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Abstract. Three-dimensional planetary systems are studied, using the
model of the restricted three-body problem for µ = .001. Families of threedimensional periodic orbits of relatively low multiplicity are numerically
computed at the resonances 3/1, 5/3, 3/5 and 1/3 and their stability is
determined. The three-dimensional orbits are found by continuation to the
third dimension of the vertical critical orbits of the corresponding planar
problem.
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1. Introduction
Most of the work on planetary systems refers to the case of planar motion. In this
paper we study the case of three-dimensional (3D) motion.
A wellknown way of finding 3D-periodic orbits is to find planar orbits which are
critical with respect to perturbations perpendicular to the plane of motion (vertical
perturbations). These orbits can be used as starting points for the computation of
families of 3D-periodic orbits (Henon 1973). We use the model of the restricted circular
3-body problem and we choose the value of µ equal to 0.001 in order for our results to
apply to the case of an asteroid subjected to the gravitational attraction of the Sun and
Jupiter. In Section 2 we summarize the known results on the case of planar motion.

2. Simple periodic orbits of the planar planetary problem and their stability
We consider two point masses P2 and P3 (planets) with masses m2 ≠ 0, m3=0
respectively, revolving around a central point mass P1 (Sun) with much larger mass m1.
The orbit of P2 is circular with P1 at its centre. The parameter µ is defined by µ = m2 /m1
+ m 2.
We define a rotating frame of reference 0xyz whose origin is the centre of mass of P1,
P2 and its x-axis the line P1P2 (with the positive direction from P1 to P2). In our
calculations the following normalization is used
G = l,

m1 + m2 = l,

ω=1

where G is the gravitational constant and ω0 is the angular velocity of the rotating
frame.
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It can be proved (Birkhoff 1927; Arenstorf 1963; Guillaume 1969; Schmidt 1972) that
in the rotating frame there exist families of periodic orbits, symmetric with respect to
the x-axis, which can be generated by continuation with respect to µ of the periodic
orbits of the corresponding degenerate (µ = 0) problem. A numerical study of the above
continuation is included in Colombo, Franklin & Munford (1968), Broucke (1968),
Hadjidemetriou & Ichtiaroglou (1984).
Α periodic orbit, of period T and multiplicity m, (i.e. the number of crossings with the
y = 0 plane during a semiperiod), which is symmetric with respect to the rotating x-axis
starts perpendicularly from the x-axis (y0 = x·0=0) and again crosses perpendicularly
the x-axis. Consequently it can be represented by a point in the xy· plane. A
monoparametric family of such orbits is represented by a smooth curve in the xy· plane
known as the “characteristic curve” of the family. Α periodic orbit of P3 is called direct
(retrograde) if P3 revolves around P1 in the same (opposite) direction as that of P2 (in
the inertial frame).
For µ = 0 there exist the following families of simple (m = 1) periodic orbits of P3 in
the rotating frame:
(a) Two families of circular Keplerian orbits, the family D of direct orbits and the
family R of retrograde orbits. (The family D consists of two branches corresponding to
orbits inside and outside, respectively, of the orbit of P2).
(b) An infinite number of families Ei of elliptic Keplerian orbits which bifurcate from
the orbits of the family D at the resonances n/(n+1) and (n+ l)/n, (n = 1, 2, . . . ).
The characteristic curves of the above families are represented by broken lines in
Fig. 1.

