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Abstract. We present a detailed study of the inhomogeneous StephaniKrasiński solution with time-dependent curvature index. In general, the
cosmological behaviour of the models depends on six arbitrary functions of
time. Such models are termed ‘private universes’ and cannot be in accord with
observation in the most general case. Two simple models with changing
topology are considered as illustrating examples. In one of these models the
pressure turns out to be negative and hence a violation of the weak energy
condition in the singularity theorems is possible. A brief review of other
inhomogeneous cosmologies is included for the sake of clarity. It is shown
that the geodesic equation can be reduced to a complicated differential
equation, which depends on the three arbitrary functions involved. Therefore,
it is difficult to obtain explicit formulas for the various observational
relations.
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1.

Introduction

In 1967, Stephani (1967a, b) constructed some new solutions of Einstein’s field
equations, which can be embedded in a flat five-dimensional space (see Goenner 1980;
Stephani 1983, for general reviews of such imbedding classes). However, no relation to
the cosmological problem was given. Recently, Krasiński (1980) has reported on his
investigations of space-times with intrinsic spherical symmetry in the sense of the
definition due to Collins (1979). (See also Collins & Szafron 1979 a, b; Szafron &
Collins 1979.) According to Krasiński a ‘new’ solution was found, but remarks in an
added note state that the solution was already found by Stephani (1967a) (see his
solution 15). Since then this Stephani–Krasiński (SK)-solution has often been
advocated by Krasiński as a viable model of the universe (Krasiński 1981, 1982,
1983a, b, 1984a, b).
One of the main differences between the SK-model and the standard
Friedmann–Robertson–Walker (FRW)-models is reflected by the time-dependence of
the curvature index k = k(t) of three-space. By setting k=const, we rediscover the
FRW-models with k=(0,1,–1) according to the various fixed topologies (flat, closed,
open) the models might have. In contrast to the FRW-models, the SK-model may
appear in general to have a positive curvature at one time and a negative one at another.
Thus the SK-model seems to be an interesting model of the universe with changing
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topology. However, some critical points must be clarified and hence a detailed study of
the SK-model will be given in this paper.
Let us take a closer look at the various publications of Krasiński. The papers of
Krasiński (1980,1982,1983b) are brief reports given at various conferences with only a
short discussion of the SK-model. The basic paper (Krasiński 1981) can be termed a
review of spacetime solutions with spherically symmetric hypersurfaces, essentially
with no cosmological discussion of the SK-model. The reports of Krasiński (1984a, b)
are mainly concerned with some more general cosmological models which are solely
due to him, with some repetitions of the properties of the SK-model. The only
discussion of the cosmological implications of the SK-model in some more detail is
given by Krasiński (1983a). We make the following comments.
Solutions with k = k(t) have been first discussed by Wesson (1975a, b, c) (see Section
2 here). The papers of Wesson seem to be unknown to Krasiński (1981). However, in his
paper, Krasiński (1983a) is aware of the solution given by Bergmann (1981), which
represents a cosmological solution with k=k(t) in case of an energy-momentum
tensor of heat flow. Next we observe that no relation to the original Friedmann
equations is given by Krasiński. We refer to Equations (34) and (35) of Krasiński (1981)
and to Equations (5) and (6) of Krasiński (1983a). Thus it is not clear how the
connection with the dynamical field equations for the various cosmological functions
(world radius, energy density, etc.) in the FRW-models is given in the limiting case, k
= const. It should be noted that the evolution of the SK-model depends in general on
six arbitrary functions and therefore represents actually a whole class of solutions,
