, γ
and n in terms of the fluid's parameters, we shall use the equality of the two maximal
values (70) and (71), namely
(72)
which in view of equations (57) and (63) can be written as
(73)
implying that k 1 for nm > 0. Some representative values of k (and hence e max), 2nm
and Mm/γm, for e = 0.63 are shown in Table 2, from the content of which we conclude
that 2nm is always larger than unity and increases indefinitely as m → α1, while at
the same time Mm → γm. Of course, the value k=1 (for which m= αl and Mm = γm)
is not attainable, because then 2mn and hence, for m > 0, n are infinite, and the nγ
solution is degenerated to the γ solution. For e.g. k = 0.9999 (and e = 0.63), 2mn is
of the order of 104 and Mm comprises more than 99.95% of γm. Hence Mm is an
excellent representation of γm. For the same value of k, and for e ~ 0.6,
֓
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Table 2. Representative values of k,e max
2nm, Mm/γm for e = 0.63.

(74)
Comparison of these results with the content of Table 1 implies that the probable
nγ source should be a relativistically active perfect-fluid.
We notice that, in case we had assumed m=α (instead of m=α1), the condition
(72) would read
(75)
contrary to the assumption [see equation (69)] that mn (and γ) are positive.
We shall complete this section by noticing that for the relativistically active
perfect-fluid sources described by the above results, the basic condition of the
post-Newtonian theory is valid, namely
(76)
The proof, given in the Appendix at the end, is based on the fact that for a
homogeneous prolate spheroid the surface gravitational potential on the two axes is
smaller than GM/α.
7. Discussion and outlook
We presented a possible method for physically identifying the vacuum γ and nγ
metrics with the metric of a fluid mass. We based our identification scheme on the
assumption that the total mass-energy of the vacuum solutions, which is finite, should
also be included in a finite region of space. Hence we used the quantity Mm which
is a known function of the parameters m, γ,n only, since the argument of using any
Mz with |z| >
< m does not seem to be of any practical interest and use here, because
it doesn't solve any problem.
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Although the physical identification is entirely independent of any interior γ and
nγ-solutions, however the solution's parameters (m, γ, n) are directly related to physical
quantities known as integrals of the fluid source's internal characteristics over its
three-dimensional volume. The far-field expression of the perfect-fluid metric has been
given consistently and correctly to pN accuracy, to which the source's parameters
are also evaluated. So the γ and nγ metrics' identification is valid not simply to
Newtonian theory but to the pN approximation. By identifying the origins of the
system (s) of coordinates used in the γ and the nγ-solutions with the fluid's cim, we
explored the relation of the corresponding coordinates to those measured from the
cim. The importance of this relation is obvious, since the cim is moving uniformly,
not simply to the Newtonian theory, but to the pN approximation. The physical
properties of the fluid sources, appropriate for the description of the two vacuum
solutions, dictated by the latters' mathematical properties, are not unreasonable. So
they raise the question on the possibility of the existence and of the nature of such
objects. In our opinion the most probable astrophysical candidates are the highly
eccentric relativistically active nuclei of the giant elliptical galaxies. The theoretical
framework of the relativistic galactic dynamics for the study of such systems is known
(Spyrou & Varvoglis 1982), and it allows for the fluid-source's internal physical
characteristics to be taken into account as sources of the observed motions of their
stars (test particles). In the special case of the giant prolate elliptical galaxies, this
influence of the relativistically active prolate nucleus is very interesting (Spyrou &
Varvoglis 1987; Spyrou 1988). Actually, a fast-rotating and possibly expanding or
contracting nucleus affects the distribution of the box-type orbits near the (observed)
surface of the galaxy. Hence the study of the post-Newtonian effects, and the
consequent modifications of the corresponding non-relativistic results, could in
principle provide useful information concerning the kinematical and dynamical characteristics of the nuclei of elliptical galaxies. It is important that the above theoretical
framework provides an explanation (of at least the post-Newtonian part) of the
flattening of the elliptical galaxies. The study of the above subjects is based on the use
of the relativistic nucleus' far-field metric tensor evaluated at the surface of the
galaxy. On the other hand in our physical identification the far-field metrics have
been used. Therefore, studies of the observed motions of the stars on the galaxy's
surface could in principle permit an observationally-based determination of the
parameters γ, m, n, provided, of course, that the identification is accepted and the
above galactic nuclei really exist on both observational and theoretical grounds.
In spite of all the above we have to particularly emphasize that our proposed
method of identification is only approximate, and it refers only to two classes of
static and axisymmetric vacuum solutions, since it relies heavily on the multipole
expansion valid only for such vacuum solutions. Possible extensions of our results
to perfect-fluid sources, either prolate or oblate, endowed with further physical
properties like e.g. a magnetic field, could present some interest. But of great interest
could surely be the extension to stationary vacuum solutions. It seems, however, that
for the latter we shall have to wait until the corresponding gravitational field's
multipole expansion will be available. Furthermore the vacuum metric's identification
has been related practically to prolate perfect-fluid sources. The latter although general
and possibly astrophysically interesting surely are not the only sources to be considered,
because additionally, as it is known (Florides 1972, 1973, 1975), the possible
spheroidal source of vacuum axisymmetric metrics (Kerr metric) cannot consist of a
rigidly rotating and homogeneous perfect fluid. Also we point out that in the
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identification we essentially considered a strictly linear fluid source of the γ-metric,
and so the third parameter n of the nγ-metric was related to divergences of the
corresponding prolate fluid source from linearity. Obviously this by no means implies
that the γ metric's probable source is necessarily linear, and that one of the nγ-metric's
is not, and furthermore such a relation does not contradict the omission in equation
(10) of terms proportional to (1 – e2) and (1– e2)1/2 . Moreover the identification
procedure didn't rely on the use of moments beyond the quadrupole. The reason for
this is threefold: i). The calculation of the octopole-moment term, at least, in the
expansion of the γ- and especially the nγ-metric proved quite laborious, ii). The
dependence of the octopole-moment term on the eccentricity, in the fluid-metrics
expansion, is rather complicated, something that could perplex the moments, in view
mainly of the consistent omission of the eccentricity-dependent terms of the
quadrupole term, iii). Retaining, on the other hand, the eccentricity-independent terms
of the octopole-moment terms, in the case of the γ-metric would result in a
non-necessary third relation between m, γ and M, α [beyond Equations (48) and (50)];
similarly, in the case of the nγ-metric it would result in a third relation [beyond
Equations (57) and (59)] between m, γ, n and M, α, with the aid of which, however,
one of the parameters m, γ, n would be expressed in terms of the other two, thus
reducing the nγ solution to a two-parametric one. In view of the above reasons, and
in order to take into account the eccentricity of the fluid source, in the simplest possible
way, we related the parameter n to the divergence of the source's shape from the
strict linear one, through the physical condition (73) in which the eccentricity does
appear explicity.
All the previous advantages and mainly deficiencies of the proposed identification
emphasize the interest in the question of the physical identification of the axisymmetric
vacuum solutions, and simply indicate that this is still far from being answered satisfactorily. We believe that this first approach to the problem of the physical identification
of the far-field metric tensors of the static and axisymmetric γ and nγ vacuum solutions
with the far-field metric tensor of a bounded perfect-fluid gravitating source, is characterized by a completeness, pN accuracy and consistency, and simplicity, that do not
seem to have been attempted before.
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APPENDIX
In the Appendix we give the final expression for the far-field form of the γ and nγ
metric tensors in the x0 = ct, r, θ, φ coordinates. This form is
(A1).
where
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Also