Figure 1. The families of simple planar periodic orbits of the degenerate (µ = 0) and the
perturbed (µ>0) planetary problem (shown schematically). R = family of retrograde circular
orbits, D = family of direct circular orbits inside the orbit of P2, R' = continuation of R for µ > 0,
I1, I2, . . . = continuation of D for µ > 0, E1, E2, . . . = families of elliptic orbits bifurcating from
the direct circular orbits at the (n+l)/n (n = 1, 2, . . . ) resonances. The instability strips of li, near
the resonances (n+ l)/n are represented by dashed lines (u).
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For µ>0 all orbits of the family R are continued forming a nearby family R' of
nearly circular retrograde orbits. On the contrary, the continuation fails at the
resonant orbits n/(n +1), (n + l)/n (n = 1, 2, . . .) of family D and each of the resulting
families Ii (for µ > 0) consists of a part with nearly circular orbits while the remaining
parts consist of resonant nearly elliptic orbits. The characteristic curves of the families
Ii are represented by solid lines in Fig. 1.
All periodic orbits for µ = 0 are evidently stable. It can be proved (Hadjidemetriou
1982) that the circular direct and retrograde degenerate orbits are strongly stable, in
the sense that there exist no Hamiltonian perturbation which generates instability,
with as only exception the orbits at the resonances (2n + l)/(2n – l), (2n – l)/(2n + l)
(n = 1,2, . . .) of family D where a Hamiltonian perturbation always exists which
generates instability. Instability can always be generated for all elliptic orbits of the
families Ei.
According to numerical computations (Hadjidemetriou & Ichtiaroglou 1984) the
increase of µ from the zero value is a destabilizing perturbation which (a) creates in
each of the families Ii a small strip of unstable almost circular direct orbits at the
resonances n/(n + l), (n+l)/n (see dotted parts of Ii in fig. 1), and (b) generates
instability in some elliptic branches of Ii; but not in all of them.
The above remarks refer to planar stability. As far as vertical stability is concerned,
it can be proved that vertical instability can develop in the same resonant orbits as for
planar stability. According to numerical computations (µ=0.001), when vertical
instability develops the vertically unstable region is within the above-mentioned
planar instability strips of the circular branches of Ii. Also, all elliptic branches of Ii are
vertically stable.

3. Vertical bifurcations in the planar degenerate problem
3.1

Vertical Critical Orbits

Let ∆(Τ) be the monodromy matrix of the variational equations for the vertical
perturbations of a plane orbit with period Τ (in the rotating frame). The vertical
stability index (Hénon 1973) is equal to
av = ½ trace ∆(T ).

(1)

A planar orbit Γ is vertically stable (unstable) if |av| < 1 (|av| > 1) and vertical critical if
|av| = l. If av = l the family of 3D-orbits which bifurcates from Γ has the same
multiplicity as that of Γ while if av = –1 its multiplicity is twice that of Γ If |av| < 1 and
(2)
where nl, n2 are integers and n1 < n2, the multiplicity of 3D-orbits is n2m (where m is
the multiplicity of Γ).
Since the structure of phase space is determined primarily by the low-order periodic
orbits we confine ourselves to the study of “simple” (m = 1) and “double” (m = 2)
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bifurcating 3D-orbits only and, consequently, in vertical critical orbits only (av= 1 for
m = 1 and av = – 1 for m = 2).
For µ = 0 the equations of motion are (Szebehely 1967)

where r2 = x2 + y2 + z2.
Let z(t) = ξ1(t), ż(t) =ξ2(t) be vertical perturbations to a circular orbit of radius R and
period Τ (in the rotating frame). The corresponding variational equations are

(3)
Where
(4)
The monodromy matrix of (3) is

and, consequently, the vertical stability index is equal to
av = ½ trace Δ(T) = cosωΤ.

(5)

The relative period T of a retrograde circular orbit is equal to TR = 2π/(ω + 1) and for
a direct orbit is equal to TD = 2π/|ω – 1|. Consequently we have

for the retrograde orbits and

for the direct orbits.
Since |(av)R| < 1, all retrograde circular orbits are vertically stable and therefore of no
interest in the search for 3D-bifurcations with multiplicities m 2. On the other hand,
for suitable values of ω,(av)D can become equal to ± 1.Consequently, vertical critical
orbits exist in the family D of direct circular orbits.
The values of the angular velocity ω of these vertical critical orbits are given in
Table 1. Since ω2 = R –3 , ω > 1 corresponds to internal orbits (R < l). From Table 1 we
note that (a) the external resonant orbits with ω = 1/3, 3/5 and the internal orbits with
ω = 3/1, 5/3 have a v= –1 and consequently the bifurcating 3D-degenerate orbits are
double, and (b) simple 3D-bifurcations (av = 1) take place at the resonances (n + 1)/n,
n/(n + 1), (n = 1,2, . . . ) . These latter bifurcations are of no interest here because the
continuation to µ > 0 fails in this case. On the contrary, the continuation is possible if
aν = –1.
֓
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Table 1. The angular velocity ω of the vertical critical
direct circular orbits (n = 1, 2, . . . ).

