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Abstract. We present the condition of vanishing shear in a spatially
homogeneous spacetime in terms of the Ricci rotation co-efficients
corresponding to an orthonormal tetrad (vα, Αηα) (where vα is the unit vector
along the time axis and Aηα are the three independent reciprocal group
vectors). Assuming that the velocity vector can be expanded in the direction
of vα and any one of the Αηα’s it is shown that shear-free motion is possible
only in case of some special Bianchi types, and these cases are studied
assuming the velocity vector to be geodetic and that there may be a
nonvanishing heat flux term.
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1. Introduction
While spatial isotropy is usually introduced as a basic assumption in standard
cosmological model, there is obviously an appeal in examining the effect of weakening
this assumption. It is perhaps from this motivation that an extensive study of spatially
homogeneous models has been made in which the velocity of the cosmic matter (taken
as perfect fluid) is assumed to be shear-free, but the stronger assumption of spatial
isotropy is left out. Even with this weaker assumption, Collins & Wainwright (1983)
found that besides the Friedmann metric there exists only one solution for irrotational
motion of a perfect fluid with (ρ + p) ≠ 0, satisfying equations of state p = p (ρ), given
by the metric
(1.1)
where L and m are constants, and
(1.2)
The prime denotes differentiation with respect to b. However, even the above solution is
physically unacceptable since at a finite x-coordinate a singular hypersurface is reached
at which both the density and pressure diverge (Mashhoon & Partovi 1984).
The assumption of spatial isotropy leading to the FLRW metric automatically
excludes the possibility of fluids with shear viscosity and/or heat flux (as with the
FLRW metric R11 = R22 = R33 and R0i = 0, where the subscript 0 indicates the time
coordinate and the roman index i (= 1 – 3) stands for the three space-coordinates),
unless one makes a very artificial tuning between shear and heat flux so that the non-
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diagonal components of Tkl continue to vanish (Coley & Tupper 1984). With the
weaker assumption of shear-free motion for spatial homogeneous universes this is not
so. Nevertheless, as we are assuming a shear-free motion, the shear-viscosity is
eliminated and we can contemplate the existence of only an energy flux. We investigate
whether that can be accommodated in a spatially homogeneous universe with shearfree motion.
For the Bianchi Type-I metric the study has already been made by us in a previous
paper (Mukherjee 1983). In the present paper we first derive a general relation involving
the Killing vectors Αξα (the greek index α runs from 0 to 3, A numbers the Killing vectors
and runs from 1 to 3) of the isometry group and the velocity vector uα, for shear-free
motion. Finally we express these in terms of the structure constants of the isometry
group and take up the case for different Bianchi types.

2. Mathematical preliminaries
In a spatially homogeneous spacetime with the metric
(2.1)
three spacelike Killing vectors satisfy the following relations
(2.2a)
(2.2b)
From (2.2b) one gets
(2.2c)
α

The three linearly independent reciprocal group vectors Aη are defined by (Eisenhart
1964)
(2.3a)
(2.3b)
where
(2.3c)
Α

i

ζl being the inverse matrix of Αξ .
Equations (2.3b) are completely integrable and Aη i satisfy the following relations
(2.4)

We can choose the solutions of (2.3b) in the following form
and

(no summation on rhs)

(2.5a)
(2.5b)

where T A’s are functions of t alone and Aη–i’s are function of spatial coordinates only.
The vanishing of Lie derivative of Einstein's tensor Gßα with respect to each Killing
vector requires that the Lie derivative of Tβα with respect to each Killing vector must
vanish. Thus taking the matter energy tensor Tβα of the form
(2.6)
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(where ρ, p, uα , qα are the matter density, pressure, velocity vector and heat flux vector
respectively) we notice that corresponding to each Killing vector we shall have ten linear
homogeneous equations in the Lie derivative of ten variables ρ, p, uα and qα . (Of course
they are not independent as uαuα = 1 and uα qα = 0). Hence in general, Lie derivatives of
ρ, p, uα, qα with respect to each Killing vector vanish and we get,
(2.7a)
(2.7b)
(2.7c)
From Equations (2.7b) and (2.7c) we get (cf. deduction of (2.4) from (2.3b))
(2.8a)
(2.8b)
Hence from Equations (2.3b), (2.8a), (2.8b) we get
(2.9a)
(2.9b)
With
(2.9c)
and
(2.9d)
where P, M, QA, NA are functions of t alone.
From (2.3a) and (2.3b), δ0α and Aηα constitute an orthonormal tetrad .In the following
sections we base our analysis on this tetrad.