(A2)
Using the transformation, for both the γ and nγ metric,
(A3)
we obtain equations (56) in the text
Furthermore from equations (44) of Quevedo (1986, 1989) and equations (14) (for
σ = m) we find

(A4)
whence equations (33) imply
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(A5)

(A6)
direct consequence of which are equations (40) and (56) in the text.
Finally we prove that in the context of the physical identification described in the
text, the basic assumption of the post-Newtonian expansion is valid, namely
(A7)
Actually for a prolate spheroid the surface gravitational potential satisfies
(Chandrasekhar 1969)
(A8)
(A9)
But, as it can be easily verified, for every 0 < e<
~ 0·63 (we consider the above upper
bound of e, using κ = 0·999)
(A10)
Moreover, in equations (A8) the coefficient of U(r = 0, z = α) is smaller than unity,
because the condition
(A11)
is equivalent to
(A12)
Since, however, for 0 < e <
~ 0·63
(A13)
the condition (A12) can be satisfied, it A > 2/3, namely if e > 0·1. The latter requirement
is obviously satisfied for systems diverging from spherical symmetry, as is the case here.
Hence equations (A8) and (A9) reduce to
(A14)
2

On the other hand the positivity of n implies [see equation (65)]
(A15)
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whence, for typical values (k = 0·999, e = 0·63) we find
(A16)
In view of equations (A 14) and (A 16) the basic post-Newtonian condition (A7) is
satisfied. In other words the condition n2
0 guarantees the validity of the
post-Newtonian condition.
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