3.2

Families of 3D-Orbits of the Degenerate Problem

Let 0XYZ be an inertial frame whose Z-axis coincides with the Z-axis of the rotating
frame 0xyz. Let
X = Rcosωt
Y = Rcosωt. cosi
Z = Rcosωt . sini

(6)

be the equations of a circular motion of P3 with respect to 0XYZ, where i is the
inclination of the orbit relative to the XY plane. Equations (6) in the rotating frame
take the form

(7)
The orbit is periodic in the rotating frame if ω is rational and its multiplicity m depends
on ω. If ω = n1/n2 where n1, n2 are relative prime integers, then the multiplicity is equal
to m =|n1 – n2|.
From (7) it follows that the motion starts (t = 0) perpendicular to the x-axis with
initial conditions

(8)
Such a motion is symmetric with respect to the x-axis. In the y·0 z· 0 plane, Equations (8)
define a monoparametric family of 3D-periodic orbits which in the inertial frame are
circular with the same radius R and variable inclination.
From (8) we find that the characteristic curve of this family is given by
(9)
where the plus sign corresponds to direct (in the inertial frame) orbits and the minus
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Figure 2. Characteristic curves of families of circular 3D-periodic orbits of the degenerate
problem for the cases ω = 3/1 and ω= 1/3.

sign to retrograde orbits. The characteristic curves (9) are circles of radius R –½ centred
at (– R, 0) .See for example Fig. 2 for the cases ω = 3/1 and ω= 1/3.
As we have said before, we are interested here only in the double orbits which
bifurcate from direct circular vertical critical orbits with av = –1, i.e. with ω = (2n
+ 1)/(2n – 1), or ω = (2n – 1)/ (2n + 1), (n = 1, 2, . . . ). In these cases family (9) starts
(ż = 0) with a direct circular vertical critical orbits and continues (ż ≠ 0) with double
orbits which a direct (in the sense that the projected motion on the inertial the inertial ΧΥ plane
is direct). The multiplicity of the 3D-orbits does not necessarily remain the same as we
proceed along the family. At the maximum ż0, where the inclination assumes its
maximum value π/2, the orbits switch to retrograde and the family terminates (ż = 0)
with a retrograde circular orbit with |av| < 1 since all retrograde circular orbits are
vertically stable.
The value of av of the termination orbit can be found as follows. The relative period
of a retrograde orbit is TR = 2π/(1+ω). Then, in the case ω = (2n + l)/(2n – 1) we have

while in the case

we have

In both cases, the multiplicity of the retrograde orbit is 4n and av becomes equal to 1 if
this orbit is considered as described 4n times (i.e. if its period is considered equal to
T’R = 4nTR).
The diagram of the relative period Τ versus the radius R for the planar circular
orbits of the degenerate problem is given in Fig. 3. The planar orbits are connected
through 3D-families (represented by vertical dashed lines) for the cases ω = 3/1, 5/3,
3/5, 1/3.
4.

Families of 3D-periodic orbits of the perturbed problem (µ > 0)

The 3D-families of the perturbed problem can be viewed as resulting from a
continuation to the third dimension of the vertical critical orbits of the perturbed
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Figure 3. Relative period T versus the radius R for the families of direct (D) and retrograde (R)
planar periodic orbits of the degenerate problem.

