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Abstract. We have studied the stability of finite gaseous discs, against largescale perturbations, under the influence of spherical, massive haloes. A surfacedensity distribution consistent with the observed spiral-tracer profiles in disc
galaxies is considered for the disc. We find that growing eigenmodes with
both ‘trailing’ and ‘leading’ spirals exist in ‘cold’ discs for a wide range of
values of the halo mass and its radius. The amplification rates of the unstable
modes reduce as the ratio of the mass of the halo to the mass of the disc is
increased. A uniform halo is not very effective towards stabilizing the disc
against these modes. The results from the present study are considered vis-avis previous studies on the global modes of self-gravitating discs.
Key words: galaxies, spiral structure—galaxies, haloes—density waves

1. Introduction
The explanation of the origin and maintenance of various structural components of flat
galaxies, viz., spiral arms, bars and rings has been an important problem in astrophysics.
Based on the idea that these structures originate in waves and instabilities in selfgravitating systems, Lin and his co-workers (Lin & Shu 1964; Lin, Yuan & Shu 1969)
showed by a ‘local’ analysis that neutral, spiral density waves exist in infinitely extended
rotating galactic discs. However, since the gravitational force is a long-range one and
there is no shielding effect in galactic discs, a local theory is severely limited when
applied to such systems, particularly when one considers wavelengths comparable to
the characteristic dimensions of the system. Consequently, a ‘global’ analysis of waves
in self-gravitating discs is called for (lye 1978; Aoki, Noguchi & lye 1979; Ambastha &
Varma 1983).
The asymptotic theory has been extended further by Lau, Lin & Mark (1976) and
Bertin & Mark (1978) who obtained discrete unstable spiral modes from their
numerical studies. Pannatoni & Lau (1979) have relaxed the restrictions of the
asymptotic approach. Bertin (1980) and Toomre (1981) have reviewed the subject very
extensively.
However, most numerical calculations of large-scale spiral modes (Kalnajs 1972;
Bardeen 1975) and N-body computer simulations (Ostriker & Peebles 1973; Hohl
1970) often yielded spiral disturbances which are ‘explosively’ unstable. These strong
instabilities tend to prohibit truely long-lived spiral structures in the galactic model
under investigation. Even if the condition of local stability with a minimum dispersion
(Toomre 1964) is obeyed in the model disc, it is found unstable against global
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perturbations and a complete stability could be attained only by unacceptably large
thermal dispersions (Ambastha & Varma 1983). It is observed that these explosive
instabilities could alternatively, be suppressed to some extent by having massive central
bulge component in the system (Ambastha & Varma 1982).
The result emanating from the computer experiments on the evolution of disc models
suggest that a massive ‘halo’ surrounding the disc could inhibit the formation of bar
instabilities (Berman, Brownrigg & Hockney 1978; Efstathiou, Lake & Negroponte
1982). On the other hand, recent observations on the rotational profiles of the Milky
Way and other external galaxies give evidence of nearly flat rotation curves at large
galactocentric distances (Rubin, Ford, Thonard 1978; Bosma 1978; Krumm & Salpeter
1979). This would indicate the existence of an extensive halo enveloping the optically
visible disc (Bok 1981). Theoretical possibilities regarding this massive constituent are
varied—to mention a few among many, black holes (Truran & Cameron 1971), comets
(Tinsley & Cameron 1974), a population of jovian planets (Salpeter 1977), frozen hydrogen snowballs (Reddish 1968) and faint main-sequence stars (Ostriker, Peebles &
Yahil 1974). With the exception of the last possibility, all of these objects are
essentially undetectable by any current or foreseeable observational technique. The
halo could be ten to twenty times as massive as the disc which would have a significant
role to play in the structure and stability of galactic discs.
Using the approach of the global linear mode analysis, we wish here to study the
consequences of a fixed spherical halo on the eigenmodes of oscillation of a flat gaseous
disc. Thus, rather than following an overall evolution of the system, as in a computer
experiment, our interest here is to investigate the effect of various parameters
characterizing the halo, on the normal modes of oscillation of the gaseous disc.
The spiral structure of disc galaxies is most significantly traced by its constituent
components with low thermal dispersion, e.g., dust, gas (particularly, HII regions), Ο
and Β populations.* These spiral-tracers are observed to be distributed in a ring within
2 kpc < r< 16 kpc with a peak in density at r~ 4–6 kpc in our galaxy (Gordon &
Burton 1976; Stecker 1976; Hart & Pedlar 1976; Kodaira 1974). However, minor
quantities of gas exist even closer to the galactic nuclei. Keeping such a distribution of
spiral-tracers in mind, we adopt here a gaseous disc with a surface-density distribution
which vanishes both at the centre of the disc and at its boundary. Such a model is
significantly different from that of Takahara (1978).
We shall consider a static halo, as the objects constituting galactic halos usually have
almost no tendency to concentrate towards the flat disc and have very large thermal
dispersions. The earlier studies have demonstrated that the effect of small perturbations
on such ‘hot’ components is indeed very small (Kato 1974).

