J. Astrophys. Astr. (1989) 10, 347–365

Stability of Resonant Planetary Orbits in Binary Stars
Μ. Michalodimitrakis & F. Grigorelis Department of Theoretical Mechanics,
University of Thessaloniki, GR 54006 Thessaloniki, Greece
Received 1989 April 19; accepted 1989 July 8

Abstract. This paper contains a numerical study of the stability of
resonant orbits in a planetary system consisting of two planets, moving
under the gravitational attraction of a binary star. Its results are expected
to provide us with useful information about real planetary systems and, at
the same time, about periodic motions in the general four-body problem
(G4) because the above system is a special case of G4 where two bodies
have much larger masses than the masses of the other two (planets). The
numerical results show that the main mechanism which generates instability is the destruction of the Jacobi integrals of the massless planets when
their masses become nonzero and that resonances in the motion of planets
do not imply, in general, instability. Considerable intervals of stable
resonant orbits have been found. The above quantitative results are in
agreement with the existing qualitative predictions.
Key words: planetary systems—resonance—stability

1.

Introduction

In 1978 Hadjidemetriou and Michalodimitrakis proposed a new approach to the
study of planetary systems based on the study of periodic orbits of the general N-body
problem (N 3). The periodic orbits are of the planetary type, i.e. one or two bodies
(called Suns) have large masses and the remaining bodies (called planets) have small
masses.
The above study provides us with useful information about the dynamics of real
planetary systems because one can find which configurations are unstable and
therefore not expected in planetary systems existing in nature. It has been found that
resonance configurations are not necessarily unstable. On the other hand, the existence
of several resonance configurations in our solar system, such as the Sun-Jupiter-Saturn
at the 2:5 resonance, the Galilean satellites of Jupitter at the 4:2:1 resonance, the
Hilda group of asteroids at the 3:2 resonance, supports the above conjecture.
A large part of the families of planetary-type periodic orbits computed so far for
several planetary models corresponds to resonance motion (Hadjidemetriou &
Michalodimitrakis 1978). The computation of their stability showed that there exist
stable resonant orbits and the stability depends on several factors such as the relative
masses of the planets, the relative dimensions of the orbits of the planets and the phase
difference in the motion of the planets.
֒
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In a qualitative study of the stability of resonant orbits in planetary systems,
Hadjidemetriou (1979, 1985) using the Krein (1950) — Gelfand & Lindskii (1955)
theory investigated the “dangerous” resonances where instability may develop, the
type of instability which can appear in each case and the mechanism by which such
instabilities develop. In this study the qualitative difference between systems with two
planets (or satellites) and systems with more than two planets (or satellites) is
emphasized. When a third planet is added, the increase of the planetary masses from
the zero value destroys the Jacobi integral of each planet and leaves only the Jacobi
integral of the whole system. As a consequence the system becomes potentially
unstable in the sense that there exists a Hamiltonian perturbation which generates
instability. The destruction of the Jacobi integral of each planet is a new mechanism of
instability generation in the case Ν > 2 (and one Sun) which has been verified by
numerical computations in particular cases (Hadjidemetriou 1979; Hadjidemetriou &
Michalodimitrakis 1981).
The case of a planetary system with two Suns is briefly mentioned by Hadjidemetriou (1979). If the system has one planet, Hamiltonian perturbations cannot, in
general, create instability. Dvorac (1984) has studied numerically planetary orbits in
double stars using the model of the elliptic restricted problem of three bodies.
If however the system has two or more planets, there exist a Hamiltonian
perturbation which generates instability. Such a perturbation could be a change of the
planetary masses and/or a change in phase of the unperturbed motion of the planets.
As far as we know, no quantitative study of the above case exists. The purpose of this
paper is to fill this gap by finding numerically families of resonant periodic orbits in a
planetary system with a binary star and two planets and examining their stability. We
expect that the results would provide us with useful information about the expected
configurations of real planetary systems with a binary star. On the other hand, such a
study can be viewed more generally as a contribution to the quantitative study of the
general fourbody problem.
Let m i(i =1, . . . , 4) be the masses of the pointlike bodies Pi (i = 1,. . . . ,4) where P1
and P2 represent the binary and P3 and P4 the planets. Let also GXΥ be an inertial
frame of reference with its origin at the mass center G of the 4-body system. We choose
a rotating frame of reference 0xy such that:
(a) Its origin coincides with the mass centre of P1 and P2
(b) Its x-axis always contains P1 and P2, with the positive direction from P2 to P1.
This frame reduces, for m3 = m4 = 0, to the wellknown rotating frame of the restricted
3-body problem. The motion of Pi(i = 1,. . . . , 4) takes place on the GXΥ plane which
coincides with the 0xy plane.
With respect to the GXΥ frame the system has six degrees of freedom and we choose
as generalized coordinates the Cartesian coordinates.
x 1(>0), x3, y3, x4, y4
of P1, P3, P4 with respect to the 0xy axes and the angle θ between the GX and the 0x
axes (Fig. 1).
A well known (Hadjidemetriou 1975a, 1977) way to find periodic orbits of the
general planar 4-body problem (hereafter G4) is to start from periodic orbits of the
corresponding degenerate problem (m· 3 = m4 = 0, hereafter DG4). By giving small, but
nonzero, values to the planetary masses and taking as approximate initial conditions
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Figure 1. The inertial frame GXΥ and the rotating frame 0xy. G is the mass centre of the system
and 0 is the mass centre of P1 and P2.