planar problem or from a continuation with respect to µ of the 3D-families of the
corresponding degenerate 3D-problem.
Following the first point of view, we seek vertical critical orbits for µ > 0 (here µ
= 0.001). The existing numerical results showed (Section 2) that the continuation with
respect to µ in the neighbourhood of the resonant direct circular orbits with ω = (2n
+ l)/(2n – l) or ω = (2n – l)/(2n + l),(n = l, 2, . . .) generates on each family µ = const., a
strip of vertical instability whose width increases with µ. The boundaries of these strips
correspond to vertical critical orbits wiih av= –1 which can be considered as
continuation of the corresponding vertical critical resonant circular orbit for µ = 0
(Fig. 4). These orbits can be used as starting points for the computation of 3D-families
for µ > 0. In our case we choose the values µ = 0.001 and ω = 3/1, 5/3, 1/3, 3/5.
Let us now follow the second point of view. To be specific, we consider the 3Ddegenerate family (9) which starts (ż0 = 0) from the vertical critical (av = –1) direct
internal (R < 1) circular orbit Γ at the ω = 3/1 resonance and terminates (ż0 = 0) at the
vertical stable retrograde internal circular orbit Γ2. with av = cos2π(1/4) and multiplicity m = 4. Let Γ’1 and Γ”1 be the vertical critical orbits (av = –1) which are the
continuation of Γ1 with respect to µ Γ’2 the corresponding continuation of Γ2.
As can be seen from Fig. 5, the continuation with respect to µ of the 3D-degenerate
family which joins Γ1 with Γ2, leads to two 3D-families (with µ > 0) which start from Γ’1
and Γ”1, respectively and terminate at the same orbit Γ’2. These two families can be
considered also as continuations of Γ2 with respect to the positive (x > 0) or negative
(x > 0) intersection of Γ2 with the x-axis.
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Figure 4. The instability strips around resonance ω = (2n + l)/(2n – 1) are shown schematically
on the families of planar periodic orbit for the values µ1, <µ2<µ3 of µ.

Figure 5. 3D-families bifurcating from the vertical critical direct orbits Γ1, Γ’1, Γ” at the 3/1
resonance (shown schematically). The orbits Γ’1 and are continuations of Γ1 with respect to µ.
The 3D-families emanating from Γ’1 and Γ”1 terminate at the vertically stable retrograde orbit Γ’2
which is the continuation of the vertically stable retrograde orbit Γ2. The 3D-family from Γ1
terminates at Γ2.
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Figure 6. 2D-families bifurcating from the planar critical direct orbits Γ1, Γ’1, Γ”1 at the 3/1
resonance (shown schematically). E, E', E" are families of double elliptic orbits, E' is stable while
E" is unstable. Γ1, Γ’1 is the instability strip of I1.

An analogous situation is known to exist (Hadjidemetriou & Ichtiaroglou 1984), in
the case of planar bifurcations. This situation is summarized in Fig. 6, where Γ’1, and Γ"1
are planar critical orbits at the ends of the plane instability strip Γ’1,Γ” and the
bifurcating planar families E, E', E" consist of double elliptic orbits (E' is stable while
E" is unstable). Recall that simple elliptic orbits occur at the resonances (n + 1)/(n – 1)
but not (n + l)/n.

5. Numerical results
We computed eight 3D-families for µ = 0.001, which emanate from the vertical critical
orbits of the vertical instability strips around the resonances ω = 3/1, 5/3 for R < 1 and
ω = 1/3, 3/5 for R > 1. We also computed their stability parameters ∆, b1, b2
(Hadjidemetriou 1975).
A 2D-periodic orbit is linearly stable when all the roots of the characteristic
equation

of the corresponding monodromy matrix A have modulus equal to unity. The
coefficients α, β, b1, b2 expressed in terms of the elements of A are given by α =
— trace(A),

where
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The orbit is stable when
Δ > 0,

|b1| < 2, |b2| < 2.

Broucke (1969) found that there exist seven stability regions in the α – β plane, only
one of which corresponds to stable motion.
Some representative results are shown in Tables 2–9 where the initial conditions ż0,
x0, y0, the semiperiod T/2, the multiplicity m, the stability indices b1, b2, the sign of ∆,
the stability region and finally the stability of the periodic orbits are given. Stable
orbits are characterized by the letter ‘s’ and unstable orbits by ‘u’. Orbits whose
stability is characterized by the letter ‘c’ lie, within the accuracy of our computations,
on the borderline between the stability regions 1 and 7. For such orbits b1 and b2 are
very close to the value 2 and the value of ∆ is very close to zero. The planar orbits
(ż0 = 0) are characterized by their planar stability character.
The eight families which are given in the Tables are named Amn or Bmn where the
letter A or Β refers to the initial point (x0 < 0 or x0 > 0 respectively), while the indices m,
n refer to the type of resonance, i.e.ω = m/n. The last orbits of each pair of families Amn,
Bmn are the same.
Table 2.

Family A31.

Table 3.

Family B31.

The last orbits of A31 and B31 are the same.
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Family A53.

