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Abstract. We present the analytic theory of dissipative and non-dissipative shocks in the rotating outflows in both the pseudo-Newtonian and
the Schwarzschild geometry. We include the effects of the self gravity of the
surrounding massive disc and show that the flow may have as many as five
critical points when the angular momentum and the disc mass are
sufficiently high. This leads to the possibility of the multiple annular shocks
within the flow. We derive the expressions correlating the pre-shock and
the post-shock quantities for all the three principal types of discontinuities.
From these relations it is shown that for given initial flow parameters such
as the angular momentum and the energy there could be as many as
eighteen formal shock locations out of which at most two are chosen in
reality. Detailed classification of the parameter space in terms of the initial
flow parameters will be discussed elsewhere.
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1. Introduction
Outflows are common in many astrophysical systems. These include, the bipolar
outflows in the protostellar formation (see e.g. Pudritz & Norman 1983), the winds
from the stars such as the sun (see e.g. Parker 1963; Holzer 1977) and the jets from the
stellar and the galactic black holes (see e.g. Begelman, Blandford & Rees 1984). The
lengthscales and the timescales in these systems vary by orders of magnitude, and it is
almost certain that these outflows originate due to very different physical processes.
Most of them accelerate near the origin and probably decelerate or remain steady
afterwards. We shall not go into the various models which are proposed to explain
these flows but only concentrate on one, commonly known as the “wind-type” model
(see e.g. Parker 1963; Holzer 1977; Fukue 1982; Ferrari et al. 1985; Chakrabarti 1986)
which has been applied to systems ranging from protostars to AGNS. In fact, we shall
specialize our discussions to hydrodynamic rotating outflows near compact objects,
and closely follow Chakrabarti (1986). This paper provides a general relativistic
derivation for the rotating winds in any axisymmetric spacetime and shows that for a
given initial condition a unique shock free solution exists.
In most of the astrophysical outflows mentioned above, various features, such as the
presence of hotspots and flarings are common. It is possible that these are due to some
instabilities associated with the shocks in the flow. It is even suggested that the HerbigHaro objects are the hotspots due to the shocks themselves (Silvester et al. 1987).
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Therefore, it may be important to study the nature of the shocks in various
astrophysical winds. In the present paper we study the conditions under which the
shocks may form in the rotating winds. Since these winds are presumably generated in
the presence of the massive accretion discs, which is definitely true in the early stages of
the protostellar formation, we also consider the effects of the self gravity of the disc on
the rotating wind, particularly, on the nature of the sonic points that the winds pass
through. The effects of the rotation in the accretion flows in various astrophysical
circumstances have been studied by several workers (see e.g. Liang & Thompson 1980;
Abramowicz & Zurek 1981; Chakrabarti 1986). Although there are very few cases
where the rotational motion is actually detected in an outflow (see e.g. Uchida et al.
1988), it is generally believed that closer to the compact object, matter contains a
significant amount of angular momentum which is dissipated away as it moves out. So
far, the combined effects of the self gravity of the disc and the rotational motion have
not been studied. We show that when the surrounding disc is massive enough or the
angular momentum is large enough the flow has three critical points (two ‘X-type’
flankings and an ‘O-type’). A wind originating subsonically near the surface of a
neutron star or outside the blackhole horizon passes through the inner ‘X-type’ critical
point and depending upon the initial condition it may shock and subsequently pass
through the outer ‘X-type’ critical point. When the effects of both the self gravity and
the rotation act dominantly on different regions of the wind, the stationary flow
developes five critical points (three ‘X-type’ and two ‘O-type’). This feature enables the
possibility of having multiple shocks in the rotating wind.
There are several works in recent literature which study the nature of the standing
shocks either in the accreting flows or in the winds (Chang & Ostriker 1985; Ferrari
et al. 1985 (FTRT); Fukue 1987; Chakrabarti 1989a (C l); Chakrabarti, 1989b (C2)). In
most of the cases shocks studied are nondissipative except in Cl where energy
dissipation is allowed at the shocks. Fukue (1987) pointed out that in wedge-shaped
accretion of rotating matter there are formally multiple solutions. In the main body of
the literature the number of the critical points that appear is three—two ‘X-type’ and
one ‘O-type’. Holzer (1987), FTRT (and references therein) pointed out that a flow may
develop more critical points whenever sudden changes in the flow cross-section or in
the radial momentum take place.
In the present paper we follow the formalism of C l and C2 to study the dissipative
and the non-dissipative shocks in rotating winds surrounded by a massive disc. The
self gravity of the disc is calculated by using the recent results of Chakrabarti (1988)
where the exact metric of the spacetime is obtained when the Schwarzschild hole is
surrounded by a static massive ring. However, because of general complexity of the
equations in the hole-ring system, we discuss the results in more detail using the
pseudo-Newtonian geometry. In Section 2, we derive the sonic point conditions for the
rotating winds following Chakrabarti (1986). In Section 3, we briefly mention the way
the self-gravity of a massive ring may be incorporated in general relativity (GR) and rewrite the sonic point conditions including such effects. The energy of the flow is
calculated as a function of the location of the critical points, mass of the disc and the
angular momentum of the matter using both the GR and the pseudo-Newtonian
potential. In Section 4, we derive the Mach number relations and the shock invariants
for all the three principal types of the shock and using these relations we show that for
a given initial flow parameter, the formal locations of shock could be as high as
eighteen! Finally, in Section 5, we summarize the paper. The classification of various
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types of flows (with or without the shocks) as one varies the initial flow parameters will
be described elsewhere.
2. Sonic Point Conditions in a General Axisymmetric Spacetime
We consider a stationary, axisymmetric spacetime