which according to this fact may be termed ‘private universes’ (see below for further
justification). We believe that this point has to be clarified, since it has been claimed by
Krasiński (1983a) (but not proved) that by choosing the arbitrary functions appropriately one can make the predictions of the SK-model arbitrarily close to the
predictions of the FRW-models.
Another point is that Equation (31) of Krasiński (1981) is given in a representation
from which it is not obvious (contrary to the statement given by the author) that
Equation (33) is the desired solution, which is crucial for the main differences between
the FRW-and the SK-models. Equation (31) is an identity for the FRW-models, but for
the SK-model with k=k(t) being not a constant we obtain a high degree of freedom in
choosing the corresponding cosmological functions. For instance, the energy density of
the perfect fluid matter incorporated in the SK-model turns out to be an arbitrary
function of time. The same applies to the expansion parameter, which characterizes the
Hubble ‘constant’. Since one is free to choose any functions for these cosmological
quantities we have called such models ‘private universes’. It follows that one has to be
cautious in considering the general SK-model as a viable model of the real universe.
Assuming the energy density of matter to be a constant from the very beginning, we
rediscover the de Sitter solution, being foliated in an exotic way in the given coordinate
system of the SK-model (see metric 1). It is this well-known solution which has been
discussed by Krasiński (1983a) (assuming the simple law k = k(t) = – t) and not the
SK-model. The SK-model in its most general form has not been discussed by Krasiński
as an alternative description of the universe. In Krasiński (1983a) the author restricts
himself to an analysis of the global geometry of the SK-model on the hypersurfaces
t = const, on which we have also k = const. It is therefore not too surprising that the
obtained formulas (20)-(22) for the radial length are essentially the same as in the FRWmodels (see, e.g. Weinberg 1972; Zel’dovich & Novikov (1983).
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In Section 2, we present a short review of inhomogeneous cosmologies. Ellis,
Maartens & Nel (1978) have discussed the viability of static, spherically-symmetric
(SSS) cosmologies as an alternative description of the universe. The SK-and the SSSmodels are two explicit examples of nonstandard cosmologies which are not based on
‘philosophical principles’ (Ellis 1984). We make some critical remarks. It is also worth
comparing the analysis of the SK-model with the various studies of the so-called
Tolman-Bondi (TB) solutions, which have been made over the last 50 years. The
solutions of Wesson (1975a, b, c) with k = k(t) are only special cases of the TB-models.
In Section 3 we present a complete discussion of the SK-field equations. We believe that
our representation is much more transparent than that given by Krasiński (1981). The
generalized Friedmann equations are given in an explicit form. From
the mathematical
.
·
point of view it is not too surprising that the FRW-models with k.. = 0 are contained as
special cases in the SK-spacetimes. However, assuming k· ≠ 0 from the very beginning,
the Laplacian Dämon is free to choose the initial values of the arbitrary functions,
which determine the behaviour of the general SK-models. We present a simple example,
which is not in accord with observation. A more serious approach is to ask for some
physical criterion to decide whether the SK-model can be made compatible with
observation, at least from a given moment. We consider also the Raychaudhuri
equation.
In Section 4 we turn to a discussion of some cosmological tests. The geodesic
equation is derived for the first time and a search for explicit solutions is made. For the
sake of completeness, we present a short derivation of the field equations in Appendix.
2. Inhomogeneous cosmologies: a brief review
The SK-model belongs to the large class of inhomogeneous solutions of Einstein’s field
equations (see MacCallum 1979,1984 for reviews). The corresponding metric is given
by
(1a)
where