2. Basic formulation
Let us consider a flat self-gravitating disc, rotating about an axis perpendicular to its
plane and passing through its centre. The fluid-dynamical equations, governing the
* One may note here that a significant number of galaxies possess very fragmentary spiral patterns with no
grand two-armed design, but rather a system of multiple and branched arms which can only be individually
followed over short distances. Seiden & Gerola (1979) have deveoped computer models using the concept of
stochastic, supernova-induced star formation which simulate such structures and show that it may have very
little at all to do with a global density-wave pattern. Such a model may play some part in influencing the
morphology of spiral patterns even when a large-scale density wave is operative.
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dynamics of a pressureless gaseous disc under the static gravitational field of a
spherically symmetric halo, are
(2.1)
(2.2)
(2.3)
where σ, u, v and y ψg, ψh represent, at an instant of time t, the surface-density, radial and
azimuthal velocities and the gravitational potentials at a point (r, θ) produced by the
distribution of matter in the disc and by the halo respectively, on the plane of the disc.
The surface-density and potential of the self-gravitating gaseous disc are related
by
∇2ψg = –4πGδ(z)σ(r, θ, t).

(2.4)

3. Equilibrium of the system
We now consider the equilibrium, i.e., the time-independent, axisymmetric state of the
disc under the external influence of the spherical halo. The azimuthal velocity, Vg (r), of
the gaseous component which constitutes the disc is obtained from the radial
component of the momentum conservation equation. Here, we assume the absence of
any radial flows in the disc (i.e., Ug (r) = 0). Then one obtains from Equation (2.2)
(3.1)
where ΨΟ (r) is the net gravitational potential at a point r in the disc, and is given by
Ψ (r) = Ψg (r, z = 0) + Ψh (r)
since the gravitational potential is additive. Here Ψg is the self-consistent gravitational
potential of the gaseous disc and Ψh is the potential exerted due to the mass distribution
in the spherical halo surrounding the disc.
In what follows we would consider a gaseous disc with surface-density distribution
σg of the form
(3.2)
where Rd defines the radius of the disc and σ0 is a constant. Also λ0 is the first zero of the
Bessel function of second order, i.e., the first root of the transcendental equation
J2 (λRd) = 0. The surface density represented by Equation (3.2) vanishes both at the
disc-centre, i.e. r = 0, and at the disc-boundary, i.e., at r = Rd (see Fig. 1). With the
adoption of the above form, the gradient of the surface density is free from any
(r); however, at r = Rd there appears a disdiscontinuity as r → 0 since σ ǵ (r) ~
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Figure 1. Surface-density profile of the gaseous disc, normalized to (δ g/A).

continuity since σ'g ≠ 0. Most finite radius disc models suffer from such a discontinuity
at the edge of the disc* (Hunter 1963).
Now, the gravitational potential, corresponding to a general density distribution of
the form
(3.3a)
is given by (cf. Yabushita 1969):