and

.The corres-

ponding constants of motion are (Chakrabarti 1986):
(1a)
and
(1b)
Here, Ε and L are the conserved energy and the angular momentum respectively, uφ is
the azimuthal component of the four-velocity, ut is the specific binding energy , h is the
specific enthalpy, p is the isotropic pressure, ρ is the matter density. (We use the
geometric unit G = M hole = c = 1 throughout). If A denotes the area of the flow tube
and υ denotes the poloidal velocity component in the local Lorenz frame, the baryon
number conservation requires that,

or,

ρ Α u t v = M =constant

(1c)

along a flow tube. Here σ denotes the parameter along the flow line and is determined
by dσ2 = g rr dr2 + gθθ dθ2, using r and θ, the usual spherical polar coordinates. In the
above equations we assume that neither the matter nor the energy or the angular
momentum is injected into the flow anywhere other than at the base of the wind close
to the hole. Using polytropic equation of state P = K ρ 1+ 1 /n (K= constant in the flow
but it can change at the shocks. n is the polytropic index related to the adiabatic index γ
by γ = 1 + 1/n, and is assumed to be constant throughout the flow.) One derives from
above equations the following differential equation to be satisfied in each flow tube
(Chakrabarti 1986),

where Γ is the Lorentz factor given by,
(3a)
and ω is a geometric factor defined by,

(3b)
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and a is the adiabatic sound speed a2= (∂p/∂ε). Ω(φ) represents the rotational velocity
in the local Lorentz frame and λ = L/E. It is clear from the above equation that for a
stationary solution extending from the regions close to the hole to infinity, a flow must
pass through the so called critical points where the left hand side and the right hand
side of Equation (2) vanish simultaneously. At these points,
(4a)

and
(4b)

where, by the subscript c we mean the quantities to be evaluated at the critical points.
In a realistic study of the transonic flows one supplies the inner or the outer
boundary conditions, depending upon whether one is interested in the wind solution
or the accretion solution. The initial supply of the specific energy Ε and the specific
angular momentum L are sufficient to determine every physical quantity all over the
flow because the solution is unique (Chakrabarti 1986; Anderson 1989). The unknowns
are v(r, θ), a(r, θ) (which in turn determine the specific enthalpy h = (1 – na2) –1, and Ρ
and ρ when an equation of state is provided) Μ and r c. Two boundary values
(Equations la, b) along with two conditions 4a, b at the sonic points are sufficient to
determine these quantities uniquely. Instead of specifying various quantities at the
boundary, one can alternatively specify the location of the critical point along with the
energy or the angular momentum. In the present paper we concentrate on the shock
formation in the Schwarzschild geometry; works in Kerr Spacetime is done elsewhere
(Chakrabarti 1989d).

