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Abstract. In a model galaxy composed of a relativistically active nucleus,
a main body, and a halo, all three components considered as homogeneous
prolate ellipsoids, we explore the probable association of the internal
characteristics of the nucleus and the observed orbits of the stars near the
surface of the main body. Using the authors’ theoretical framework of postNewtonian general relativistic galactic dynamics, proposed earlier, we
prove that a fast-rotating and possibly expanding or contracting nucleus
affects the distribution of the box-type orbits near the surface of the main
body resulting in a flattening of the main body. The nuclear rotation always
results in a flattening, and the contraction contributes less to the flattening
than the expansion. However, the contributions of a rotating and changing
nucleus are not additive. The study of the post-Newtonian effects in the
nucleus on the stellar orbits in the main body, and the consequent
modifications of the corresponding non-relativistic results, could in
principle provide useful information concerning the kinematical and
dynamical characteristics of the nuclei of the elliptical galaxies. The
explanation (of at least the post-Newtonian part) of the flattening of
elliptical galaxies attempted here seems to be the first theoretical one
proposed in the literature.
Key words: galaxies, prolate elliptical—galaxies, active nuclei—galaxies,

dynamics and kinematics
1. Introduction and motivation
In a previous paper (Spyrou & Varvoglis 1982; hereinafter quoted as Paper I), we made
an effort to establish the theoretical framework of the relativistic galactic dynamics. In
that paper, which can be considered (Contopoulos 1983) as the first approach to the
problem of the relativistic galactic dynamics, we studied the motion of a star (test
particle) in the near zone of the four-dimensional spacetime of a perfect-fluid galaxy
with certain symmetries. All the internal characteristics of the galaxy (kinetic energy,
internal specific energy, potential energy, and pressure) were properly taken into
account, consistently to the first post-Newtonian approximation of general relativity.
These characteristics are not taken into account in the corresponding Newtonian
approach (see e.g. Contopoulos 1960), where only the galaxy’s mass-density distribution is considered. The relativistic corrections to the motions of the star are negligible
for normal galaxies but non-negligible for elliptical galaxies of large mass and small
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linear dimensions. More precisely, for important effects on the star trajectories, the
galaxy should be characterized by an extremely fast (rigid-body) rotation, a property of
elliptical galaxies not yet observed (Binney 1976; Bertola & Capaccioli, 1978; Bertola
1981). On the other hand, if the galaxy is not to be disrupted by centrifugal forces due to
such high rotational velocities, and for the post-Newtonian effects to have their largest
possible value and influence, the galaxy’s dimensions have to be kept small, making it a
dwarf galaxy in its dimensions.
In view of the results of Paper I, the question is posed on the possible effect of the
post-Newtonian modifications of stellar orbits in a galaxy on the observable properties.
In the case of a single galaxy, like the one considered in Paper I, the required rotational
velocities are extremely large for a manifestation of such effects. Obviously, the region
where we expect such conditions to hold, is the galaxy’s nuclear region. Consequently,
from the single-body galaxy of Paper I we are naturally led to a composite galaxy
containing more than one major constituent, dynamically distinct from each other, the
relativistic contributions being due mainly to the innermost constituent.
The idea of a composite elliptical galaxy appears attractive and natural on
observational grounds (Bertola 1981). Also, it is very probable that the relativistic
effects in the galaxy’s nuclear region are not negligible (Gerhard & Binney 1985). This
suggests the possibility of investigating the kinematical and dynamical characteristics
of a galaxy’s nuclear region, by picking out this region’s post-Newtonian
effects on the star trajectories of the outer part of the galaxy’s visible body. Since
the galaxy’s internal characteristics enter the post-Newtonian part of
the metric tensor, they are expected to modify the properties of the star trajectories in
the outer parts of the galaxy as predicted by the Newtonian theory of gravity (which
ignores the internal characteristics of the gravitating body). The outer parts of the
galaxy are, in principle, easier observed than its nucleus, so that the properties of star
trajectories affecting the mass-energy distribution there, may be able to tell something
about the properties of its nucleus, This is precisely the purpose of the present paper,
namely, applying the theoretical framework of Paper I, to examine the probable
association, between the relativistic nucleus of an elliptical galaxy on one hand, and the
observed star trajectories and mass-energy distribution in the main body on the other.
As it will appear, the fast rotation of the nucleus and its probable expansion or
contraction affect the properties of the box-type trajectories of the stars of the main
body, and can cause a flattening of the main body (Spyrou & Varvoglis 1983). It should
be emphasized that this flattening is a post-Newtonian result and thus it cannot by itself