(1b)

The function D obeys the simple equation
(2)
·
where F = F(t) denotes an arbitrary function, ( )' = d/dr and ( )· = d/dt. It should
be noted that metric (1) is not the most general form possible (Krasiński 1981; Martinez
& Sanz 1985). However, we restrict ourselves to this ‘ansatz’ since it is obviously the
simplest generalization of the standard FRW-metric
(3)
with k = (0,1, –1). By setting k = 0 it follows from Equation (2) that D = 1 (without
loss of generality) and by the final transformation r = r/V we obtain metric (3) as
desired. No such transformation is possible in the general case k≠ 0.
According to Krasiński (1981), his study of the SK-model as an alternative
description of the universe was motivated by the criticism of standard cosmology by
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Ellis. Ellis has revised and improved his standpoint several times during the last ten
years (See Ellis 1975,1978,1980,1984; Ellis, Maartens & Nel 1978; Ellis & Perry 1979;
Ellis et al. (1985). A simple inhomogeneous model has been discussed by Ellis (1978)
and Ellis, Maartens & Nel (1978) in thought-provoking articles. The metric of the
corresponding static, spherically-symmetric (SSS) spacetime is given by
(4a)
where

(4b)

and the source of the gravitational field is assumed to be a perfect fluid as in the SKmodel. Can the observations be explained by means of this simple model? By
comparison of the two metrics (1) and (4) we see that the situation is much simpler in the
SSS-model. The scalar quantities n, ε, p (number density of galaxies, energy density,
pressure) depend only on the radial coordinate r and the basic observational relations
are determined in terms of the functions D, f, and n. The corresponding redshift can be
explicitly calculated and is given by the simple expression
(5)
where De= D(re) is the position of the source. By using only the kinematic approach
(see Ellis 1971) one can make a nonstandard cosmological model that reproduces
precisely any spherically symmetric observations that are made of the universe on the
basis of the standard FRW-models. However, this is true only if one does neglect the
influence of matter, which must obey the corresponding field equations with some
reasonable equation of state. It has been shown by Ellis, Maartens & Nel (1978) that
one cannot obtain a good fit to the observed (m, z) relation if the Einstein field
equations are taken into account. Thus the more optimistic statements due to Ellis
(1978) have had to be revised. Moreover, it has been shown by Collins (1983) that if the
equation of state is of the form p = (γ – 1) ε, γ ≠ 0,1, the SSS-models turn out to be
unphysical. The difficulty arising is due to the fact that the field equations are not
regular at the centre, r = 0. No such critical remarks can be found in the various papers
of Krasiński.
We now turn to the so-called Tolman–Bondi (TB) solutions to see whether the
situation is much better in these models and if we could get some insight which may
have applications to the SK-models. The TB-solutions have been discussed by many
authors during the last half century. In general it is believed that the most fundamental
studies are due to Tolman (1934a) and Bondi (1947). However, both authors referred to
Lemaiîre’s (1933) prior discovery so it is curious that the solutions are called the
Tolman–Bondi models (see also Peebles 1984). The corresponding metric is given by
(6a)
where
(6b)
with the matter content taken as dust (p = 0), in general, with a nonvanishing
cosmological term Λ. The corresponding energy density ε is given by
(7a)
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and the function R = R(r,t) must be a solution of
(7b)
Special solutions to Equation (7b) under restricted conditions have been given by
Tolman (1934a), Datta (1938), Bondi (1947) and Omer (1949), the most general solution
being due to Omer (1965). There are also some discussions of the TB-model in the
books of Zel’dovich & Novikov (1971) and Landau & Lifshitz (1981).
The solution of Wesson (1975a) is given by the ‘ansatz’
(8a)
and the corresponding metric may be recast in the familiar FRW-form (3):
(8b)
Where

(8c)
The sign of the curvature scalar k is determined by ε0 = ε0 (t). If the simplest case,
ε0 = t–n, Λ = 0, are adopted then the dividing line between positive and negative k
occurs at n = 2:
(9)
A similar consideration can be made in the SK-model (see our Equation (17). However,
the energy density ε in the SK-model is given by ε = ε (t) = 3C2 (t) and not by
ε = ε(r, t). Moreover, the p = 0 condition reduces the SK-model already to the FRWsolutions. Thus the cosmological behaviour of the SK-model is completely different
from that possible for the TB-models
The observational implications of such special TB-models have been discussed by
Wesson (1975b, c). However, we have some doubts that one can deduce the
corresponding redshift relation (see Equation A6; Wesson 1975c) as a solution of the
geodesic equation. No such deduction was given by Wesson. Further discussions of
inhomogeneous cosmologies are given in the papers of Wesson (1978a, b, 1979). For
the more general TB-models the discussion of the redshift relation has a long history.
The first step into this direction was given by Bondi (1947). A calculation of z = z(r, t)
was made and a rather complex expression containing both the velocity shift and the
Einstein shift was obtained. A more general discussion of the geodesic equation was
given by Omer (1949) and more recently by Hellaby & Lake (1984,1985) and Ellis et al.
(1985). The corresponding differential equation has thus far proved intractable. This is
mainly due to the nonexistence of a conformal Killing vector in such spacetimes. This
property is shared by the SK-model and also by the more general inhomogeneous
models due to Szekeres (1975), which have no Killing vector at all (Bonnor, Sulaiman &
Tomimura 1977). It has been shown by Dyer (1979) and Szekeres (1980) that infinite
blueshifts can occur along radial rays in the TB-models. Thus one has to be very
cautious in considering the TB-models as representing the universe in the large. Further
cosmological implications of the TB-models can be found in the papers by Bonnor
(1972), Korkina (1975), Mavrides (1976), Miller (1976), Silk (1977), Ellis, Maartens &
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Nel (1978), Eardley & Smarr (1979), Olson & Silk (1979), Zel’dovich & Grishchuk
(1984), Lake (1984) and Stein-Schabes (1985).