3. Inclusion of the self-gravity of the disc
3.1 General Relativistic Results
The works mentioned above describe the flow completely once the metric is specified.
When a compact object is surrounded by a massive disc, the exact treatment of the
problem in the general relativistic framework is difficult. One simple way to calculate
the metric in which the wind propagates is to assume that a) most of the mass is
concentrated as a slender torus, and b) the rotational energy of the disc matter is small
compared to the rest mass energy. One can then use the formulation of, for example,
Chandrasekhar 1983 to determine the metric of a vaccum spacetime due to a hole
distorted by an axisymmetric matter distribution. This is done in Chakrabarti (1988). It
was shown that in the presence of the slender torus the metric components g tt and g φφ
of the Schwarzschild solution have to be replaced by,
(5a)
and
(5b)
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where, ψr is the solution of the Laplace equation obtained by writing a set of Einstein
equations in Weyl coordinates. It is given by,
(6a)
for r <rd, and
(6b)
for r>rd..
Here,

and

One can use the new metric coefficients determined from ψ r to evaluate the sonic point
conditions (4ab). For simplicity of the analysis we concentrate on the study of the
purely conical winds with annular cross section. The latter assumption enables us to
choose the angular momentum distribution as a function of θ only, i.e. λ =λ(θ) and the
potential function ψ r becomes a function of r alone. The area of a flow tube A ∝ r 2 and
the parameter along the flow line is dσ2= g rr dr2. If we concentrate very close to the
axis, then θ ~ 0, and

The velocity of sound at the critical point in this case turns out to be,
(7)
where,
(8a)
(8b)
(8c)
And the energy of the flow as a function of the critical point location is calculated from
(9)
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That ψ r describes a massive ring surrounding a hole can be seen from the equipotential
surfaces drawn in Chakrabarti (1988).
The general relativistic results as presented above is rather messy. The understanding of the dependence of the nature of the critical points upon various parameters, such
as, the mass of the disc m, the angular momentum of matter λ, the polytropic index n,
the half angle of the conical flow θ, and finally the characteristic radius of the disc rd
could be done in a simpler manner by following pseudo-Newtonian geometry. The
prescription is given below. Detailed works on the dependency will be discussed
elsewhere.
3.2 Pseudo-Newtonian potential
We use a pseudo-Newtonian description of the black hole (Paczynski & Wiita 1980)
in which the potential energy of the flow in the black hole geometry is written as:
All the salient features of the hole remain intact in this model. The
potential due to the disc is calculated by assuming it to be ring of mass m and
characteristic radius rd as in the general relativistic case. Thus, the potential for r < rd,