3. Shear-free velocity field
From the definition of the shear tensor
(3.1)
we have σαα= 0 and σα β uβ = 0. Hence the vanishing of the six components σik lead to the
vanishing of all the ten independent components of σαß.
With σik = 0 one gets σik Αξ i Bξ k = 0, i.e.,
(3.2)
Using
one gets from (3.2)
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(3.3a)

where
(3.3b)
Although equation (3.3a) looks quite simple it is not very useful, since a group is
characterized uniquely by the constants of structure rather than by the Killing vectors
(which may be replaced by any independent linear combination). We therefore express
the vanishing of shear in terms of the Ricci rotation coefficients which are linearly
related with the structure constants.
The vanishing of all the six independent tetrad components of the shear tensor
written explicitly give
(3.4a)
(3.4b)
(3.4c)
(3.4d)

(3.4e)

(3.4f)
where,

The γ-symbols are the Ricci rotation coefficients. (Zero numbers the vector δ0α with
γ0AB = 0 (for Α ≠ Β) and γABo = 0.)
The Equations (3.4a) to (3.4f) are extremely complicated essentially due to the fact
that we have taken the vectors uα and qα to have components along all the four tetrad
vectors. In case of Bianchi type-I metric we have found previously (Mukherjee 1983)
that one can get a solution of uα and qα having components along the time axis and only
along one reciprocal group vector. We take this result to hold quite generally for all the
Bianchi types. This may be looked upon as a simplifying assumption although we
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believe that it is generally true. Thus we get in place of (2.9)
(3.5a)
(3.5b)
and the condition of shear-free motion reduces to
(3.6a)
(3.6b)
(3.6c)
(3.6d)
(3.6e)
(3.6f)
The last three of the above set of equations give
γ 121 = γ 131 = 0,

(3.7a)

γ 123 + γ 132 = 0.

(3.7b)

Now γABC’s are related to the structure constants by the relation (Heckmann &
Schüking 1962).
(3.8)
–A
where D BC
’s are the constants of structure of the reciprocal group given by
(3.9)
and they are negative of those of the original group (Taub 1951). So, translating the
conditions (3.7a), (3.7b) in terms of the structure constants we have
(3.10a)
(3.10b)
A
These D ABC’s are functions of t in contrast to the usual structure constants CBC
(which are
purely constant) because of our special choice of the orthonormal tetrad. In fact D ABC
A
and T BC
are related by

(no summation on rhs).

(3.11)

Hence (3.10a, b) can be written as,
(3.12a)
(3.12b)
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A
As the C BC
’s are time-independent constants, Equation (3.12b) shows that either
A
3
are taken as ± 1). Hence the last three
= C12 = 0 or T2 / T3 = 1 (as usually CBC
conditions of (3.6) reduce to
either
(3.13a)

2
C31

or
(3.13b)
Noticing that
(3.14a)
and
(3.14b)
the first three Equations of (3.6) can be written as,
(3.15a)
(3.15b)

(3.15c)
The expressions for the tetrad components of the vorticity tensor are
(3.16a)
(3.16b)
(3.16c)
(3.16d)
(3.16e)
(3.16f)
Comparing (3.16) with (3.13) we find that in our case the vorticity is nonvanishing if
(3.17)
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Now we are in a position to investigate the possible shear-free model for different
Bianchi types. For convenience we put the results in Table 1. So far no restriction is
imposed on the energy-stress tensor.

4. Solutions with heat flux
From Table 1 it is seen that Bianchi Types III, IV and VI do not allow a shear-free
velocity field irrespective of the choice of the matter-energy tensor. Moreover, of the
possible shear-free models, Bianchi Types II, VIII and IX have the vorticity
nonvanishing. It is interesting to note that perfect fluid solution cannot be accommodated to any of these types (i.e. for the Types II, VIII and IX), since with the velocity
vector (3.5) T01^ = Toi 1η i ≠ 0 if (ρ + p) ≠ 0, while G01^ = G0i 1η i = 0 identically for
these types. Hence for a homogeneous universe with shear-free perfect fluid, ωθ =0
(for (ρ+ p) ≠ 0) automatically satisfied.
For the irrotational shear-free universe, Bianchi Types V and VII can apparently
accommodate perfect fluid solution. However, with the shear-free restrictions (3.13),
Bianchi Types V and VII behave identically and the set of equations are found to be that
due to Collins & Wainwright (details omitted here).
For the discussion of heat flux we classify the solutions into two distinct types (Ι) ω
= 0 (II) ω ≠ 0. In either case the equations are complicated but are under-determined.
Hence we may adjoin some simplifying assumption. The assumption which we have
adopted here is that the velocity vector is geodetic, although under the circumstances
this assumption appears rather artificial.
Now, with the velocity vector (3.5) the acceleration vector can be written
(4.1)
where the last term has no contribution due to the constraints imposed on the structure
constants by the shear-free velocity field. So the condition that the velocity vector is
geodetic is given by
Q= Τ1

(after a trivial scale transformation).