those of DG4 we find, by numerical continuation, periodic orbits (of the planetary
type) of the G4.
To obtain periodic orbits of DG4 we start from the circular restricted 3-body
problem with µ =½ (Copenhagen problem, hereafter CP) and put two massless points
P3, P4 on suitable selected orbits of CP so that the motion of the system P3 and P4 is
periodic. Here we consider the following cases:
(a) P3 and P4 revolve around the binary.
(b) P3 revolves around P1 and P4 around P2.
(c) P3 and P4 revolve around the same star (say P1).
Case a: To obtain periodic orbits in this case we start from the well known families m
and l of CP (Szebehely 1987) where the massless point revolves around both primaries
P1 and P2. Putting two massless points P3 and P4 on the same orbit, of period T, but
with a phase difference of 180° (see Fig. 2a) we obtain a periodic orbit of DG4 with
period T. If we put P3 and P4 on different orbits with periods T3 and T4 (see Fig. 2b)
such that T4/T3 = rational, we obtain a new periodic orbit of DG4. In this paper we
study the case T4/ T3 = ½. As a consequence of this we confine ourselves to the family m
since there are no two orbits of l with T4/T3=½.
Case b: To obtain periodic orbits we start from the families f and g of CP where the
massless point revolves around one of the primaries with period T. We put P3 on an
orbit around P1 and P4 on the same (symmetrical) orbit around P2. In this way we
obtain a periodic orbit of DG4 with period T. This can be done in two different ways.
Either we launch P3 and P4 in phase or with a phase difference of 180° as shown in Figs
2c–f. In this paper we also study the case where P3 and P4 revolve around different
orbits with period ratio T4/T3 = ½ as shown in Figs 2g–j.
Case c: To obtain periodic orbits we put P3 and P4 on the same orbit of the families
f and g or on different orbits around P1 such that T3/T4 = ½ (see Fig 3).
From Figs 2 and 3 we note that we already have many families of periodic orbits for
fixed values of the masses mi (i = 1, . . . , 4). This explains the restrictions we posed in
the beginning, for example the equality of the masses m1 and m2, the selection of the
circular (instead of the elliptic) restricted problem as a starting (unperturbed) problem,
the choice of the resonances T4 = T3 = 1:1 and 1:2 only, etc. In spite of these
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Figure 2. Periodic orbits in the cases where (i) P3 and P4 revolve around both stars, and (ii) P3
revolves around P1 while P4 revolves around P2 (shown schematically). The corresponding
families of the Copenhagen problem are shown in Table 1.

Figure 3. Periodic orbits in the case where P3 and P4 revolve around P1 (shown schematically).
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restrictions the volume of the results is still big enough, so we present here only some
representative results to justify the overall conclusions.