3. Field equations and their solutions
The SK-model is a solution of Einstein’s field equations with a perfect fluid source
(10)
where Gµ ν denotes the Einstein tensor (given in the appendix), Τµν the energymomentum tensor of the perfect fluid matter, uµ the velocity four-vector, and ε and p
are, respectively, the density and pressure of the fluid. The corresponding metric gµν is
given by (1a, b).
We present a complete discussion of the field equations. From (A10) we find that

(11a)
where the Einstein tensor G µv has been computed by
(11b)
where εαβγδ denotes the four-dimensional Levi–Civita pseudotensor with ε0123 = 1.
(Vertical bars around the indices mean summation extends only over µ < v, ρ < σ.) It
follows that
(12)
The crucial equation is given by G01 = T01. In general we could have u1 ≠ 0, which
yield a tilted model (see Lorenz 1982, for a discussion of tilted models) and which
should be a generalized SK-model (Krasiński 1981). However, the original SK-model is
given by u1 = 0, i.e., the perfect fluid is moving along t-lines. In this case the G01 = 0
field equation may be recast into the simple form
(13a)
from which we obtain the general solution
(13b)

where F = F (t) is an arbitrary function of t. It follows that
(13c)
By comparison, we see that our Equation (13a) is much more transparent than the
one given by Krasiński (1981: Equation 31) and the general solution (13b) is obtained in
an easy manner. From Equation (13c) we conclude that k· = 0 implies that D= D(t),
which, without loss of generality, may be assumed to be equal to 1 (after a simple
coordinate transformation). Thus we are back to the FR-Wmodel with k = const (see
Section 2).
We now show that G11= G22 (= G33) is obeyed automatically (as in the FRWmodel) by using Equation (13b). From the condition
(14a)
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it follows that
(14b)
The left-hand side of Equation (14b) vanishes by the definition of V, while the righthand side turns out to be equal to zero as a result of Equation (13c). This completes our
simple proof.
The energy density ε and the pressure p of the SK-model are now determined by the
remaining field equations
(15a)
where we have made use of the relation u0= –(–g00)1/2, which follows from the
condition uµ uµ = –1, u1 = u2= u3 = 0. The results are given by
(15b)