and for r > rd,

Pi (cosθ) are the legendre polynomials. As in the GR case we choose θ ~ 0, so that, ψd
We use this potential in the rest of the paper. Using
these assumptions, the total conserved specific energy of the flow takes the form,
(10)
and the baryon number flux, up to a geometric constant, takes the form,
(11)
.
.
In future we shall be using
= r 2 a 2n v= MKn instead of M for convenience. Here, as
before, Κ is the proportionality constant in the adiabatic equation of state . Ρ
= Kp1 + l/n and λ = L/sinθ. The important point to be noted is that, whereas M is
can change at the shock due to the generation of the
is constant throughout the flow,
entropy. The sonic point conditions obtained in the same way as in the previous
section are:
(12a)
vc = ac
and
(12b)
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The energy of the flow in terms of the locations of the critical points and the angular
momentum of the flow is given by,
(13)
Before proceeding further, we would like to remind the reader of the behaviour of
the function = (rc, λ) when the mass of the disc is negligible (m = 0). For
concreteness we choose the polytropic index n = 5. Dependence of the behaviour of the
flow on the polytropic index n will be discussed elsewhere. Fig. la shows this surface. It
is clear that in some range of the parameters, the surface has a maximum and a
minimum. A projection of this surface on the versus λ plane shows a pair of caustics
which are the loci of the maxima and the minima (Fig. lb). The properties of this socalled ‘cusp catastrophe’ in this parameter space is studied below.
First we note that Equation (13) with m = 0 can be rewritten in the form:
(14)
This equation has four roots, one inside the horizon (say, at r c = r0) and three outside.
The properties of these roots are studied simply by eliminating the solution inside the
horizon. We write Equation (14) in the following way,
(15)
where,
(16)
with
(17a)
(17b)
(17c)
(17d)
The four Equations (17a–d) are solved for the four unknowns r0, α, A and Β in terms of
the energy and the angular momentum of the flow. The locations of the critical points
outside the horizon are obtained by solving the cubic Equation (R3 + AR + Β) = 0.
The surface when projected on the A – Β plane gives a pair of caustics (see e.g. Poston
& Stewart 1978). Since A and Β have less physical significance, the projection is done in
versus λ plane in Fig. lb. The nature of the roots of Equation (15) depends upon
the
the sign of the discriminant D = 4A3 + 27Β2 . Within the region AOB, D< 0, hence
there are three real roots, i.e. the flow has three critical points for the parameters in that
region. In fact, it is easy to show that these roots consist of two ‘X-type’ critical points
(inner and outer depending upon whether closer to the hole or not) flanking an ‘Όtype’ one. On the caustics Ο A and O B, D = 0 but Α ≠ 0 and Β ≠ 0. Hence, on the
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=
(rc, λ) showing a maximum and a minimum when the mass of
Figure 1. (a) The surface
the disc is zero. (b) The projection of the surface on the
versus λ plane shows the cusp
catastrophe AOB. The pair of caustics AO and OB are generated by the maximum and the
minimum of the surface in (a). In the region bounded by AOB there are three critical points, two
‘X-type’ flanking and an Ό-type’. Outside this region there is only one critical point.
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caustics two real roots merge. In the regions I and 0, D > 0. Hence there is only one
real root and a pair of complex conjugate roots, so that flows with these parameters
have only one (‘X-type’) critical point. At the cusp O, D = 0, A =0 Β= 0, hence all the
three real roots merge. The coordinate of this point is easily obtained by imposing
above mentioned conditions on the Equations 16(ad) and are given by,
(18a)
(18b)
and
(18c)
In the case when the mass of the disc is non-negligible, energy surface developes one
more minimum and maximum. The nature of
=
(rc, λ) is shown in Fig. 2a for
m=1.8 and rd = 70. A projection on the parameter space shows the formation of the so
called ‘butterfly-catastrophe’ (Fig. 2b). An analysis similar to what was done above for
m = 0, could also be done to study the properties of this catastrophe, however, it is
messy. We only discuss here the nature of the critical points by drawing a ‘cleaner’
diagram of the caustics in the
versus λ plane (Fig. 3a). In the hatched polygon
BGDE there are five critical points in the flow, three ‘X-type’ which are physical and the
flow can pass through them, and two ‘O-type’ which are unphysical. These are in the
order ‘XOXOX’. In the dotted regions there are three real roots corresponding to two
‘X-type’ critical points flanking an ‘O-type’ one and a pair of complex conjugate roots.
Outside these regions there is only one real root, which is an ‘X-type’ and two pairs of
complex conjugate roots. In Fig. 3b we show the behaviour of the roots as a function of
the mass m of the disc where we plot the accretion rate
versus log(λ2). In all the
cases, the location of the disc is kept at rd = 70. Clearly, the multiplicity of the number
of critical points depends strongly upon the mass of the disc. Similar changes are seen
when rd is varied. These are common characteristics of a ‘butterfly-catastrophe’ (e.g.
Poston & Stewart 1978). That the mass of the disc should change the topology of the
solutions in a way the angular momentum does, could be understood in the following
way. When the test flow is in between the hole and the disc, the disc attracts it
outwards, which is (intuitively) equivalent to adding some angular momentum to the
flow. On the other hand when the test flow is at a distance outside the centre of the disc,
the disc and the hole both pull it inwards. This is in some sense equivalent to reducing
the angular momentum. As a result, a Keplerian orbit requires less angular momentum
in between the hole and the disc and more angular momentum outside the disc radius
when the mass of the disc is no longer negligible. Another important effect of the
massive disc is to shift the location of the marginally stable orbit (radius at which
dλ k/ dr = 0). For instance, for a disc with m = 1.8 centered at rd = 70 this radius is rms
= 6.5 as opposed to 6 when the mass of the disc is negligible.