2. Equations of motion in the rotating frame
We take
m1 + m2 + m3 + m4.= 1,

K2 = 1

(1)

where K2 is the gravitational constant.
By straightforward calculations it can be shown that the Lagrangian of the 4-body
system expressed in terms of the generalized coordinates x1, x 3, y 3, x 4, y 4, θ is

(2)

where
(i, j =1, . . . ,4)
and rij= [(xi —xj )2 + (yi — yj)2]1/2 is the distance between Pi and Pj.
The Lagrange equations which correspond to the coordinates x1, x3, y3, x4, y4, θ are
respectively

(3)

(4)

(5)

(6)

(7)
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(8)
Equation (8) is the angular momentum integral Ρθ = ∂L/∂θ of the system, which exists
·
because θ is an ignorable coordinate (∂L/∂θ = 0). With the aid of (8) we eliminate θ and
··
θ from Equations (3)–(7) and thus we find the equations of motion of Pi (i = 1, . . . , 4)
relative to the 0xy frame. This elimination introduces Ρθ as a parameter in the
equations of relative motion. In this way the motion of Pi relative to the 0xy frame can
be studied independently of the rotation of 0xy as a problem with five degrees of
freedom,
3. Families of symmetric periodic orbits in the rotating frame
The Equations of motion (3)–(8) remain invariant under the transformation
x1 → x1, xi → xi, yi→ – yi, θ → – θ, t → – t (i = 3,4).
Consequently if at t = 0 and t = T/2 the relations
y3= y4 = 0, x· 1= x·3= x· 4 = 0

(9)

are verified, then the motion of the system is periodic with period T. This means that if
P3 and P4 start moving perpendicularly to the Ox-axis while P1 and P2 are
momentarily at rest and after a time T/2 they cross the Ox-axis perpendicularly while
P1 and Ρ2 are again momentarily at rest, the motion of the system is periodic and
symmetric with respect to the Ox-axis. Therefore the initial conditions of such a
symmetric periodic motion are
x10, x30, x40, y30, y40.
Here we assume that the stars as well as the planets have equal masses, i.e.
m1 = m2,

m3 = m4.

We remind that we also take m1 + m2 + m3 + m4= 1.
From the above we conclude that the periodicity conditions (9) can be written in the
form

These equations can be solved, in principle, for xj0, yi0 to yield
·
·
xi0= xio(m3, T), yi0 = yi0(m3, T).
Consequently the above symmetric periodic orbits belong to biparametric families
with parameters m3 and T.
In this paper we start with a small value of m3 and we take the initial conditions of a
periodic orbit of the restricted problem as approximate initial conditions of the
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periodic orbit corresponding to the chosen small value of m3. We perform the
numerical integration of the equations of motion for these approximate initial
·
conditions until y3 = 0 (we also take θ0 = 1). We choose to keep x30 fixed and we
compute the corrections δx10 , δx40, δy· 30, δy· 40 to the initial conditions until the
periodicity conditions are satisfied to a prescribed accuracy. Next we vary m3 (or x30)
to obtain, in a similar way, new periodic orbits. In this way we obtain families of
periodic orbits with fixed x30 (or m3).
The integration of the equations of motion was performed by the time-series
expansion method and an accuracy of 10 decimal places was retained throughout. For
stability in computations the accuracy was increased to 14 or 16 decimal places.
Let Μ and M' be the biparametric families which result from the continuation of the
orbits of the family m of CP. Family Μ consists of orbits like those shown in Fig. 2a
while family M' of orbits like those shown in Fig. 2b. The symbols of the biparametric
families of G4 studied here are shown in Table 1.
4. Linear stability of periodic orbits
Let

(10)
be a solution of the equations of the relative motion which represents a periodic
motion of period T. The corresponding variational equations are of the form
(11)
where ξi (i = 1, . . . , 10) are the wellknown variational variables which correspond to
variations from the periodic orbit (10).
Table 1.

Symbols for the biparametric families of G4.