These are the desired generalized Friedmann equations (see our remarks given in the
introduction). By setting k· = 0, i.e. D´ = V· = 0, we rediscover the original Friedmann
equations of the FRW-model (see, e.g. Weinberg 1972) with ε = ε(t) and P = P (t). For
the FRW-model we may postulate an equation of state
(16a)
which in conjunction with the conservation law Tµv;µ = 0 (where‘;’ denotes covariant
derivation) yield
(16b)
The dynamical field equations (15) and (16) (with k = 0) can be completely solved for
R = R(n) in conformal time dt = R dη for each γ (Vajk 1969).
However, assuming k ≠ 0 from the very beginning, the situation for the SK-model is
totaly different from that given for the FRW-models. First of all we have ε = ε(t) and
p = p(r,t), which is physically difficult to understand. Thus the perfect fluid matter
cannot obey an equation of state (16a). Assuming an arbitrary set of functions k, R, F
= f(t), it follows from Equations (15b, c) and (13b) that we can give the physical
quantities ε and ρ an arbitrary mathematical behaviour. It is hard to believe that we may
live in such ‘private’ universe, even if we do not know much about the matter
distribution in space-time (compare with the arguments given by Krasiński 1983a).
The FRW-models are contained as special cases in the SK-model if k = 0. This is a
mathematical fact and does not allow for a cosmological insight into the SK-model. It is
generally believed that the universe at present (and also at some earlier times) is
described by a perfect fluid matter whose pressure can be neglected (see, e.g. Zel’dovich
& Novikov 1983), i.e. p = 0. Can this case be made compatible with the SK-field
equations (15b) and (15c)? In order to discuss this special case it is convenient to
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introduce the new function
(17)
from which it follows that we may replace Equations (15b) and (15c) by
(18a)
(18b)
which are identical with the expressions given by Krasiński (1983a). By setting 3C2
= lΛ, l2 = 1, i.e. C· = 0, we rediscover the de Sitter solutions (Krasiński 1981,1983a) in
an unusual coordinate system as a byproduct. We have made a check that the field
equations yield no restriction on the function k = k(t) in the coordinate system given
by Equation (1).However, we do not enter into the discussion of the de Sitter solutions
in this paper (for a thorough discussion, see Krasiński 1983a). We only remark that the
Equation(31b) of motion(see below) is indeterminate for such a fluid with ε =3C2 and
P = –3C2 (see Hawking & Ellis 1973).
From Equation (18b) one can conclude that the condition p = 0 implies
(19)
and thus from Equation (13b) that D = (2/3) (C/C)F, i.e., D = D(t). The field equation
(13c) implies then that k· = 0, i.e., we are back to the FRW-model. Thus the following
interpretation seems to be possible. The SK-model may be considered as a solution
representing some earlier stages in the expansion of the universe, the detailed behaviour
depending on the initial values of the functions C,R and F. During the course of
expansion the effect of pressure would become negligible at acertain time t = t (p = 0)
and the further evolution of the universe would be the same as in the standard FRWmodels with fixed topology. However, if the Laplacian Dämon is free to choose the
initial values of the arbitrary functions C, R, F =f ( t ) in such a way that at some
moment Equation (19) is fulfilled, we cannot see any reason why he should not be free
to arrange the functions in such a manner that they obey the equation
(20)
i.e., that we live in a FRW-model with k· = 0 from the very beginning (see Equation 17).
In any case he must take a sophisticated selection in the space of functions C, F, R if he
does not want to come in conflict with observations. For instance, he could try to make
the simple choice
(21)
.