4. Shocks in rotating winds
So far, our discussions were concentrated upon the nature of the shock-free solutions.
If the flow has multiple critical points, it is easily shown that, in some cases, depending
upon the initial parameters, a stationary solution can be obtained only through a
shock (C1). Consider winds with three critical points in the order ‘XOX’ In a solution
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Figure 2. (a) The surface = (r c, λ) drawn for the parameters m = 1.8 and rd = 70 showing a
pair of maxima and minima, (b) The projection of the surface on the ( , λ) plane shows the
formation of the so-called ‘butterfly-catastrophe’. The caustics, four in all, are generated by the
maxima and the minima of the surface. Detailed discussions on the nature of the critical points
are made in Fig. 3.
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Figure 3. (a) The caustics of Fig. 2b are drawn in ( , λ )plane.
is written in units of 10 –6.
The flow with the parameters from the hatched region BGDE has five critical points, three ‘Xtype’ and two ‘O-type’ and therefore it can have two shocks. In the dotted regions there are three
critical points—two ‘X-type’ and one ‘O-type’ so that only one shock is possible. In the blank
region the flow has one(‘X-type’)critical point. (b) The nature of the caustics and the behaviour
of the roots are shown as a function of the mass of the disc. This is a typical behaviour of the
‘butterfly catastrophe’ (see e.g. Poston & Stewart 1978). Compare the diagram upper left with
Fig. lb.

which includes a shock the flow first passes through the inner critical point, then after
passing through a shock it escapes to a large distance through the outer critical point.
When there are five critical points in the flow there are a number of possibilities. Either
there is only one shock in between one of the pairs of the ‘X-type’ critical points, or,
there are two shocks, simultaneously in the successive pairs. Also, as mentioned in C1,
the nature of the shock could strongly depend upon the nature of the radiative
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properties of the flow at the shock location. These shocks can be described by a single
parameter (C1). Roughly, if the processes of radiative loss of energy are very inefficient,
the shocks preserve the energy . The temperature, density and the thickness at the
shock increases. The entropy is also produced ( +
– , the – and + signs
indicate the pre-shock and the post-shock quantities respectively). These are the
standard Rankine-Hugoniot shocks. When the efficiency of radiative losses is
extremely large, the shock remains isothermal (a = constant) and the thickness of the
shock remains the same. These are the isothermal shocks. It can be easily shown that in
this case both
and change in such a way that,
֒

(19)
In the third extreme case the entropy generated at the shock is radiated away entirely
= constant) but the energy is allowed to be dissipated ( +
(
–).These are the
isentropic compression waves. Some discussion on these shocks is carried out in
Abramowicz and Chakrabarti (1989); below we describe some other properties.
֓

4.1 The Mach Number Relations and the Shock Invariants
At the shock a flow preserves the baryon number flux, the momentum flux and either
the specific energy or entropy or the temperature depending on the radiative processes.
The properties of these shocks are very much different. Details will be discussed
elsewhere. Presently, we only derive the shock invariants in these three cases. First, we
re-write the specific energy and the accretion rate equations in terms of the Mach
number Μ of the flow in the following manner:
(20a)
(20b)
The momentum balance equation which is customarily written as (e.g. Landau
& Lifshitz 1959),

takes the form,
(20c)
In the case of the Rankine-Hugoniot shocks – = + With this condition and
using Equations 20(ac) it is easily shown (Chakrabarti 1989b) that,
(21)
=constant.
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In the case of the isentropic compression waves
Mach number relation turns out to be

and in this case the

=constant

(22)