354

Μ.Michalodimitrakis & F.Grigorelis

Let ∆(t) be the monodromy matrix of (11). If all the eigen-values λi (i = 1, . . . , 10) of
∆(T) lie on the unit circle the periodic orbit is stable. The existence of the Jacobi
integral for the system implies, in general, that two of the eigen-values are equal to
unity. Therefore the characteristic equation of ∆(T) can be written in the form

By following a procedure analogous to that of the general 3-body problem (Brouke
1969; Hadjidemetriou 1975b) it can be shown (Hadjidemetriou 1988) that a periodic
orbit is stable if the following conditions hold
D1>0, D2>0, |ki|<2 ( i =1, . . . , 4)
where
The stability parameters kt are expressed in terms of the elements of Δ (T). By
integrating numerically the variational equations we compute the elements of ∆(Τ)
and the corresponding values of D1, D2, ki. To check the above results and to obtain a
better picture of the stability properties of the periodic orbits we also make a direct
computation of the eigenvalues of ∆(T).
As we know, by putting two massless points P3 and P4 on suitably selected periodic
orbits of the CP we obtain periodic orbits of the DG4. If the orbits of CP are stable one
might conclude that the resulting periodic orbits of DG4 and the periodic orbits of G4,
obtained by continuation of DG4 with respect to m3 and m4, are also stable. However
it is known that planetary systems with two suns and more than one planet are in
general unstable in the sense that there exist Hamiltonian perturbations which
destabilize the system (Hadjidemetriou 1979, 1985, Personal communication).
For example, in the case of a planetary system with two massless planets, the
monodromy matrix ∆(T) has a 4-fold unit eigenvalue due to the existence of two
Jacobi integrals (one for P3 and one for P4). If we perturb the system by giving small
values to the planetary masses the motions of the planets cease to be independent. As a
result, only one Jacobi integral remains, that of the whole system. So the 4-fold unit
eigenvalue is transformed to a 2-fold unit eigenvalue and the other two eigenvalues are
free to move outside the unit circle generating instability in this way.
The destruction of the Jacobi integrals is an important destabilization mechanism.
In general, a perturbation destabilizes the system by moving some eigenvalues of ∆(T)
out of the unit circle. As it is known (Yakubovich & Strarzinskii 1975) if a perturbation
causes a meeting of eigenvalues of the same kind on the unit circle they cannot move off
the circle but if the eigenvalues are of different kinds they may move off the circle.
When the eigenvalues which move off the circle are complex the corresponding type of
instability is known as complex instability. In terms of the stability parameters,
complex instability exists if D1 and/or D2 are negative.
5. Numerical results
We computed families of periodic orbits for the following values of the planetary
masses
M3 =10 –6, 10 –5, 10 –4, 10 –3

(m4= m3 , m1= m2).
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In some cases we also computed the families m3 = 10 –2,10 –1. In what follows we shall
describe the properties of these families. We begin with the description of those families
where P3 and P4 are placed on orbits of CP with the same period.
Family Μ:
The initial conditions for P4 are

The computed orbits extend from x30 =0.65 up to x30 = 8 and the planetary masses
from m3 = 10 –6 up to m3 = 10 –1 . Fig. 4 shows the projection of the characteristic
curve of the family m3 = 10 –6 on the x30 y· 30 plane of the initial conditions space
( x 10 x30 y·30 (x10 ≃ 0.5) and the corresponding evolution of the period Τ along the
family. The corresponding curves for the other families (m3 = 10 –5 up to m3 = 10 –1)
are omitted (in order to save space). Table 2 shows some representative members of the
above families.