from which it follows that k → 0 as t ∞ . However, this leads to the contradiction that
we must live in an asymptotically ‘open’ (k→ – 1) universe with vanishing radius R.
Another possibility is given by the ‘ansatz’
(22)
in connection with some appropriate choice of two of the arbitrary functions. However,
the Laplacian Dämon is also free to choose some exotic models with k = sint, sinht, 1nt
or something else. The same applies to the behavior of the energy density ε in such
‘private’ universes. Instead of choosing first the curvature scalar k he could also make an
arbitrary choice of the energy function C2, which could be made finite or infinite at
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t = – ∞. Note that the pressure ρ has a singularity at the zeros of (V/R).
We now turn to the kinematical quantities to gain a deeper insight into the SKmodel. According to Equation (15a) the velocity four-vector uµ is given by
(23a)
from which we obtain the acceleration vector
(23b)
and the volume expansion
(23c)
as the only nonvanishing kinematic quantities. The SK-model has no shear σ and no
rotation ω . It can be shown that the SK-solution is the most general conformally flat
solution with an expanding perfect fluid source (Krasiński 1984a; Barnes 1984; KochSen 1985). A simple proof of this theorem was given by Barnes (1984). In general the
class of shear-free perfect fluid solutions is of much interest in general relativity.
However, most of these studies are devoted to the p = p ( ε ) case (see, e.g. Collins &
Wainwright 1983; White & Collins 1984; Collins & White 1984; Barnes 1984; Collins
1985), which does not hold in the SK-model (besides the dust case).
According to Equation (23c) the expansion parameter Θ is an arbitrary function of
·
t:θ =θ (t), while in the FRW-model we have θ = 3R/R, where R =R (t) is determined
·
via the Friedmann equations (see Equations 15b, c with D’= V = 0). For instance, the
‘flat’ (k = 0) solution is given by
(24)
where Rγ , θ γ = const. For γ = 1 we obtain the well-known Einstein–de-Sitter model
(Weinberg 1972), which is in good agreement with an estimate of the age of the universe.
It can be seen at once that our special SK-model defined by Equation (21) is not in
accord with such a behaviour. A more satisfactory model is given by the ‘ansatz’
(25)
with the asymptotic properties k → — 1 and ε → 0 at t∞. Note that at r = 0 we have
p = 0 in such a case. By setting m = 2/3 our model is an asymptotically ‘open’ model
with dust-like matter at the origin and negative expansion parameter. However, the
pressure becomes singular at r2 = 4/(1 — 2/R). It is not our intention to list all the
possible ‘simple’ cases and to discuss their physical interpretation. Everybody is free to
choose his own ‘private universe’ on the basis of the SK-field equations.
For a cosmological model one requires in general that the perfect fluid matter obey
certain inequalities of the kind
(26)
(Ellis 1971; Hawking & Ellis 1973). Although the first of these inequalities may be
violated in the SK-model (see Equation 15b), we have arranged the arbitrary functions
in such a way that the positivity of the energy density ε is guaranteed (see Equations 17
and 18a). However, the other two inequalities can be violated by choosing the arbitrary
functions in an appropriate manner. A simple example of this kind is provided by our
solution defined by Equation (21). We have
(27)
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at r = 0. Note that our solution is ‘flat’ (k = 0) at t = 1 and ‘open’ (k < 0) for any later
time. According to Raychaudhuri (see e.g. Raychaudhuri 1979) one has the general
relation
(28)
from which it follows that the standard arguments that a singularity of a certain kind
must occur breaks down in case of our SK-model. A general discussion of the existence
or nonexistence of singularities in the SK-model is impossible due to the arbitrary
nature of the functions involved. Note that one can always choose the energy function
C2 in such a way that ε remains finite at t = 0 or t= —∞.
The equation of state in the SK-model is not of the form given by Equation (16a), but
depends on the spatial position:
(29)
This property means that temperature must enter the equation of state and that the
temperature varies also with spatial position. From the energy and momentum
conservation equation
(30)
applied to Equation (10) one finds
(31a)
(31b)
where hµv = uµuv + gµν denotes the projection tensor. Assuming that C ≠ 0 (C = 0 is the
de Sitter solution), we obtain
(32)
as the expression for the spatial pressure gradient in the SK-model.
In addition to Equation (30) we assume the conservation of the particle rest-mas
density p, measured by an observer traveling with four-velocity uμ = D–1δ 0µ:
(33)
where i/l = θ/3 denotes the representative length. The function l is used to define the
Hubble parameter Η and the deceleration parameter q:
(34)
(Ehlers 1961). According to our relation (23c), all these parameters are in general
arbitrary functions of time. This is in contrast to the FRW-models, where we have
R = R(t) = l and the detailed behaviour of the world radius R is completely
determined by the field equations.
4. Observational relations
In order to derive cosmological conclusions which will have relationship to the
observational data, it is necessary to derive observational relations among the various
observable quantities in the SK-model. A basic study of observations in inhomogeneous cosmologies was given by Kristian & Sachs (1966). Their work calculates
observational quantities on the observer’s past null cone near our present position by
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using an approximation scheme. An application to the TB-modei has been discussed by
Bonnor (1972) and the redshift versus luminosity distance was calculated. However, the
model discussed by Bonnor turns out to be incompatible with the redshift observations.
A generalization of the Kristian–Sachs procedure was given recently by Ellis et al. (1985).
The aim of their study was to determine what could be done, in principle, to determine
the geometry at substantial distances from our present spacetime position. For
example, the TB-solution due to Bondi (1947) has been analysed in detail. However, the
present authors have been unable to reproduce the redshift relation first given by
Bondi. The basic problem is that, even in comoving coordinates, it is not possible to find
explicitly the relation between the redshift z and the affine distance v. Further details
concerning the state of the art of finding observational relations in the TB-models have
already been given in Section 2. Let us see whether the situation is much better in the
SK-model.
We consider the geodesic equations
(35)
µ