explain the observed flattening of normal elliptical galaxies, which is currently
attributed to accidents of their birth and not to their rotation (Bertola 1981).
The structure of the paper is as follows: In Section 2 we describe the physics of the
model galaxy used, and in Section 3 we describe the evaluation of the coefficients of the
Hamiltonian. The numerical results are presented and discussed in Section 4. Finally,
some useful formulae and auxiliary calculations have been collected in an Appendix at
the end. The reader is assumed to be familiar with the notation and content of Paper I.
2. The physics of the model galaxy
The model galaxy used here is dictated by the observation of stable, prolate elliptical
galaxies (Bertola & Galletta 1978). In our opinion these galaxies present a possible
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mass-energy distribution that, in principle, could give rise to relativistic effects on at
least the star trajectories. These galaxies rotate about their major axis of symmetry and
are thought to be composed generally of three parts, the nucleus, the main body, and the
halo. We tried to be as careful as possible with our description of the model galaxy, but
we made a few important simplifications. Thus we assume that these three constituents
of the galaxy are homeothetic prolate ellipsoids rotating about their common major
axis. Each of them is homogeneous and rotates in a rigid-body manner independently
of the other two, so that the whole galaxy is characterized by time-independent and
axially symmetric distributions of mass and velocities. The change of the velocity and
matter distributions from the inner to the exterior ellipsoids is assumed continuous.
However, a problem that will not be addressed here, in spite of its obvious importance,
is the friction between the three constituents of the galaxy (van Albada & Sanders 1982).
The nucleus, whose linear dimensions are much smaller than those of the body and
the halo, is superdense and superheavy, and due to its small dimensions, can rotate very
fast with no disruption problems, as compared to an oblate nucleus. The existence of
fast rotating cores, as in our model, depends critically on the existence of supermassive
elliptical galaxies, which is not strongly supported by current observations (see,
however, Biermann, Strom & Bartel 1985). On the other hand, it must be emphasized
that masses as high as 1015 M⊙are possible (Danks & Materne 1984), depending on the
value of the mass-luminosity relation (Hoffman & Salpeter 1982). In any case the
existence of such supermassive galaxies cannot be ruled out on theoretical grounds,
because, e.g., a generally accepted value of the Jean’s mass for galaxy formation is of the
order 1016 M⊙, its lower limit being ~ 1012 M⊙.
Moreover, the stars whose trajectories we shall be interested in, namely those near
(inside or outside) the surface of the main body, lie closer to the nucleus, than in an
oblate (main-body) galaxy, and therefore are expected to experience stronger
relativistic effects. The dynamical influence of the nucleus on the properties of the boxtype orbits of the stars in the main body has been discussed by Gerhard (1985) in the
case of a spiral galaxy with a black-hole nucleus. (For theoretical models of active
galactic nuclei with a central black hole see Blandford 1984.)
The main body and the halo have masses comparable to the mass of the nucleus, but,
due to their larger dimensions, their relativistic effects are not important compared with
those due to the nucleus; in addition, there is observational evidence that they are not
necessarily rotating rapidly (Bertola 1981). Moreover, the whole galaxy will be assumed
to be in a state of an overall expansion or contraction. Since only the mass-distribution
and not the internal characteristics of the main body and the halo will be assumed, this
property of the galaxy refers only to its nucleus. Thus a violent expansion of the nucleus
in the past could have caused a still continuing expansion of the galaxy. Analogous
results could be due to an analogous violent implosion of the nucleus. Here we shall
assume that the nucleus is currently in a state of a steady expansion or contraction, and
this property will enable us to examine the influence of a possible expansion or
contraction on the stellar trajectories in the main body. The assumption of a steadily
changing nucleus is not completely unjustified. Actually, in view of the presence of
strong emission in certain elongated galaxies in the direction of elongation, such an
explosive event has been used in explaining the galaxy’s elongated optical shape
(Bertola & Galletta 1978). More recently, Bergvall & Johansson (1985) suggested that
inflow or outflow mass motions in the active (double) nucleus of the southern galaxy
ESO 148-IG02 could partially justify the radial velocities corresponding to the
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observed absorption lines. Finally, we recall that even in the Milky Way the observed
asymmetry, between its two hemispheres, in the distribution of the radial velocities of
stars could be explained as a result of an explosive event, that occurred in the centre of
the Milky Way a few million years ago and still continues (Tayler 1978).
Finally we shall assume that the (prolate) nucleus is similar to the (oblate) galaxy of
Paper I, the main body is a typical elliptical galaxy in its linear dimensions, and the halo
is much less dense than the main body. More precisely, the masses, semi-axes, densities
and oblatenesses are:

for the nucleus,

(1a)

for the main body,

(1b)

for the halo.

(1c)

Obviously the linear dimensions of this elliptical galaxy are close to typical ones. The
total mass is about an order of magnitude larger than the masses, of the most massive
galaxies known today. Finally, note that the three ellipsoids have the same oblateness.
3. Evaluation of the coefficients of the Hamiltonian
The basic properties of the composite galaxy used here (axially symmetric and timeindependent distributions of mass and velocity of the gravitating source) are the same
as in Paper I. So in both cases the general form of the Hamiltonian function describing
slightly perturbed, equatorial circular, orbits of equilibrium is the same (see Equations
3.12 and 2.9 of Paper I; the notation is obvious)

terms of order four in ξ, z, R, Z

(2a)
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with
(2b)
where all the symbols have the same meaning as in Paper I.
In the present case all the potentials appearing in Equation (2b) have contributions
from the three ellipsoids of the composite galaxy, so that for each potential, we may
write symbolically
Q = Qn+Qb+Qh
(3)
where the subscripts n, b and h refer to the nucleus, main body and halo, respectively.
We shall mainly be interested in equilibrium orbits far from the nucleus and near the
surface of the main body, either inside or outside it (and, of course, inside the halo).
Therefore, the contribution Qn is evaluated in the far region of the nucleus, the
contribution Qb is evaluated near the surface of the main body, either interior to it
(along the lines of Paper I) or exterior to it, and the contribution Qh is evaluated interior
to the halo.
Under the above conditions, as it is outlined in the Appendix at the end, Equation
(2b) takes the form
W= Wn+Ub+Uh
(4)
where Wn, the internal analogue of W, is the nucleus’ total (namely, Newtonian and
post-Newtonian) contribution and Ub,Uh, the Newtonian gravitational potentials due
to the body and halo, are the only contributions of the latter two constituents to W.
Obviously the internal characteristics of the body and halo-ellipsoids are negligible
compared with the other terms of W.
Moreover, the Newtonian gravitational potential due to a homogeneous, prolate
ellipsoid, at a point interior to the ellipsoid, is given by Equation (A2) in the Appendix
of Paper I, eg.
(5)
with a similar expression for Uh (interior), where the coefficients A1, A2, as functions of
the eccentricity e of the ellipsoid, are defined by Equations (A6) and (A7) in the
Appendix. On the other hand, as outlined in the Appendix, for a point external to the
ellipsoid.
(6)
where Ι1, I2 and I3 are certain functions of r, z defined by Equations (A l0a, b, c).
Furthermore, for the evaluation of the superpotential Wn, we notice that the values of
the velocity potential Ur , Uj, Uz are required. In the Appendix it is proved that, if the
distribution of the three-velocities of the fluid motions of the prolate ellipsoid, for
|x| < αln , is of the form
(7)
where the nuclear angular-velocity vector of rigid-body rotation, Ω, and the constant
vector λ are along the positive z-axis,
(8)
then
(9)
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where Uϕ and λ are defined, respectively, through Equation (A14) and
(10)
Obviously λ > 0(λ < 0) implies an expansion (contraction) of the nucleus taking place
on its equatorial (x, y) plane (apart, of course, from the general circular equilibrium
motions, described by the first term on the right of Equation 7). It is of some interest to
note that according to the basic assumptions of Paper I concerning the motion of the
fluid (see Equation 14.4) λ is of the order of unity.
Finally for the evaluation of Wn in the far region of the nucleus, and in order to take
into account its internal characteristics, we must use the inertial-mass density of the
source [see Equation (31) of Contopoulos and Spyrou (1976) and Equation (3.22) of
Spyrou (1977)]. Then, as proved in the Appendix, by simple Taylor expansion we
obtain to the lowest order