Figure 4.
Family M: projection of the characteristic curve of the monoparametric family
m3 = 10 –6 and the evolution of the period Τ along the family.
Table 2. Initial conditions of some orbits of the families Μ and l.
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As it is known (Henon 1965) the orbits of the family m of CP are stable
for x30 > 0.617. Despite this, all computed orbits of Μ are found to be unstable.
Fig. 5 shows, schematically, a typical position of the eigenvalues λ1,
. . . , λ10 of ∆(T) for the family M. In the degenerate case (m3 = m4 = 0) we have a 4fold unit eigenvalue, say λ1 =λ2 = λ3 = λ4 = 1, because of the existence of two Jacobi
integrals, one for P3 and one for P4. We also have a double complex eigenvalue on the
unit circle, say λ5 = λ 6 (and the corresponding conjugates λ7 = λ 8), because P3 and P4
are moving independently and symmetrically on the same stable orbit of the family m.
For m3 ≠ 0 only one Jacobi integral remains (for the whole system) and correspondingly a double unit eigenvalue, say λ1 =λ2 . The other two eigenvalues λ3, λ4 are
displaced off the unit circle as shown in Fig. 5 causing the appearance of instability. At
the same time λ5 and λ6 separate from each other since the motions of P3 and P4 are no
longer independent, but they still remain on the unit circle. For the same reason the
pair λ9, λ10, which corresponds to the motion of P1 remains also on the unit circle.
It appears that for the computed orbits of Μ the destruction of one of the Jacobi
integrals of the degenerate problem is the only mechanism which generates instability.
The evolution of the polar angle of the eigenvalues λ5 and λ9 as we proceed along the
family m3 = 10 –6 from x30 = 8 to x30 = 0.65 is shown in Fig. 6. For large x30 all
eigenvalues lie in a small angular interval near + 1. As we proceed to smaller x30, λ5, λ6
(≃ λ5), λ9 move counter-clockwise on the unit circle. On the other hand, λ5 and λ6
reach a maximum angle 155° at x30 = 3.2 and subsequently move clockwise. For the
whole family m3 = 10 –6, λ5 and λ6 practically coincide and λ3, λ4 remain very close to
the unit circle. This is also true for all values of m3 if x30 is relatively large. However, for
relatively small x30 as m3 increases λ5 and λ6 become well separated and λ3, λ4 move
further away from the unit circle.

Family L:
The initial conditions for P4 are x40 = – x30, y·40 = – y· 30. The computed orbits extend
from x30 = 2.2 up to x30 = 8 and the planetary masses from m3 = 10 –6 up to m3
= 10 –1. Fig. 7 shows the projection of the characteristic curve of the family m3 = 10 –6
on the x30 y30 plane and the evolution of the period Τ along the family. The

Figure 5. Family Μ: a typical (schematic) distribution of the eigenvalues λi (i = 1, . . . , 10) of
the monodromy matrix on the unit circle.
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Family M: the evolution of the eigenvalues λ5 and λ9 along the family m3 = 10

–6

.

Figure 7. Family L: projection of the characteristic curve of the monoparametric family
m3 =10 –6 and the evolution of the period Τ along the family.

corresponding curves for the other families (m3 = 10 –5 upto m3 = 10 –1) are omitted.
Table 2 shows some representative members of L.
As it is known (Henon 1965), the orbits of the family l of CP are stable for
x30 > 1.9079. Despite this, all computed orbits of L are found to be unstable and the
behaviour of the eigenvalues of ∆(T) is qualitatively similar to that of the family M.
However, for relatively small x30 complex instability appears for relatively large values
of m3.
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Families F1 and F2 :

The initial conditions for P4 are x40 = – x3f , y40 = y3f in the family F1 and x40 =
– x30 , y· 40 = –y· 30 in the family F2 , where x3f and y· 3f are the “final” (for t = T/2)
conditions of P3.
The computed orbits extend from x30 = 0.57 up to x30 = 1.7 and the planetary
masses from m3 = 106 to m3 = 10 –3. Fig.8 shows the projections of the characteristic
curve of the family m3 = 10 –6 of F1 on the x30 y· 30, x30 y· 40 ,x30 x40 planesof the initial
condition space x10 x30 x40 y· 30 y· 40 and the evolution of the period T along the family.
The characteristic of the family (m3 = 10 –6 of F2 is a curve in the initial condition space
10 x30 y30 and its projection on the x30 y30 plane, as well as its T-curve, practically
coincide with the corresponding curves of the family m3 = 10 –6 of F1. The corresponding curves for the other families (m3 = 10 –5 upto m3 = 10 –3 of F1 and F2) are omitted.
Table 3 shows the initial conditions of some representative orbits of F1 and F2.
As it is known (Henon 1965) the orbits of the family f of CP are stable for
0.5 < x30 < 1.4410 with the exception of a small interval of instability
(1.0875 < x30 < 1.20103). Despite this, all computed orbits of F1 are found unstable
and in some cases complex instability appears. On the contrary, a small interval of
stable orbits of F2 has been found near x30 = 1.35.
Families G1 and G2:
The initial conditions for P4 are x40 = – x3f, y· 40 = –y· 3f in the family G1 and x40 =
– x30, y· 40 = –y· 30 in the family G2 . The computed orbits extend from x30 = 0.22 up to

Figure 8. Family F1: projection of the characteristic curve of the monoparametric family
m3 = 10 –6 and the evolution of the period Τ along the family.
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Initial condition’s of some orbits of the families Fl, F2, G1, G2.

