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Abstract. In this paper we discuss the equilibrium configuration of a
plasma disc of infinite conductivity around a slowly rotating compact
object, and obtain the pressure profiles, and the structure of magnetic field
lines for co and counter-rotating discs.
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1. Introduction
One of the most important aspects in the study of accretion dynamics is to understand
the equilibrium and stability of plasma discs in electromagnetic fields around rotating
compact objects. Even if initially the central compact object is non-rotating, accretion
of matter in the presence of magnetic field can induce rotation due to the transfer of
angular momentum effected by magnetic torque. In the frame-work of general
relativity, some studies concerning the equilibrium configuration of plasma discs
around non-rotating compact objects having nonzero electromagnetic fields have
recently been made (see, Prasanna & Bhaskaran 1989, hereinafter PB; Bhaskaran &
Prasanna 1989, 1990, hereinafter BP).
In the following, we consider an axisymmetric, stationary plasma disc around a
slowly rotating compact object (rotational velocity α = α/m << 1) which has only the
azimuthal component of the spatial three-velocity as non-zero. Further, it is also
assumed that the plasma is infinitely conducting and the magnetic field associated has
only non-zero poloidal component.
Section 2 outlines the basic theory of accretion disc and their solutions. In Section 3
the solutions are applied to the case of a thin disc. Section 4 presents the results of the
calculations and their implication. Section 5 summarizes our conclusion.

2. Formalism
The general equations of structure (PB) for a system having only the azimuthal
component of velocity (Vr = Vθ = 0), with the linearized Kerr space-time as the
background geometry represented by the metric

(2.1)
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yield the momentum equations:

(2.2)
(2.3)

and the Maxwell’s equations
(2.4)
(2.5)

(2.6)

(2.7)
(2.8)
(2.9)

As shown in PB, the φ component of the momentum equations and the continuity
equation give two constraint equations, which together give two conditions
(2. 10)

For Jr and Jθ= 0, Equation (2.10) gets identically satisfied and further we get a
simple solution for Βφ as
(2.11)

However, with Jr and Jθ zero, Βφ does not enter into any of the dynamical equations.
One can for the present case choose it to be zero without any loss of generality. Since
the plasma is assumed to be infinitely conducting (σ = 0), the generalized Ohm’s law
gives the force free condition Fik Uk = 0, from which one has the electric and magnetic
fields related through the expressions
(2.12)
(2.13)
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We assume the azimuthal velocity component Vφ to be relativistic Keplerian,
modified by the effect of frame dragging due to the rotation of the central object, as
given by
(2.14)
With this definition of Vφ , Equations (2.8) and (2.9) are solved for Br and Bθ and are
expressed as:
(2.15)
(2.16)
where A and k are arbitrary constants and b =(l + ac/L)m. Usingthese in Equations
(2.6) and (2.7), the current components Jφ and Jtare obtained.
In order to appreciate the effects of rotation of the central compact object on the disc
dynamics, it is necessary to translate the solutions into the form, as seen by the locally
non-rotating observer outside a rotating blackhole. Using the tetrad
λai
(LNRF) as given in PB for the linearized Kerr geometry, we rewrite the expressions for
the magnetic field components and the current components as:

(2.17)

(2.18)
(2.19)
(2.20)
Similarly the two moment equations are written in terms of LNRF as:

(2.21)
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(2.22)
i

i

j

where U satisfies the orthogonality relation for the four velocity gij U U = 1 such that
–1

2

2

2 –1,

U t = ( 1– 2m / r) (1– V / c )

(2.23)

V2 = V (r)2 + V (θ)2 +V(φ)2

(2.24)

Where

3. Thin disc
As a special case if we consider the disc to be confined to the equilateral plane (θ = π/2),
we find that Ρ is a function of r only and the expression (2.21) is written as:

(3.1)
Since all other physical parameters have been determined except for Ρ and ρ, we
need an equation of state along with Equation (3.1) to determine these two quantities
uniquely. We consider below two different cases for illustration.

3.1 IncompressibleFluid
Considering the case of an incompressible fluid of constant density (ρ = ρ0) Equation
(3.1) is written as a differential equation for the variable (ρ0 c2 + P), as given by the
following expression:

(3.2)
which can be integrated numerically for appropriate boundary conditions. The
corresponding pressure profiles are shown in Figs 1 to 8.

3.2 Adiabatic Equation of State
We assume the equation of state to be of the form
P = C1 ρ – B /8 π
γ

2

(3.3)

where C1 is a constant and γ is the adiabatic index. Consequently, Equation (3.1)

Accretion disc in linearized Kerr Geometry

465

Figure 1. Pressure profiles for ρ 0 = 10 –5, α = 0, 0.2, –0.2.

reduces to,

(3.4)

which contains the arbitrary constant C1. This is evaluated from the expression for
Sound velocity V s2 = γc1 ργ –1. For known values of Vs0 and ρ0, the sound velocity and
density at the outer boundary of the disc respectively and for different values of γ, the
pressure profiles (Figs 8 to 14) are obtained by integrating Equation (3.4) numerical.
4. Results and discussion
As the pressure expression depends on the rotation parameter ‘a’ linearly, the case of
corotating (α > 0; α = a/m) discs with respect to the central compact object can be
distinguished from that of counter-rotating(α < 0)discs.We elaborate on this point for
the two different cases considered above.
4.1 Constant Density ( ρ = ρ0)
Figs 1 and 2 show the pressure profiles in the case of an incompressible thin disc for
α= 0, + 0.2, and – 0.2 for two different densities. Fig. 1 corresponds to the case of
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Figure 2. Pressure profiles for ρ 0 = 10 –8, α = 0, 0.2, – 0.2.