In the case of the isothermal shocks a_ = a+ and the Mach number relation is
simply,
(23)
The quantities Cl C2 and C3 are called the shock invariants as they remain
constant at the shocks. Similar relations for the 1.5 dimensional adiabatic flows were
derived in Chakrabarti (1989a) and for the hybrid model flows in Chakrabarti (1989b).
From the computational point of view these are very important relations as the shock
locations are derived quite easily from them. Below we present an example of the
multiple shock formation.
4.2 Examples of the Multiple Standing Shocks
We mentioned before that a wind flow which includes a shock passes successively
through the inner critical point, the shock and the outer critical point when there are

Figure 4. Three physically important types of the shock transitions in winds are shown
schematically in the versus
plane for a given angular momentum λ when mass of the disc is
negligible. The flows with the parameters from the segment AOB of the so-called swallow-tail
singularity pass through the inner critical points and the flows from the segment COD pass
through the outer critical points.. A shock transition in the winds must take place from AOB to
COD. The dashed horizontal line w1 w3 connects two shock free flows by a Rankine-Hugoniot
shock. Similarly, the vertical line w1 w2 and the oblique line w1 w4 correspond to an isentropic

compression wave and an isothermal shock respectively.
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only three critical points. This is typical when either there is a large angular
momentum in the flow or the disc is sufficiently massive. In Fig. 4 we show three types
of shock transitions schematically. Here we plot the variation of as a function of
for a given angular momentum λ2 = 11.7. The section AOB of the so-called swallowtail singularity represents the parameters for which the flow passes through the inner

Figure 5. Two intersecting swallowtail singularities occuring when the mass of the disc is nonnegligible, (a) The flows with the parameters from the segments A OB, CD and EOF pass
through the inner, central and the outer ‘X-type’ critical points respectively. The segments BC
and ED are for the ‘O-type’ critical points and are unphysical. Multiple shocks may form when
they first connect flows from the segment AOB to the segment CD and then connect flows from
CD to EF. Examples are given by w1 w2, w2 w3 pair or w1 w2, w2 w4 pair of discontinuities shown
by the dashed lines. (b) The nature of the intersecting swallowtails as the angular momentum of
the flow is varied.
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critical point and the section COD represents the parameters for which the flow passes
through the outer critical point. The section BC is unphysical as it represents the ‘Όtype’ critical points. A Rankine-Hugoniot shock transition takes place along a
horizontal direction (e.g. w1 w3) in this diagram since the energy is conserved, an
isentropic compression wave transition takes place along the vertical direction (e.g.
w1 w2) since
is conserved, and an isothermal shock transition takes place in an
oblique direction (e. g. w1 w4) where both the energy and the entropy changes in such a
way (see Equation 19) that the sound speed remains constant at the shock.
In the case where the mass of the disc is non-negligible, the variation of the specific
energy
with the accretion rate
shows more complex behaviour. Fig. 5a depicts
such a variation for m = 1.8, rd = 70 and λ2 = 11.5. This diagram consists of two
intersecting swallowtail singularities. The section AOB represents the innermost ‘Xtype’ critical points, the section CDE represents the central ‘X-type’ critical points and
section FDG represents the outermost ‘X-type’ critical points. The two other sections,
namely, BC and EF represent ‘O-type’ critical points. Schematically, it is shown how
one can conceive of successive isentropic compression waves such as w1 w2 and w2 w3,
or one isentropic discontinuity w1 w2 followed by an isothermal shock w3 w4 . In
Fig. 5b we show the general behaviour of the interacting swallow-tails as we vary the
angular momentum of the flow. An example of the complexities of the phase space of
the flow is shown in Fig. 6 where the Mach number Μ is plotted against the
logarithmic distance. The initial parameters chosen in this case are λ2 = 11.3,
=
73 × 10–9. The three ‘X-type’ critical points are denoted by I, Μ and o and the arrows
schematically indicate possible routes of the flow in the phase diagram. The vertical
dashed lines indicate shocks. The path with a single arrow passes through two shocks
whereas the path with double arrows passes through a single shock. The actual flow