Figure 9. Family G1: projection of the characteristic curve of the monoparametric family
m3 = 10 –6 and the evolution of the period T along the family. The curves for y.30 and T/2 of the
family G2 almost coincide with the corresponding curves of the family G1.

x30 = 0.465 and the planetary masses from m3 = 10 –6 up to m3 = 10 –3. Fig. 9 shows
some projections of the characteristic curve of the family m3 = 10 –6 of G1 and G2.
Table 3 shows the initial conditions of some representative orbits of G1 and G2.
As it is known (Henon 1965) the orbits of the family g of CP are stable for
0.5 > x30 > 0.1813 (with y· 30 < 0). The computation of the stability parameters
showed that for a large part of the families G1 and G2 the values of some |Ki| are so
close to the critical value 2, that we cannot make a definite statement about their
stability (within the best accuracy of our computations).
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Families F' and G':

The computed orbits extend from x30 = 0.6 up to x30 = 1.7 for the family F' and from
x30 =0.22 up to x30 = 0.465 for the family G'. The planetary masses extend from
m3 = 10–6 up to m3 = 10–3. All orbits of these families are found to be unstable.
In what follows we shall describe the properties of the families in which the ratio
T4/T3 of the periods of P4 and P3 respectively in the degenerate case is equal to 1/2.
Family Μ':
The computed orbits extend from x30= 1.4,.x40 ≃ 0.7 up to x30 = 8, x40 ≃ 1 and the
planetary masses from m3 = 10 –6 upto m3 = 10 –3. Fig. 10 shows some projections of
the characteristic curve of the family m3 = 10 –6 and Table 4 shows the initial
conditions of some orbits of the family M'. All computed orbits of M' are found to be
stable. However the maximum of |Ki| is very close to the critical value 2.
Families F'1 and F'2:
The computed orbits extend from x30 = 0.6125 up to x30 = 1.7 and the planetary
masses from m3 = 10 –6 up to m3 = 10 –3. Figs 11 and 12 show, respectively, some
projections of the characteristic curve of the family m3 = 10 –6 of Fl and F2 Table 4
shows some representative orbits of the families F'1 and F'2.
For m3 = 10 –6 a small interval of stable orbits of F' has been found around x30
= 1.35. However for larger values of m3 this interval disappears and all orbits of F'
become unstable. For example, for m3 = 10 –3, the orbitas which were stable for
m3 = 10 –6 now show complex instability.

Figure 10. Family M’: projections of the characteristic curve of the monoparametric family
m = 10 –6.
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Initial conditions of some orbits of the families M', F'1, F'2, G'1, G'2.

Figure 11. Family F’1 : projections of the characteristics curve of the monoparametric family
m3 = 10 –6.

For m3 = 10 –6 the orbit of F'2 with x30 = 1.7 is strongly unstable. As we proceed to
smaller x30 the instability weakens. For x30 = 1.4, 1.3 the orbits become stable. For
smaller x30 the orbits are unstable up to x 30 ≃ 1. For x30 < 1 all computed orbits are
stable but the maximum of |Ki| is very close to the critical value 2.
For larger values of m3 the stability is not destroyed as in the case of F'1. On the
contrary the above-mentioned stability properties of the family m3 = 10 –6 are
preserved.
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Figure 12. Family F'2: projections of the characteritics curve of the monoparametric family
m3 = 10 –6.