Tables 5. Family B53.

The last orbits of B53 and A53 are the same.
Table 6.

Family A35.

Let us summarize the most important results of our numerical study.
1. Retrograde circular orbits are more stable than the direct ones with respect to
perturbations perpendicular to the plane of motion.
2. Simple or double 3D-bifurcations do not exist for the elliptic branches of the
planar families (with µ > 0).
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Family B35.

The last orbits of B35 and A35 are the same.
Table 8.

Family A13.

Table 9.

Family B13.

The last orbits of B13 and A13 are the same.

3. Simple 3D-bifurcations do not exist for the circular branch of the plane families
(with µ > 0).
4. 3D-bifurcations exist for the family D of direct circular orbits of the degenerate
problem at the resonances n/(n+l), (n+l)/n (n = 1, 2, . . . ) but they cannot be
continued for µ > 0.
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5. Double 3D-bifurcations exist, both for µ = 0 and µ > 0, from the above family D at
the resonances (2n+ l)/(2n – 1) and (2n – l)/(2n + l)(n = 1, 2, . . . ). For each resonance,
a pair of vertical critical orbits exists (for µ > 0) at the ends of a small strip of vertical
instability. The corresponding pair of double 3D-bifurcating families consists of direct
(in the inertial frame) orbits up to the maximum ż0. Then the orbits become retrograde
and the two families terminate (ż0 = 0) at the same vertically stable orbit of family R.
6. The computed 3D-orbits are, in general, unstable. Stable orbits were found at the
resonance 1/3 only. The retrograde branch of family B13 is the only stable branch.
There are no stable 3D-bifurcations (of multiplicity m 2) inside P 2.
7. There is no apparent connection between inclination and instability. We found
stable orbits of high inclination while most of the low-inclination orbits are unstable.
Therefore low inclination is not necessarily connected with stability nor is high
inclination connected with instability.
֓

6. Application to specific dynamical systems
As mentioned in the introduction, we selected the value µ = 0.001 so that our results
would apply to the case of an asteroid subjected to the gravitational attraction of Sun
and Jupiter (P2). Let us consider, for example, the Kirkwood gap at the 3/1 resonance.
As is known (Hadjidemetriou & Ichtiaroglou 1984) although circular asteroid orbits
do not exist there, double elliptic asteroid orbits exist, like those of Alinda (887), Hestia
(46) and Maria (170). These orbits belong to the stable member of the pair of the 2Dbifurcating families at the 3/1 resonance (Fig. 6). If the same was true for the 3Dbifurcating families at the 3/1 resonance, then we would have found stable 3D-asteroid
orbits. However, our results show that all computed 3D-asteroid orbits (families A31,
B31, A 53, B53) are unstable. This is not surprising because in all computed 3D-families
of the circular restricted problem, stable orbits are rare (for example, Michalodimitrakis 1979; Zagouras & Markellos 1977). The inclinations of most asteroids are
relatively small so that their motion can be considered as resulting from a vertical
perturbation to vertically stable planar orbits.
The fact that retrograde orbits are more stable than direct ones is not restricted to
the case of vertical stability but also to that of planar stability. The same is true for
other dynamical systems, for example in galactic dynamics (Contopoulos &
Papayannopoulos 1980). The reason for this difference between direct and retrograde
orbits in the case of planetary systems is explained by Hadjidemetriou (1979, 1985)
who investigated using the theory of Krein (1950) and Gelfand Lindskii (1955) the
mechanisms by which instability develops. Hadjidemetriou proves that in the retrograde case all planetary systems are stable (for small perturbations) while in the direct
case instabilities are generated at some “dangerous” resonances. We believe that,
basically, the same mechanism is responsible for these stability differences in other
dynamical systems.
Small strips of vertical instability which give rise to 3D-bifurcations near some
resonant planar orbits exist not only in planetary systems but in other dynamical
systems also, for example, the Binney strips of vertical instability at the vertical
resonances for the flow (caused by vertical perturbations) of material out of the galactic
plane (Binney 1978, 1981). Also, 3D-families linking retrograde with direct planar
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orbits exist not only in planetary systems but in galactic dynamics as well (Mulder &
Hooimayer, 1984).
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