Figure 6. The phase space of the rotating winds drawn with the Mach numbers Μ against
logarithmic radial distance r with the initial parameters, m = 1.8, rd = 70, λ2 = 11.3, M= 73
× 10–9. The ‘X-type’ critical points are denoted by Ι, Μ and Ο respectively. The arrows indicate
probable routes of the flow. The path with a single arrow has two shocks and the path with a
double arrow has a single shock. The vertical dashed lines indicate shock transitions.
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Figure 7. An example of the multiple shock solutions in the rotating winds in the presence of a
massive disc. The shock invariant C2 (see Equation 22) is drawn against the location of the shock
r s for the pre-shock and the post-shock energies I _ = 0.02838 and M+ = 0.02832, subscripts I
and Μ indicate that the flows with the corresponding energies pass through the inner and the
central critical points, respectively. The other parameters are: m= 1.8, rd = 70, λ2 = 11.35,
= 77.5 × 10–9. The six intersection points indicate six formal shock locations.

chooses the path for which the final energy is minimum (for dissipative shocks) and the
final entropy is maximum (for Rankine-Hugoniot shocks).
In the discussions of the shocks in the adiabatic flows with m = 0 it was pointed out
(C1) that for given initial parameters there are four formal locations where the shock
may form. This is true also when the flow is entirely isothermal (Chakrabarti 1989c). In
the present case, the formal locations could be as many as eighteen! The reason is that
the Mach number relation as stated in Equations (21–23) can be satisfied at six,
different places for every pair (counted once) of the ‘X-type’ critical points, An example
of the six formal shock (isentropic compression waves) locations satisfying the relation
(22) is provided in Fig. 7. The example is for the case m = 1.8, λ2 = 11.35, rd = 70.0,
=77.5 × 10–9 . Here we have plotted the shock invariant against the shock locations
_
for constant
= 0.02838 and
I
M+ =0.02832, where the subscripts I and Μ
represent the inner and the central ‘X-type’ critical points respectively. The six
intersections are the formal locations of the discontinuity. They are located at x sl
6.06, x s2 = 8.02, x s3 = 17.18, x s4 = 51.86, x s5 = 77.72, x s6 = 120.15 respectively.
Note that the innermost shock is located at a radius larger than 6. This is possible
because in the presence of the massive disc, the marginally stable orbit itself is located
at r ms= 6.5.
5. Concluding remarks
In the present paper we have provided the theory of the dissipative and the nondissipative shocks both in the pseudo-Newtonian and in the Black hole geometries.
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We include the effects of the rotation and the mass of the confining disc on the outflow.
We show in particular that the number of the critical points go up from one to three
when either sufficiently strong rotation or sufficiently massive disc is present. In the
presence of both the disc and the rotation the number of critical points rise to five. This
opens the possibility of having multiple shocks in the flow. The losses at the dissipative
shocks reduce the energy of the outflow and as a result the flow may even become
trapped or bound. More importantly, since the possibility of shock formation strongly
depends on the angular momentum of the flow, and the flow has little angular
momentum along the axis, the shocks can in general be only annular in shape and of
non-uniform strength as one scans the inclination angle θ of the outflow. We derived the
shock invariant relations and from them showed that the formal shock locations are
non-unique. The existence of the multiple shock locations for a given set of initial
parameters is intriguing, for clearly, in the present circumstance atmost two locations
are allowed (three if the outer boundary condition is subsonic). Which one of the
eighteen locations are chosen in reality? In Chakrabarti (1989b) and Chakrabarti
(1989c) where shocks were studied for the adiabatic flows and for the completely
isothermal flows (in both the cases m = 0), it was shown that the shocks are not stable
at all the four locations. Probably this is the case in the present situation also. Again, it
was suggested in C1 that when some dissipation is added some of the shock locations
may disappear. In fact, it is observed for isothermal flows (Chakrabarti 1989e) that
multiplicity disappears when the flow is sufficiently dissipative. Whether this is true for
a general flow is still an open question and we hope to answer this in near future.
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