(3.3b)
Hence, for the density distribution given by Equation (3.2), the potential at a point r on
the plane of the disc would be
(3.4)
Having discussed the gaseous component, we now consider a spherically symmetric
halo with a volume-density, ρh (r), defined by
(3.5)
where ρ and Rh are the central density and the core-radius of the halo distribution
respectively. The halo matter outside the disc radius, Rd, would not influence the
dynamics of the disc since a spherical halo has been assumed. The gravitational
* One may circumvent this problem by defining a new surface-density distribution. σg,

new’

constructed as

whose derivative vanishes both at r = 0 and r = Rd (G. Contopoulos 1984, personal communication).
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potential corresponding to the halo distribution given by Equation (3.5) at a point r in
the plane of the gaseous disc is
(3.6)
which yields a gravitational force
(3.7)

3.1 Normalization of the Equations
We normalize the various physical quantities, e.g., the surface-density σ(r), the
potential Ψ(r), the velocities u(r) and v(r) as follows:

(3.8)

where r^ = r/Rd and M = Mg + Mh ≡ Mtotal.
The mass of the gaseous disc, Mg, is given by
(3.9)
from which we obtain
(3.10)
Hence,
(3.11)
with δg = (Mg/M) and
The gravitational potential of the gaseous component in normalized form, consequently, turns out to be
(3.12)
Similarly, the halo mass within the disc radius, Rd is

(3.13)
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Thus, we define the central density, ρ0, such that
(3.14)
However, one would note here that the total halo mass is
The non-dimensional potential of the halo and its gradient are thus
(3.15)
and
(3.16)
Here,
In the present investigation, our main interest is to understand the influence of the
halo distribution on the stability of the disc; hence, we have assumed for simplification a
‘cold’ or pressureless disc, i.e., Pg = 0. The effect of thermal pressure has been studied
earlier (Aoki et al. 1979; Ambastha & Varma 1983). By substituting Equations (3.12)
and (3.15) in Equation (3.1) one can now evaluate the circular-velocity Vg(r) of the

Figure 2. Profile of –Ψ'h/δ h for various values of η. The profile ofg –Ψ' /(δg/A) is also shown.
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Figure 3. Variation of angular velocities with distance for different values of η and δh. Each
curve is labelled by the corresponding value of δ h.

gaseous disc. Note that the gaseous disc given by Equation (3.1) is unphysical in the
absence of a contribution from an external halo or some other source, as — Ψ'g(r) is
negative in the range 0 < r < 0.7 Rd and consequently Vg 2(r) < 0 in this interval
according to Equation (3.1). Fig. 2 shows profiles of — Ψ'h/δh for various values of η and
of — Ψ'g (δg/Α). Fig. 3 gives the profiles of the angular velocities for various values of η
and (δh ( ≡ Mh/M). The angular velocity, Ω(r) increases towards the boundary of the
disc in most of the cases shown in Fig. 3. However, for η = 0.5, Ω'(r) ≲ 0 over the entire
disc.
4. Results and discussion
We wish to investigate the stability and eigenmodes of the axisymmetric, equilibrium
disc surrounded by a halo, discussed in Section 3, against small amplitude perturbation
of the form
(4.1)
where Ã symbolizes the perturbations in σ, u, v and Ψ. Here ω( ≡ ω+ iω i) is the
frequency and m is the azimuthal wavenumber of the perturbations. The perturbations
grow exponentially, damp, or are oscillatory according as ωi < 0, > 0, or =0,
respectively. Thus the net quantities now become
(4.2)
where ε is a smallness parameter. We can linearize the set of Equations (2.1)–(2.4) to
obtain the hydrodynamic equations governing the perturbations.
The method followed here is essentially on the lines as described in Ambastha &
Varma (1983); hence the details in the analysis are avoided. However in what follows,
an outline of the method is described for continuity.
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^ in the linearized equations for the
The radial parts of the perturbation A^ (r)
^
perturbed quantities, Ã(r, θ, τ) can be expressed as infinite expansions in terms of
suitable Bessel functions. Using the orthogonality of the Bessel functions, the linear
equations are then integrated over the disc, i.e., in the interval 0 r^
1. As a result, an
infinite set of algebraic equations is derived which could more conveniently be
expressed in the form of an eigenvalue problem