(11)
where mn is the inertial mass of the nucleus.
As a final remark we notice that a direct consequence of Equation (10) and of the fact
that in the interior of the nucleus all the internal characteristics (v2, U, Π and p/ p in the
notation of Paper I) are smaller than Gmn /L, is that at the equatorial surface (r = α1n) of
the nucleus
(12)
where
(13)
is the Newtonian break-up angular velocity of the nucleus. In view of the condition (12),
the constant number λ takes a specific physical meaning. A direct consequence of
Equation (12) and the time-integrated Equation (10) is the equation
(14)
describing the time-evolution, of α1n due to the expansion or contraction of the nucleus.
All the previous results permit the evaluation of the coefficients of the Hamiltonian
function (2a). Specifically, Equation (5) for both the body and the halo, and (11) for the
nucleus, are suitable for equilibrium orbits near the interior to the surface of the body.
Also, Equation (6) for the body, Equation (5) for the halo, and Equation (11) for the
nucleus, are suitable for equilibrium orbits near the surface of the body and exterior to
it. The coefficients of the Hamiltonian are summarized at the end of the Appendix.
4. Numerical results and their discussion
In choosing the combination of dimensions and masses of the model galaxy (see
Equation 1), and the initial conditions of the orbits of the test particle (star), we have
restricted our attention to the ‘generic’ case of box-type orbits on a meridian plane of
the galaxy. In this way our results are as free as possible from resonant phenomena due
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to the existence of periodic orbits of low commensurability, which could obscure the
effects of post-Newtonian terms of the Hamiltonian.
In the above model galaxy, we calculated two types of nearly circular orbits lying
(i) just outside, and (ii) just inside the surface of the main body. We have not calculated
orbits crossing the surface of the main body, because the Newtonian gravitational
potential Ub is not differentiable there. The general characteristics of both types of
orbits and their dependence on the internal characteristics of the nucleus were found to
be qualitatively similar, the only difference being that the post-Newtonian effects were
weaker on the orbits of type (ii), due to their larger mean distance from the nucleus. For
this reason we present here only the results for orbits inside the main body, which, in
addition, were faster to integrate numerically.
As in Paper I, the box-type orbits considered here fill only a curvilinear rectangle (see
Equation I4.10) inside the zero-momentum curve, due to the existence of a second
KAM-type integral of motion, beyond the Hamiltonian (2a). The width Δξ and the
height Δz of this rectangle were used as a measure of the changes induced in the orbit by
the rotation and expansion (or contraction) of the nucleus. (For a discussion on the
possible complications of the use of this rectangle, see Binney, Gerhard & Piet 1985.
The integrated orbits are perturbations of equatorial circular orbits of radius
r0 = 3.7 kpc,

(15)

and are of two types (a) and (b). A type (a) orbit stays close to the equatorial plane and
has initial conditions

ξ0 = 0.3 kpc, z0 = 0, R0= 0, Z0 = 30 km s–1,

(16)

and a type (b) orbit departs from the equatorial plane and has initial conditions

ξ0 = 0.05 kpc, z0 = 0, R0= 0, Z0 = 1300 km s–1,

(17)