Families G’1 and G’2:
The computed orbits extend from x30 = 0.22 up to x30 = 0.435 and the planetary
masses from m3 = 10 –6 up to m3 = 10 –3.Figs 13 and 14 show some projections of the
characteristic curve of the family m3 = 10 –6 of G'1 and G'2 respectively. Table 4 shows
the initial conditions of some orbits of G'1 and G'2.
For m3 = 10 –6 the orbits of G'1 in the interval 0.22 < x30 < 0.34 are stable, but the
maximum of |Ki| is very close to the critical value 2. For x30 > 0.34 the orbits become
mildly unstable. For larger values of m3 the stability is not destroyed. For example, for
m3 = 10 –3 the orbits of G1 in the interval 0.22 < x30 < 0.385 are stable with the
exception of a small instability interval near x30 = 0.24.
For m3 = 10 –6 the orbits of G'2 are mildly unstable except for a small interval of
stability 0.365 < x30 < 0.385. For larger m3 all computed orbits of G'2 are found to be
unstable.
Families
The computed orbits extend from x30 = 0.6125 up to x30 = 1.7 for
and from
x30 =0.22 up to x30 = 0.435 for
.The planetary masses extend from m3 = 10 –6
up to m3 =10 –3.Table 5 shows the initial conditions of some representative orbits of
these families for m3 = 10–6. All computed orbits are found to be mildly unstable.
All previous results are based on the assumption that the planets have equal masses
(m3 = m4). The question naturally arises whether these results depend, in an essential
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Figure 13. Family G' 1: projections of the characteristics curve of the monoparametric family
m3 = 10 –6.

Figure 14. Family G' 2: projections of the characteristics curve of the monoparametric family
m3 = 10 –6.

way, on this assumption. So we selected some representative orbits of the previous
families and varied m3 (with m4 = 10 –6) to obtain nearby periodic orbit with m3 ≠ m4.
The computations showed that the inequality of m3 and m4 does not change
qualitatively the picture obtained for m3 =m4.
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Table 5. Initial conditions of some orbits of the familie
= 10 –6

6.

for m3

Discussion and conclusions

The results reported in this paper provide us with useful quantitative information
about the stability properties of planetary systems with a binary star and two planets
and, at the same time, about periodic motions in the general fourbody problem.
From qualitative studies it is known that such planetary systems are potentially
unstable in the sense that there exists a Hamiltonian perturbation of the degenerate
system which generates instability through the destruction of the Jacobi integral of
each planet separately. It is also known that commensurabilities do not play a very
important role in the stability of the system and in particular they do not always imply
instability.
We computed many families of periodic orbits starting from the (degenerate) orbits
of the Copenhagen problem. We confined ourselves to the resonances T4 : T3 = 1:1
and 1:2 but we selected a wide range of values for the masses of the planets.
Our results are in agreement with the above-mentioned qualitative results. For
example, the detailed numerical study of the evolution of the eigenvalues λi
(i = 1, . . . 10) of the monodromy matrix for the orbits of the families Μ and L showed
that the destruction of one of the Jacobi integrals of the degenerate problem seems to
be the only mechanism which generates instability. For the family L, in particular,
another kind of instability (complex instability) appears for large values of the
planetary masses due to the fact that complex eigenvalues of different kinds collide and
subsequently move off the unit circle. The differences, as far as stability is concerned,
between the resonances 1:1 and 1:2 are clearly shown in the case of the families Μ and
M'. Both families result from the family m of the Copenhagen problem. The family Μ
corresponds to the resonance 1:1 and it is unstable while M' corresponds to the
resonance 1:2 and it is stable.
The main conclusions of this work are:
1.The destruction of the Jacobi integrals of the degenerate problem is the main
mechanism which generates instabilities in the cases we studied.
2.The families corresponding to the resonance 1:1 are in general unstable while
those corresponding to the resonance 1:2 have considerable stable parts.
3.The families in which both planets revolve around the same star are unstable for
both resonances 1:1 and 1:2.
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4. The instability is, in general, mild in the sense that the maximum |Ki| of the
stability parameters is relatively close to the critical value 2. Complex instability is rare
and appears for relatively large values of the planetary masses.
5. The stability is not necessarily destroyed by the increase of the planetary masses
(families M', F'1, G'1).
6. The above results do not change qualitatively when the planets have unequal
masses.
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