֓

֓

MZ = ωz

(4.3)

where M is a 3∞ × 3∞ matrix, nonsymmetric in general and Ζ is a column matrix
^ ^
^
^ ^
constituted by the basis vectors of σ(r),
û(r)
and v(r).
The eigenvalue problem expressed
by Equation (4.3) cannot be solved analytically in general, and we use a numerical
method involving elementary similarity transformation of a suitably truncated
matrix Μ to evaluate the eigenvalues ω, and the corresponding associated eigenvectors
Z. In what follows, we have considered only bisymmetric, i.e., m = 2 perturbations. The
results are, however, qualitatively similar for other perturbations as found previously
(Ambastha & Varma 1983).
The unstable eigenmodes are listed in Table 1 for m = 2 (bisymmetric) perturbations. The results have been obtained for η = 0.5, 1.0, 2.0, 5.0, 10.0 and 50.0 and
δh = 0.9, 0.925, 0.95, 0.975 and 0.99, the net mass of the composite system being
normalized to unity. There exist also a number of oscillatory (ωi = 0), and damped
(ωi > 0) modes (complex-conjugate to the unstable modes) in each cases; but we do not
discuss them here.
A number of unstable modes are allowed when η = 0.5, δh = 0.9, ranging from those
with growth-rates comparable to the pattern-frequencies (≡ –ω r/m) to those with
ω i ≪ ωr. As the mass ratio δh /δg is increased, a few unstable modes are suppressed and
eventually none exists when δh > 0.95. It should be noted that Ω'(r) < 0 over almost the
entire disc when η = 0.5.
As the halo increases in radius, the stabilizing effect on the unstable modes is found to
diminish (see the column under η = 1.0 for various values of δh in Table 1). For all
values of δh, in the case of η = 1.0, Ω'(r) ≳ 0 over almost the enitre disc.
The angular velocityΩ(r) of the disc for η = 2.0, δh = 0.9; η= 5.0, δh = 0.9 and 0.925
etc. becomes imaginary as r → 0 and hence these discs are physically forbidden. We do
not consider such a disc. The modes are found only moderately affected by increasing
η beyond 5.0.
4.1 The Patterns of Oscillation
~ ~
One can construct eigenpatterns associated with any of the perturbations, i.e., σ,
u and ν~
from the eigenfunctions corresponding to each eigenfrequency discussed earlier.
~ ^
Figs 4–7 show the eigenpatterns constructed for σ(r,
θ, τ = 0). The digits along the
patterns denote the amplitudes of the perturbation at those points on the disc,
normalized to ‘F’ in the hexadecimal system. Only positive values of σ~ (i.e., density
enhancement) have been printed. The sense of rotation is anticlockwise in all figures, as
indicated by an arrow in the first frame of Fig. 4. The results are discussed here in the
light of earlier studies on the global modes.
It has been found previously that the unstable eigenmodes are ‘leading’ in nature in
‘cold’ discs, i.e., the patterns open in the direction of rotation. These leading patterns
gradually turn to ‘trailing’ patterns when sufficient nonzero pressures are introduced
(Ambastha & Varma 1983).
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Now the eigenpatterns are examined in the presence of a halo. For a disc with δh/δg
= 9 and η = 0.5, we notice that many unstable modes exist; the fastest-growing mode
attains an e-folding in less than a complete rotation of the mode around the centre of
the disc, while the slowest-growing mode requires around a hundred revolutions.
Almost all the modes exhibit ‘leading’ patterns (Fig. 4). A spherical halo with a radius
smaller than the radius of the gaseous disc could be thought of as a ‘bulge’ in the disc as
studied earlier (Ambastha & Varma 1982), wherein similar unstable leading modes
were found to exist. However, the gaseous disc here continues inside the halo (or the
bulge) rather than originating at Rbulge (radius of the bulge). The growth-rates of the
modes decrease as the ratio δh/δg is increased and only two unstable leading modes are
left unsuppressed for δh = 0.925, δg = 0.075, η = 0.5 (Table 1).
There is a complete difference in the nature of the eigenpattern for the case η = 1.0,
δh/δg = 9 (Fig. 5).Here, all the modes show smooth trailing patterns. The radius of the
halo in this case is the same as the radius of the gaseous disc, i.e., the halo is not as
strongly concentrated as in the previous case when η = 0.5. The stabilizing effect of the
halo appears to have reduced as the growth-rates have increased for the corresponding
eigenmodes. The fastest growing mode shows a comparatively tighter spiral pattern.
This result agrees with that of Ambastha & Varma (1983).
There is a basic difference in the discs with halos when η = 0.5 and 1.0. From Fig. 3
one notices that dΩ/dr > 0 over most of the disc when η = 1.0, δh = 0.9. However when
< 0 as is the case with the disc models in previous studies.
η = 0.5, δh 0.9, dΩ/dr ~
Fig. 6 shows the eigenpatterns of σ~ associated with the unstable modes of the disc
with δh = 0.925, η = 1.0. The pattern-frequencies, Ωρ, increase and the growth-rates
decrease—as is the case with the modes for η = 0.5—when halo mass δh is increased.
Some modes have been stabilized completely. Thus, the trailing modes behave in the
same manner as do the leading modes in the presence of the halo. Interestingly, one
unstable mode (—1.1100, 0.38733), has become entirely trailing and another (—1.0924,
0.57936) a mixed one; trailing in the central regions and ‘leading’ outwards. This is an
interesting case of a mode in transition.
Fig. 7 shows the eigenmodes of oscillation in the case of very diffused halos with
almost uniform densities for δh = 0.95. Most of the unstable modes of lower values of η
have now been suppressed completely. However, the stabilizing effect of the halo could
be seen to have diminished (Table 1). The modes with the larger growth-rates are
‘leading’ and the smaller ones are very smooth, trailing modes. One would notice that
the modes become slightly tighter when η is increased.
⋜