where k denotes any geodesic tangent vector, null or timelike, and ∇ denotes the
covariant operator. The second of the relations given by Equation (35) is the null or
timelike condition, where l = 0 or –1 , respectively. By setting (x0, x1, x2 , x3)
= (t, r,θ, φ) we obtain the following equations for the SK-metric (1):
(36a)

(36b)

(36c)

(36d)
where
If in Equation (36 c) we take θ = π/2 and k2 = 0 as initial conditions, then kµk2,µ = 0.
This means that, if a geodesic initially lies within this plane, it remains within the same
plane throughout its trajectory. Similarly, in Equation (36d), if the geodesic was initially
a radial line with k3 = 0, then kµ k3,µ = 0 and the geodesic remains a radial line. This
property is shared by the SK-model with the TB-models and the FRW-models.
In general we could have k3 ≠ 0 with θ = π/2. The general solution of Equation (36d)
can be readily found to yield
(37)
where a denotes an effective impact parameter (see Zel’dovich & Novikov 1971;
Hellaby & Lake (1984) for comparison). Thus we have an influence of the curvature
index k on the equation of motion in the case of non radial trajectories. By setting k· = 0,
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i.e. D’ = D = V = 0, we rediscover the FRW-solution (with l = 0)
(38)
By using Equation (23a) and Equation (38), the corresponding redshift relation is
given by
(39)
which is the standard FRW result (Ellis 1971).
For the more general SK-model the geodesic equations can be decoupled to give
and

(40a)