(4.2)

Now we proceed to investigate the different Bianchi types separately.
4.1 Category I. Shear-free Irrotational Universe (σ = ω = 0)
4.1.1 Type I
Α special solution of this type has been obtained by us (Mukherjee 1983). Here we
present a solution with the assumption of geodesicity of the velocity vector. T01^ = 0
requires
(4.3a)
(4.3b)
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The nontrivial components of the Einstein’s field equations SAB = GAB + 8πΤΑΒ = 0
are,
(4.4a)

(4.4b)

(4.4c)
.
As from Table 1, Ρ = T1 / T2, the assumption uα = 0 gives
(4.5a)
i.e.,
(4.5b)
So, with the help of Equations (4.4a) to (4.4c) we have
(4.6a)
so that
And

T1 = tan kt

(4.6b)

T2 = sin kt

(4.6c)

where k is the integration constant, another integration constant being absorbed by a
suitable scale transformation.
The expressions for the pressure and density are given by,
(4.7a)

(4.7b)
Though the energy density is positive, the pressure as well as (ρ + p) are negative.
The heat flux vector is given by
(4.7c)

(4.7d)
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4.1.2 Types V & VII
In these types S01^ = G01^ + 8T01^ is the only non-diagonal nontrivial component, which
exists together with the diagonal components. The components are written out
explicitly below.
For Type V:
(4.8a)

^

(4.8b)
(4.8c)

(4.8d)
Along with these field equations we have the shear-free condition
(4.8e)
For Type VII:
(4.9a)

(4.9b)
(4.9c)

(4.9d)
and
(4.9e)
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where h is a constant.
– The set of Equations (4.9) is reduced to the set (4.8) if one identifies
T1 of (4.8) with √h Τ1 of (4.9). Now imposing the restriction of geodesicity we obtain
from the set of Equations (4.8)
(4.10)
This can be integrated to give
(4.11)
An integration constant is absorbed using a scale transformation on time.
The scalars p, ρ and θ are given by
(4.12a)
(4.12b)
(4.12c)
(4.12d)
From the above solution it is seen that with C < 0 the energy density is always positive
while the pressure may not. Considering the specific case C = 0 we have
(4.13a)
and the scalars are
8πp = – 3,

(4.13b)

8πρ = 3,

(4.13c)

θ = 3,

(4.13d)

M = 0.

(4.13e)

The heat flux vanishes and we can consider this to be a solution corresponding to false
vacuum which is mathematically equivalent to a cosmological term.
4.2 Category II. Rotating Shear-Free Model with Heat Flux (σ = 0, ω ≠ 0)
Bianchi Types II, VIII and IX fall in this category. All these types also correspond to
class A model (i.e. CAAB = 0, no summation on A) according to the classification by Behr
(1962).

270

Gangabrata Mukherjee

Here, for all types, P = T1 / T2. Hence the components of heat flux vector, the
relationship between T1 and T2 obey the same relationship as in Type I (Equations 4.3a,
4.3b, 4.5a, 4.5b).
The nontrivial components of Einstein's equations are listed below.
Type II:

(4.14a)
(4.14b)

(4.14c)
Type VIII:

(4.15a)

(4.15b)

(4.15c)
Type IX:

(4.16a)
(4.16b)

(4.16c)
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With the assumption of geodesicity we can have a differential equation for T1 for each
type:
(4.17a)
(4.17b)
(4.17c)
These equations can be integrated once, and the results are
(4.18a)
(4.18b)
(4.18c)
We have calculated the pressure and density in terms of T1 in the three cases. For Types
II and VIII both these scalars turn out to be negative. For Type IX, with (4.18c) the
pressure and density are given by
(4.19a)
(4.19b)
It turns out that with the positive value of the integration constant K, the energy density
is positive always whereas the pressure is not. Both the pressure and energy density are
always positive if Κ is negative and bounded by some limits which can be found from
(4.19a) and (4.19b).
The restriction condition (p > 0, ρ > 0, ρ – 3p > 0) lead to the following inequality:
(4.20a)
But as the solution (4.18c) is possible if

and
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identically, the limit on | Κ | can also be expressed as
(4.20b)
The magnitude of M and Ν are given by
(4.21a)
(4.21b)
(4.21c)

5. Concluding remarks
Careful investigations have revealed that both the redshift from distant galaxies and the
microwave background radiation have small anisotropies which are primarily of the
dipole form. It seems natural to attempt an interpretation of these dipole anisotropies
in terms of a peculiar velocity of the observer’s frame rather than to accept the
anisotropies as intrinsic. But as the anisotropy patterns are not identical in the two
cases, we arrive at two velocities in this way different both in magnitude and direction
(Cheng et al 1979; Hart & Davies 1982; Raychaudhuri 1979; Rubin et al. 1976; Smoot,
Gorenstein & Miller 1979).
The present paper may be looked upon as an attempt to resolve the above difficulty.
The shear-free velocity field ensures an isotropy of the redshift while the anisotropy of
the MBR is associated with the energy flux. However, we have made no attempt to have
a quantitative comparison with observations.
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