5. Conclusions
Earlier studies of unstable global density waves have shown that very large pressures,
such that the thermal energy is comparable to the rotational energy, are required in
order to stabilize all the unstable modes (Ostriker & Peebles 1973; Ambastha & Varma
1983). In fact, it is rather difficult to construct stable disc models with a reasonable
pressure distribution when no halo is present. Flat galaxies consist mainly of objects
with small velocity dispersions compared to the rotation velocity. The global modes of
gravitational instability would grow in a few rotation periods, unless there exists a
massive enough halo in such systems.
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The gaseous disc, with the surface-density profile considered here, is physically
prohibited since Ω2 (r) < 0 as r → 0. A massive halo helps it become kinematically
stable. However, dynamically there exist a number of unstable modes, both ‘trailing’
and ‘leading’ in nature even when the halo is around nine times heavier than the disc.
These modes are successively suppressed by further increasing the mass of the halo. A
uniform halo is found not very effective in stabilizing the disc under consideration
against the unstable modes. This does not agree with Takahara (1978). However, one
would note that Takahara (1978) considered a qualitatively different disc model. It was
found earlier that cold (pressureless) discs allow ‘leading’ modes which gradually turn
into trailing modes when pressure is increased (Ambastha & Varma 1983). However,
unstable trailing modes exist in the present study even in cold discs when enveloped by
massive halos. Thus, it appears that ‘hotness’ is not a unique parameter in determining
the nature of the patterns of the unstable modes. Other causes, such as the rotation law
of the equilibrium disc, must be invoked. The present study on disc-halo composite
systems include discs both with dΩ/dr > 0 as well as, dΩ/dr ≲ 0 to facilitate some
conclusions in this regard.
It is not clear as to how one would relate the results with the concepts such as the
inner- and outer-Lindblad, and corotation resonances. It is basically due to the
approach adopted here that the existence of resonances is not apparent. We have used
an expansion in terms of Bessel functions and truncated the infinite-dimensional matrix
to finite dimension. These approximations are justified by the results obtained: yet a
more accurate treatment is certainly called for.
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