(40b)
After solving Equation (40b) for k1 = k1 (r, t), k0 = k0(r, t) can be found from
Equation (40a). Note that the function D = D(r,t) is related to the functions R and V
via Equation (13b). We have been unable to solve the complicated Equation (40b), even
if one assumes the simple SK-models which were proposed in Section 3. Note that the
situation is much more complicated than in the TB-models, where we have D’ = 0. Thus
we have no explicit information about the measure of the redshift in the SK-model. It
does not help us to use a series expansion to solve Equation (40b) since we do not know
the behaviour of the arbitrary functions involved. There is no cosmological principle
from which we can deduce that the cosmological functions must have a power-law
behaviour. Our SK-models defined by Equations (21) and (19) are only ‘ad hoc’
assumptions and could be replaced by any other combination of any other functions.
By using the alternative local approach given by Kristian & Sachs (1966), no further
insight can be obtained for the very same reason. In a recently published paper by
Partovi & Mashhoon (1984) such an application of the Kristian-Sachs procedure to a
pertubed FRW-model with radial inhomogeneities was given. The corresponding
curvature index k turns out to be time-dependent as a result of higher-order terms in r in
the metric ‘ansatz’. However, in contrast to the SK-model this approach allows for an
equation of state of the form p = p (ε). Thus the energy density and the pressure are on
equal footing and a series expansion in the radial coordinate r is possible.
It follows from Equation (39) that the redshift z turns out to be a function of t and r
throughout the spacetime. By setting a =1 = 0, we have the relation
(41)
from which we conjecture that the curvature scalar k=k(t) may have an effect on the
unction z = z(r,t) due to the relation V = 1 + (k/4)r2 (Note that in the FRW-model
the factor Vo / Ve cancels out). By choosing the arbitrary SK-functions in an appropriate
manner we also expect the occurrence of infinite blueshifts, which we regard as an
additional indication that some unphysical behaviour is present in the most general
case.
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5. Conclusion
The Stephani-Krasiński solution in its most general form cannot be regarded as a
viable model of the real universe. Two simple models with changing topology have been
proposed by us in this paper. Our solution (21) is an example of an unviable SK-model.
A much better model is given by Equation (25). However, all models are given by ad hoc
assumptions. A physical criterion is given by ρ > 0. It can be shown (Krasiński 1983a)
· · > 0 (at r = 0). Note that our solution (25) has
that a sufficient condition is given by kRR
·
·
been chosen in such a way to fulfill the condition — (C/C)
(R/R)
3/2 (see Krasiński
1983a) at r = 0.
· · — k.
The pressure becomes infinite at the singular surfaces rf(r) =± 2,f 2 =(kR/R)
Thus the SK-model is nonregular at these surfaces, which depend on three arbitrary
functions. In a recently published paper by Knutsen (1985), a study of such additional
singularities was given in case of another simple solution due to Kustaanheimo & Qvist
(1948). It was shown that the corresponding singular surface is always hidden by
trapped surfaces. No such definite conclusion can be made in our case due to the great
number of arbitrary functions involved.
It is true that the FRW-models are contained as special cases in the SK-model. This is
a simple mathematical fact. Assuming k· = 0 from the very beginning, we can apply the
whole machinery of standard cosmologies (see, e.g. Weinberg 1972; Zel’dovich &
Novikov 1983). It is also not too surprising that the special solution obeying the
condition (19) is nothing but the FRW-dust solution. (The perfect fluid matter obeys
the equation of state (16a) with γ = 1.) Perhaps the condition p = 0 can be regarded as a
cosmological condition, which must be fulfilled by any viable model of the universe at a
certain time during the course of evolution. In this sense the SK-model may be regarded
as representing some exotic earlier stages of the universes. This would make the
discussion of the observational tests much easier (see Section 4). Due to the high
symmetry, everything is simple in the FRW-models. This is in contrast to the case k· ≠ 0.
In general, the SK-spacetime has nothing in common with the FRW-spacetime. It is a
trivial result that on the hypersurfaces t = const we rediscover the symmetry shared by
the FRW-models. This follows from the very construction of the SK-metric (1). No
explicit cosmographic analysis can be made in the whole spacetime. For instance, it is
impossible to discuss the propagation of light, which is governed by the conditions
ds = 0 and dθ = dφ = 0 along the radius r. Only the case t = const has been discussed
by Krasiński (1983a), which gives no new insight.
It is an unpleasant feature of the SK-model that no explicit observational relation can
be obtained. The only way out of this dilemma would be a numerical study for some
special cases. However, there is no guidance on which choice would be the best one.
֒
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Appendix
In choosing a local orthonormal basis σµ, we can put the metric (1a, b) of the SK-model
in the form
(A1)
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where ημ v the Minkowski metric tensor and
(A2)
are the differential one-forms. The exterior derivatives are readily found:

(A3)
By using the relation
(A4)
we obtain the six nonvanishing components of the connection one-forms

(A5)
It is now an easy matter of calculation to find the components of the curvature twoforms
(A6)
by using the compatibility equation
(17)
Out of this calculation, one reads the individual components Rμϖαβ of the curvature
tensor by using the second Gartan equation
(A8)
as an identification scheme. The results are

(A9)
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Thus one can easily determine the nonvanishing components of the Einstein tensor Gµ v

(A10)
The result is given in the text. No computer program is needed. In principle, we could
also obtain the desired result by using the old computation by Dingle (1933) (see also
Tolman 1934b).
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Note added in proof

The Stephani universes have been also discussed by C. Bona & Β. Coll (1985, C. R.
Acad. Sc. Paris, 301, Série I, n° 11, 613).