The results are presented in Figs 1a–4a for type (a) orbits and Figs 1b–4b for type (b)
orbits. In Figs 1 and 2 we plot Δξ and Δz, respectively, as functions of the angular
velocity of nuclear rotation (Ω) for a constant value of the relative rate of change of its
r/r (or, equivalently, λΩ; see Equation 10). In Figs 3 and 4 we plot Δξand Δz,
respectively, as functions of r/r for a constant value of Ω. It is interesting to note a
fundamental difference between Figs 1 and 2 on the one hand and Figs 3 and 4 on the
other. At first sight Figs 1 and 2 imply a linear dependence of Δξ and Δz on Ω, while Figs
3 and 4 imply a quadratic dependence of the same quantities on λΩ. In addition, Figs
l(a, b) imply that the effect of a nonzero value of λΩ is simply superimposed on the
effect of a finite Ω, which would imply the independence of the two processes from one
another. However, on a more careful look, small deviations of the ‘experimental’ points
from the straight line can be detected, a feature more prominent in Figs 2 (a, b). Those
deviations are well within the accuracy of the orbit-integration routine; and
should
therefore
be
taken
as
real.
In
this
way
the
functions
Δξ(Ω; λΩ = const) and Δξ(λΩ; Ω = const) are linear functions only to a first approximation. Since the slopes of the curves in Figs 1 (a, b), describing Δξ(Ω), for the orbits of
types (a) and (b) respectively, are of opposite sign, the only simple conclusion that can
be deduced from Figs 1 and 2 is that an increase of Ω compresses the height of the boxtype orbit in this galaxy. These results are in agreement with Paper I and if the box-type
orbits are the back-bone of this galaxy (Gerhard & Binney 1985), it implies that the high
angular velocities of the nucleus contribute to the flattening of the galaxy. We recall that

8

N. Spyrou & H. Varvoglis

Fig. 1. Width Δξ of a box-type orbit with (a)ξ0 = 0.3 kpc, and (b)ξ0 = 0.05 kpc, as a function
of Ω, for constant r/r and three values of λ (λ = 3.5×105 for circles ●, λ = –2.5 × 105 for squares
■, and λ = 0 for triangles Δ).

similar argument has already been used in explaining the solar oblateness (Dicke &
Goldenberg 1967).
With regard to the expansion or contraction of the nucleus, we observe that they
both contribute to an increase of both Δξ and Δz, but not by the same amount, the
contribution of the contraction being larger. It should be noted also that the inclusion
of a nonzero angular velocity of the nucleus tends to cancel out the differences between
r/r of opposite signs. Therefore, the effects of Ω and r/r are not additive, even in a first
approximation, and this is more pronounced in Fig. 4b.
A final remark is necessary on the dependence of our results on the initial conditions
of the trajectories. As were marked at the end of Section 2, the nuclear mass was selected
high, in order to produce easily detectable effects. However, in the course of our
numerical calculations we found that the action of the main body and the halo on a test
star tends to suppress the post-Newtonian effects of the nucleus in a rather complicated
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Fig. 2. Height Δz of a box-type orbit with (a) ξ0= 0.3 kpc and (b) ξ0 = 0.05 kpc, as a function
· and the three values of λ as in Fig. 1.
of Ω, for constant r/r

way, depending on the initial conditions of the trajectory. The net result of this effect is
that, if the masses of our model galaxy are reduced by an order of magnitude and the
nuclear rotation and expansion (or contraction) velocities as well as the initial
conditions of the trajectories are scaled down accordingly in a consistent way, we get
post-Newtonian effects that are qualitatively the same and of the same order of
magnitude as the ones presented in this work.
Hence, in view of all the above, the results of the present paper can be summarized as
follows: (i) We have studied the dynamics of a massive elliptical galaxy, composed of a
relativistically active nucleus, a main body and a halo. (ii) We have proved that to postNewtonian accuracy the internal characteristics of the nucleus (rotation and expansion
or contraction) affect the properties of the box-type orbits near the surface of the main
body, (iii) The post-Newtonian modifications indicate a flattening of the galaxy, in
accordance with observations.
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Fig. 3. Width of a box-type orbit with (a) ξ0 = 0.3 kpc, and (b) ξ0 = 0.05 kpc, as a function of
r/r for constant Ω (λ > 0, Ω = 6.5 × 104 for circles ●; λ < 0, Ω = 6.5 × 104 for squares ■; λ > 0,
Ω = 0 for crosses +; λ < 0, Ω = 0 for triangles ▲).
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Fig. 4. Height Δz of a box-type orbit with (a) ξ0 = 0.3 kpc, and (b)ξ0 = 0.05 kpc, as a function
of r/r, for constant Ω and the four pairs of values of λ and Ω as in Fig. 3.
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Appendix
I

In view of Equation (3) in the text, Equation (2a) is written

(A1)
The assumed parameters of the three ellipsoids imply the following order-ofmagnitude relations between Newtonian (N) and post-Newtonian (PN) parts
(A2)
(A3)
(A4)
(A5)
according to which the Newtonian contribution of the body to W is of the same order
of magnitude as the post-Newtonian contribution of the nucleus. Consequently the
terms in the last parenthesis of Equation (Al) are all smaller than (Un/c2)3 and
Equation (4) follows.