ρo = 10 –5 gm cm – 3 (hereafter ρ is expressed in this unit), whereas Fig. 2 corresponds
to the case when ρ0 =10 –8. On comparison we find that for lower values of densities,
the pressure profile is sensitive to the direction of rotation of the disc and the effect is
more prominent in the innermost regions of the disc. But the pressure profiles for
higher values of densities do not illustrate this feature. This observation suggests that
a corotating disc, for stability, requires higher pressure in the inner region as compared
to the counter-rotating disc for a given set of parameters.
The pressure profiles further assert the existence of a critical combination of the
surface magnetic field B0 and density ρ0 which gives physically reasonable pressure
distributions. This was concluded earlier also, for a disc around a nonrotating compact
object (BP). Figs 3 and 4 show the pressure profiles for two different magnetic fields for
the same values of ρ0. Fig. 5 gives the pressure profiles for the same values of α and ρ0
but for different values of magnetic fields. It is clear that for ρ0 =10 –5, the magnetic
field should not exceed ≃ 109 gauss. Figs 6 and 7 show the behaviour of pressure for
the case of high magnetic field (1010 gauss) but for different values of α for both
corotation and counter-rotation. It is interesting to note that in the case of corotation
(α > 0),the pressure increases towards the inner edge, whereas in the other case (α < 0),
the pressure decreases signifying the fact that the pressure gradient force in the inner
region acts differently for corotating and counterrotating discs.
4.2 ρ ≠ Constant
The profiles for pressure and density as depicted in Figs 8 and 9 for B0 = 109 gauss and
ρ0 = 10 –7 gm cm –3 again show the distinction for different values of α.
Fig. 10 shows the difference in pressure profile as a function of Vs0 , the sound
velocity at the outer edge of the disc. Pressure gradient varies slowly for varying values
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Figure 3.

Pressure profiles for B 0 = 109, α = 0, 0.4, – 0.4

Figure 4. Pressure profiles for B0 = 1010, α = 0, 0. 4, – 0.4.
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Figure 5. Pressure profiles for different B0 and α = – 0.2.

Figure 6. Pressure profiles for different values of α (α<0) for B0 =1010.
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Figure 7. Pressure profiles for different values of α (α > 0) for B 0 =1010.

Figure 8.

Density profiles for different values of α.
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Figure 9. Pressure profiles for different values of α.

Figure 10. Pressure profiles for different values of V s0.

of Vs0 , the pressure in the inner region being larger for smaller values of Vs0. Fig. 11
shows the pressure profiles for the same value of α but with different values of the
adiabatic index γ, whereas Fig. 12 shows the variation with respect to the angular
momentum parameter l(l=L/(cm)) for α >0. It is to be noted that for low values of
l(1≃ 0.1), the trend in the profile is substantially different from those for higher values.
The corresponding case of counter-rotating disc (l>0, α <0) is shown in Fig. 13.
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Figure 11. Pressure profiles for different values of γ

Figure 12.

Pressure profiles for different values of l and α > 0.

Fig. 14 depicts the behaviour for different initial values of the density for the same
surface magnetic field B0. It is evident that to have a monotonically increasing pressure
towards the inner edge of the disc, the density at the outer boundary should be higher
than a critical value for a given magnetic field.
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Figure 13.

Pressure profiles for different values of l and α < 0.

Figure 14. Pressure profiles for different values of ρ0

4.3 Structure of the Magnetic Field
The structure of the magnetic field inside the disc is obtained by matching the interior
solutions given by Equations (2.19) and (2.20) with that of the vacuum solutions at the
boundary. The structure of magnetic field lines is shown in Figs 15 and 16. Fig. 15
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Figure 15.

Figure 16.
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Structure of magenetic field line for corotating disc.

Structure of magenetic field line for counter rotating disc.

shows the field lines for α = 0 (static central object) and for α = 0.5 (disc crotating with
the central object). Fig. 16 shows the same for α = 0 and α = – 0.5 (disc counter-rotating
with respect to the central object). It is seen that for the case of corotating disc the field
lines are pulled in as compared to that of a disc around a static object, whereas for
counter-rotating disc they are pushed out.
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5. Concluding remarks

In the case of accretion onto neutron stars through an accretion disc, the role of
rotation of the central compact body plays an important role in the establishment of
the equilibrium structure. As the effective potential on a single particle does show a
good deal of difference between the co and counter-rotating orbits (Prasanna &
Dadhich 1982), the momentum balance at the boundary layer between the disc inner
edge and the stellar surface does behave differently for the co and counter-rotating
discs, as depicted by the pressure profiles at the inner edge. However, the actual
dynamics depends on combinations of several parameters like the outer density ρ0, the
surface magnetic field B0, the angular momentum l and the rotational velocity of the
central source a. It is premature to draw any definitive conclusions at this stage. The
preliminary studies made above need to be extended to the case of non-zero radial
velocity of the plasma (Vr≠0) and this would definitely bring in more detailed
structure of the boundary layer with possible shear due to the interplay of the fluid
motion and the effects of inertial frame dragging which definitely depends on the sense
of the angular momentum coupling αl. The role of the magnetic field in defining the
boundary layer is also very important as the interaction of currents within and outside
the disc could have different strength for co and counter-rotating plasma discs. These
studies are in progress.
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