II
As far as the Newtonian gravitational potentials Ub and Uh are concerned, it is rather
straightforward to prove that Equation (40) of Chandrasekhar (1969; or Equation (A2)
in the Appendix of Paper I), in the case of a point interior to a homogeneous prolate
ellipsoid (α1= α2 < α3), reduces to Equation (5) in the text, with
(A6)
and
(A7)
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III
Moreover, at a point exterior to a homogeneous, prolate, triaxial ellipsoid, the
Newtonian gravitational potential is (see Equation (70) of Chandrasekhar 1969)
(A8a)
where xi are the Cartesian coordinates of the field point,
(A8b)
and the value of the ellipsoidal coordinates ϑ is found as the solution of the equation
(A8c)
In the special case of a prolate ellipsoid, Equation (A8c) reduces to a binomial equation
in ϑ, whose acceptable solution is
(A9)
and it is a matter of some algebra to verify that Eq. (A8a) reduces to Eq. (6) in the text,
with
(A10a)
(A10b)
(A10c)
e and ϑ being given by Equations (17) and (A9) respectively.
IV
Generally, in view of Equation (7), Chandrasekhar’s (1969) velocity potential Ua (in
Cartesian coordinates centred at the ellipsoid’s centre of symmetry) and in the far
region of the nucleus, by a simple Taylor expansion, reduces, to lowest order, to

(A11)
where
(A12)
is the moment of inertia of the nucleus. In order to determine the velocity potentials in
cylindrical coordinates Ur and Uφ we compare Equation (All) for α = 1 and α= 2,
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respectively, with the first and second of Eqs (21) of Spyrou & Dionysiou (1973). Thus
we verify that the values of Ur and Uφ determined in these two cases are compatible with
each other, provided that
(A13)
Ixx = Iyy ≡ I
This condition is obviously satisfied for the assumed nucleus. More precisely we recover
the first of Equation (9) with
(A14)
In a similar way for α = 3 we find
(A15)
from which we recover the second of Equations (9) provided that Equation (8) is valid.
V
In evaluating Wn we simply substitute in Equation (2) ρ by the inertial-mass density and
Taylor expand, thus obtaining
Wn (far region) =

(A16)
where the symbol On stands for terms of order n in the small parameter L/D, L and D
being in orders of magnitude the linear dimensions of the nucleus and |x|, respectively.
We point out that the vanishing of the last term on the right of Equation (A16)is exactly
the Newtonian virial theorem for a bounded perfect-fluid configuration (Spyrou 1977;
Spyrou 1978). The validity of the virial theorem does not contradict the assumption of a
contracting or expanding nucleus, because the fluid’s velocity ν appearing in the
occupation
(A17)
is the total velocity (see Equation 7).
Furthermore, the validity of the virial theorem in the present case can be inferred
from the following considerations. Noticing that the lowest-order term in Equation
(A16) (apart from the one with d2Ipp/dt2) is –4GJIΩ/ |x|3, and if the time-scale
associated with the change of IPP is T, then the last term of Equation (A 16) will be
negligible compared to the previous one, provided that
(A18)
where
(A19)
For the model galaxy considered here the condition (A18) is valid, i.e. the timescale
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associaed with the changing nucleus is much larger than a typical timescale
characterizing the nucleus. Under such conditions Equation (A16) reduces to
Equation (11).
VI
Using the previous results we find
(A20a)
(A20b)

(A20c)
(A20d)
(A21a)

(A21b)
(A21c)

(A22)
The corresponding derivatives of Ub (interior) and Un (interior) are evaluated in the
same way as in Paper I, while those of Ub (exterior), although evaluated, on the basis of
the recurrent formulae (A 10a, b, c) are not given here due to their complexity and
length.
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